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Radiofrequency Field Quenching of Ultraviolet Excited Phosphors 


THEODORE MILLER* 
Westinghouse Research Laboratories, East Pittsburgh, Pennsylvania 
(Received May 19, 1952) 


The quenching action of radiofrequency field on ultraviolet excited phosphors has been investigated for 
a number of sulfide phosphors. The phosphor layer is sandwiched between two parallel plane electrodes. 
The radiofrequency potential is applied to the electrodes. Data are presented showing the dependence of 
the quenching action on field strength, field frequency, and ultraviolet excitation. The quenching response 
to an amplitude modulated rf potential, and the fatigue effects resulting from prolonged exposure to the rf 


field have also been investigated. 


INTRODUCTION 


HE effect of electric fields upon phosphor materials 

has been investigated by a number of workers, 
perhaps the first being Gudden and Pohl,' who found 
that application of intense electric fields during phos- 
phorescence momentarily enhanced the emission of 
zinc sulfide phosphors. Destriau* has studied the electro- 
luminescence effect in which luminescence is produced 
solely by strong alternating electric fields. In 1948 
Destriau and Mattler® reported a quenching action 
produced by fifty cycle electric fields on x-ray excited 
phosphors. Subsequently, Destriau and Mattler* ex- 
tended their work on quenching with 50 cycle fields to 
include ultraviolet excited phosphors subjected to 
elevated temperature conditions. Experiments in this 
laboratory with sixty cycle electric fields on ultraviolet 
excited phosphors produced only slight quenching 
effects. However, with increasing field frequency, pro- 
nounced quenching was observed with quenching 
maxima appearing in the radiofrequency region of the 
spectrum.° 


This paper will present some of the experimental data 


* Now at North American Aviation, Inc., Dept. 93-66, Downey, 
California. 

' B. Gudden and R. Pohl, Z. Physik 1, 365 (1920) ; 6, 248 (1921); 
17, 334 (1923). 
s G. Destriau, J. chim. phys. 33, 587 (1936); Phil. Mag. 38, 700 
(1947). 

* Destriau and Mattler J. phys. et radium 9, 238 (1948). 

* Destriau and Mattler, J. phys. et radium 11, 529 (1950). 

* This effect was first reported in a letter to the editor by T. 
Miller and K. N. Fromm, J. Appl. Phys. 23, 373 (1952). 


obtained in an initial investigation of the quenching 
action of high frequency fields on ultraviolet excited 
phosphors. 


THE PHOSPHOR CELL 


Figure 1 shows the essential details of the phosphor 
cell. The phosphor is deposited at a thickness of ten 
milligrams per square centimeter on one end of a 3-inch 
diameter aluminum rod. This deposition is achieved 
by allowing the phosphor to settle on the aluminum rod 
from out of a mixture of distilled water and five percent 
potassium silicate. After settling, the water is siphoned 
away and the phosphor layer is allowed to dry at room 
temperature. The aluminum rod is inserted into a 
cylindrical holder machined from a solid piece of 
Lucite plastic material. A one and one-half-inch square 
sheet of transparent electrically conducting glass having 
a surface resistance of thirty ohms per square area is 
clamped to the front of the holder and serves as one of 
the electrodes. A piece of clear mica 0.0015 in. thick 
insulates the conducting surface of the glass from the 
phosphor layer. Mechanical pressure is maintained on 
the phosphor layer by the machine screw which presses 
against the top end of the aluminum rod. The radio- 
frequency potential is applied between the machine 
screw and the rectangular phosphor bronze spring 
member which contacts the conducting surface of the 
glass. The unit is sealed by bonding the edges of the glass 
sheet to the Lucite holder by means of polystyrene 
cement. 
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Fic. 1. Essential details of phosphor cell. 


EXPERIMENTAL APPARATUS 


Light measurements were made with a 1P21 photo- 
multiplier tube operating in conjunction with an 
electronic microammeter. In order to prevent over- 
loading of the photomultiplier by reflected ultraviolet 
energy, appropriate filters were installed in front of the 
window of the photomultiplier housing.t The radio- 
frequency potential applied to the phosphor cell was 
monitored by means of a vacuum tube voltmeter. The 
phosphor cell, the photomultiplier, and the probe of the 
vacuum tube voltmeter were all enclosed in a light 
proof, electrically shielded box. A one-inch diameter 
window covered with a Corning No. 5860 ultraviolet 
transmitting filter allowed excitation of the phosphor 
by an external high pressure mercury arc lamp (Cenco 
Catalogue No. 87268 without internal ultraviolet filter). 
Figure 2 illustrates the arrangement of the apparatus. 


QUENCHING VS FREQUENCY 


Figure 3 illustrates how the percent quenching varies 
with the frequency of the potential applied to the 
phosphor cell. Experiments were conducted on four 
different phosphor materials: a yellow emitting ZnCdS 
(Cu), a red emitting ZnCdS (Cu), a red ZnCdS (Ag), 
and a blue emitting ZnS (Ag) phosphor. The percent 
quenching is here defined as P=[(Lo—L0)/Lo]100. 
Where Lo equals light intensity before application of rf 
potential, and Zo equals light intensity after application 
of 90 volts rms to the phosphor cell. The intensity of 
ultraviolet excitation and the potential across the cell 
is maintained constant for all four phosphor samples. 

The most interesting feature of these curves is the 
quenching peaks that occur at frequencies above ten 
megacycles for the ZnCdS phosphors. From theoretical 
relations originally derived by Murphy and Morgan,® 
Garlick’ has shown that the relaxation time of electrons 
in filled traps for such phosphors is approximately 
5X 10-* second. Although no attempt will be made at 
the present time to devise a theoretical explanation of 


t Wratten No. 22 filter for red emitting phosphors and Corning 
No. 3484 filter for yellow and blue emitting phosphors. 
6 E. J. Murphy and S. O. Morgan, Bell System Tech. J. 18, 502 
1939). 
7G. F. J. Garlick, Luminescent Materials (Oxford University 
Press, London, 1949) ; G. F. J. Garlick and Gibson, Proc. Roy. Soc. 
(London) 188, 485 (1947). 
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the data, it is nevertheless interesting to note that some 
of the quenching peaks occur at a frequency that js 
approximately equivalent to the reciprocal of the relaxa- 
tion time of the trapped electrons. The double peaks 
may be indicative of the presence of several traps at 
different energy levels. 

The rf capacitive current drawn by the phosphor cell 
was measured over a frequency range from 7 megacycles 
to 50 megacycles. In Fig. 4, the logarithm of the 
current (base ten) is plotted against the frequency. The 
data shown is for the ZnCdS (Cu) yellow phosphor. For 
reference purposes, a portion of the percent quenching 
data for this phosphor is also included in Fig. 4. It is 
interesting to note that the slight departure from a 
straight line for the log current data occurs over the 
frequency range in which the percent quenching data 
displays a noticeable dip. Because the mica insulator 
is much thicker than the phosphor layer, most of the 
capacitive reactance of the phosphor cell probably can 
be attributed to the mica, and hence it is not surprising 
that only a slight departure from linearity is observed 
in the log current data even though pronounced varia- 
tions with field frequency have been reported in the 
dielectric constant of sulfide phosphors (see reference 7). 

Some heating of the phosphor cell was noticed at 
frequencies above one megacycle. Continuous exposure 
to an rf potential of 90 volts at a frequency of 15 
megacycles produced a nine-degree Centigrade rise in 
temperature of the ZnCdS (Cu) yellow phosphor cell.t 
However, it is uncertain whether most of the heating 
was caused by “J?R” losses in the conducting glass or 
by dielectric heating of the phosphor layer. It is well 
known that above room temperature the efficiency of 
sulfide phosphors decreases markedly with increasing 
temperatures. However, the quenching effects noted 
here would correspond, in some cases, to a temperature 
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Fic. 2. Arrangement of experimental apparatus. 


t Measured with thermocouple located at base of aluminum rod. 
For each point of the data in Fig. 3 the rf potential was applied 
for only short time intervals, and hence the temperature rise of 
the cell never exceeded 4°C during the frequency vs quenching 
experiment. 
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Fic. 3. Percent quenching versus frequency at constant ultraviolet excitation and constant potential. 


rise of fifty degrees Centigrade. Such a large increase in 
temperature was not noted in any of the phosphor cells. 
This coupled with the fact that considerable quenching 
is obtained at low frequencies without any appreciable 
heating, indicates that a field effect rather than a 
thermal effect is responsible for the quenching action. 


PERCENT QUENCHING VS FIELD STRENGTH 


Figure 5 displays the percent quenching as a function 
of the radiofrequency potential applied across the 
phosphor cell. The data shown were obtained at a 
field frequency of 10.5 megacycles. The general “‘S”’ 
shape of these curves is retained at other frequencies, 
but with different slopes. The zinc cadmium sulfide 
phosphors apparently are much easier to quench than 
the silver activated zinc sulfide material. The ZnCdS 
(Cu) yellow phosphor approaches voltage saturation at 
approximately 150 volts, whereas the ZnS (Ag) phos- 
phor exhibits a quenching characteristic that is linearly 
dependent on field strength at potentials as high as 
200 volts. Experience indicates that the mica dielectric 
ruptures before voltage saturation is reached for the 
ZnS (Ag) phosphor. 

In the following section it is shown that the percent 
quenching is also dependent on the intensity of the 
ultraviolet excitation. The data for Fig. 5 were ob- 
tained at the same level of ultraviolet excitation as 
employed in the quenching vs frequency experiment 
(Fig. 3).§ 


PERCENT QUENCHING VS INTENSITY 
OF ULTRAVIOLET EXCITATION 


Figure 6 illustrates how the percent quenching of the 
ZnCdS (Cu) phosphor varies as a function of the 
ultraviolet excitation level at three different rf poten- 
tials. Figure 7 displays the same data for the ZnCdS (Ag) 
sample. The most significant aspect of these data is the 


§ No data are available regarding the absolute value of ultraviolet 
excitation energy. The level of excitation employed in obtaining 
the data in Fig. 5 is that corresponding to a focused condition on 
the phosphor cell with the lamp situated at a distance of thirty 
inches and an incidence angle of twenty degrees. The ultraviolet 
beam was focused by adjusting the condensing lens associated 
with ultraviolet lamp. 


fact that the quenching effect is much more sensitive 
to excitation level for the copper activated phosphor 
than for the silver activated phosphor. This perhaps 
may be attributed to the fact that copper activated 
phosphors tend to have a greater number of electron 
trapping states than do silver activated phosphors. 

It perhaps should be mentioned that the relative 
excitations levels were established from output current 
readings of the photomultiplier before application of the 
rf potential. Inasmuch as the luminescence of the 
phosphor material may not be directly proportional to 
the intensity of the ultraviolet excitation, it is suspected 
that some correction could be applied to the abscissa of 
Figs. 6 and 7; particularly at the extreme ends of the 
scale. The excitation levels represented by 1.0 in Fig. 6 
and 0.4 in Fig. 7 correspond to the excitation level used 
in obtaining the data for Figs. 3 and 5. 

There appears to be an error of approximately six 
percent in the quenching curve labeled 90 volts in 
Fig. 7 when compared to the data for 17.5 megacycles in 
Fig. 3. The data in Fig. 7 were taken about a month 
after those shown in Fig. 3, and this discrepancy may 
perhaps be attributed to a reduction of contact pressure 
on the phosphor surface. 
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Fic. 4. Percent quenching and phosphor cell current as function 
of frequency (constant rf potential of 90 volts). 
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Fic. 5. Percent quenching versus potential at 
rf frequency of 10.5 megacycles. 


RESPONSE TO AMPLITUDE MODULATED FIELDS 


An attempt was made to determine the response time 
of the quenching action to a change in the amplitude 
of the radiofrequency field. The rf amplifier was ampli- 
tude modulated at various frequencies, and the photo- 
multiplier signal was measured on an oscilloscope. The 
modulating frequencies appear as a superimposed signal 
on the primary signal trace generated by 60-cycle 
operation of the ultraviolet lamp. The peak value of the 
superimposed signal was measured as a function of 
modulating frequency. Figure 8 shows these data for the 
ZnCdS (Cu) yellow phosphor. The response appears to 
decrease rapidly at the higher modulating frequencies. 
The other ZnCdS phosphor samples yielded approxi- 
mately the same data. The experiment was not re- 
peated for the ZnS (Ag) sample because the low per- 
centage of quenching noted with this phosphor made 
it impossible to obtain a sufficiently large modu- 
lating signal on the oscilloscope to warrant reliable 
measurements. 


FATIGUE EFFECTS 


Prolonged exposure to the rf field appears to produce 
semipermanent changes in the phosphor. Figure 9 
illustrates the fatigue effect noted for the ZnCdS (Cu) 
red phosphor and the ZnCdS (Ag) red phosphor. An rf 
potential of 100 volts at a frequency of 10 megacycles 
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Fic. 6. Quenching versus excitation level at constant frequency for 
ZnCdS (Cu) yellow phosphor. Frequency equals 17.3 megacycles. 
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was applied to the phosphor cells at time 7» and re- 
moved at time 7. An appreciable time is required for 
the phosphor to regain its initial level of luminescence 
after the rf potential is removed. 

The copper activated phosphor appears to have a 
much faster recovery time than the silver activated 
phosphor. However, slow recovery times have also been 
noted with the ZnCdS (Cu) yellow phosphor and, con- 
sequently, it is believed that the ZnCdS mixing ratio is 
more important in determining the fatigue effects than 
the kind of activator associated with the phosphor. In 
this connection, it may be important to note that the 
silver activated phosphor material has a larger per- 
centage of CdS than the copper activated phosphor. 
The exact mixing ratios for these phosphors is at present 
unknown. The extent and duration of these fatigue 
effects appear to be proportional to the intensity and 
time of exposure to the rf field. Similar fatigue effects 
have been reported by Destriau and Mattler.* 
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Fic. 7. Quenching versus excitation level at constant frequency for 
ZnCdS (Ag) red phosphor. Frequency equals 17.3 megacycles. 


ELECTROLUMINESCENCE 


Electroluminescence was observed with some of the 
phosphor cells at potentials greater than three hundred 
volts. The ZnCdS (Ag) red phosphor appeared to be 
particularly susceptible to this effect and yielded a 
pronounced luminescence which increased rapidly with 
field frequency up to approximately eight kilocycles, 
after which a further increase in frequency produced 
little or no increase in luminescence. 


CONCLUSION 


The sulfide phosphors appear to be the only phos- 
phors which exhibit a quenching action when subjected 
to the rf field. Tests on zinc phosphate and zinc ortho- 
silicate materials with potentials as high as 400 volts 
failed to produce any detectable quenching. Perhaps 
the most significant data are those describing the varia- 
tion of percent quenching with field frequency (Fig. 3). 
If the quenching maxima which occur at the higher 
frequencies can be determined accurately, a new tech- 
nique may be available for studying the trapping states 
of phosphor. Unfortunately, the magnitude of the effect 
observed is almost within the experimental limits of 
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accuracy, and hence, it is believed that more refined 
techniques must be used before an accurate determina- 
tion of the “resonant frequencies” can be made. It is 
estimated that the percent quenching data of Fig. 3 are 
accurate to within plus or minus two units at the thirty 
percent quenching level. 

With the present technique of “point-by-point”’ 
measurement, at least several hours are required to 
obtain a set of data for the frequency range between 
five megacycles and forty megacycles. During such a 
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Fic. 8. Response of ZnCdS (Cu) yellow phosphor to an amplitude 
modulator rf field. rf frequency equals 10 megacycles. 


relatively long time interval, it is quite possible that 
such parameters as ultraviolet excitation, temperature, 
and humidity conditions inside the phosphor cell, and 
contact pressure on the phosphor layer may not remain 
constant. An automatically tuned rf source which 
could cover the desired frequency range in a few 
seconds, and which could be synchronized with a 
recording photomultiplier would be of great assistance in 
obtaining more accurate data. 
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The problem discussed here is a first step towards a more complete understanding of the modern theories an 
of geomagnetism which are based on the differential rotation of the earth’s crust with respect to its inner sh 
core and on magneto-hydrodynamical effects in the core. This paper considers first the computation of the no 
electric and magnetic fields that a stationary observer attributes to a uniformly magnetized sphere which, sp 
in his frame of reference, rotates at constant angular velocity about an axis parallel to the direction of th 
magnetization. It is found that, neglecting the terms of order 2*/c?, the observed magnetic fields are identical 7 
to the fields of the stationary sphere, but in addition there is an external electric field identical to that sh 
produced by an axia] quadrupole located at the origin. The interior electric field is directed towards the ne 
axis of rotation and its magnitude is proportional to the distance from the axis. Next, when the rotating 
magnet is surrounded by a stationary concentric shield, it is found that the electric fields vanish in the ny 
interior of the shield and in outer space in contrast to the results that one would find on the assumption ; 
. * P . . . I 4 
that the shield was being “cut” by the lines of magnetic induction of the rotating magnet. Finally, the wi 
limiting case is considered in which the inner radius of the shield approaches the radius of the sphere, an tic 
*. . . . . . . I I . ~ . P . 
insulating layer still being maintained between them. Here, again, no electric fields are found outside ag 
the rotating magnet. sp 
ex 
, — th 
1. INTRODUCTION proper to speak of a moving conductor as “cutting " 
ODERN theories of geomagnetism are based on a — of i : ' bl F — ou 
mechanism which simultaneously invokes the } ae aie mad ae ‘ - os varndi iy —_ — J heard nc 
° ° ° P ° y > ¢ yg ¢ anguls 7 , 
differential rotation of the earth’s crust with respect [°° sphere rotating at constant angular velocity 
to its central core and the magneto-hydrodynamical about an axis parallel to the axis of magnetization and 
effects accruing from fluid motions in the core. A first Passing through the center of the sphere. The interior 
step towards a better understanding of these rather and exterior magnetic fields which a stationary observer 
complex interactions is obtained by considering the (attached to penne of — = yin the sphere SI 
. - . . ~ s y vi > . os 
electromagnetic fields of a rotating uniformly mag- ad gp hog agg a cr ee aba (F 
netized sphere, first in free space and then surrounded he . : a | dipol . ; ” Ka in 
: . : or) 2 volar (ex g- 
a Sgr dr prongs ae hha rare tagoneaideagth owing Rugrats: i Me 
The problem of the electric and magnetic fields of a eene ihe h ho ie aes aii beter sage a di 
rotating magnet has been recurring in the literature! aie a ae ve naan ag teed er hyena ci 
of the last four decades partly because of the continued '0'#4Ng ing Ds - - , “ : Daler th 
, . : g rc ¢ > t1V 5 
controversy as to whether or not the lines of magnetic . StUonary charge distribution that ws anumpelag* cede m 
; , ‘ . f th ; h: to them in the observer’s frame of reference. There is a 
induction partake of the motion of the magnet that : SC 
, ; .,. constant volume density of charge throughout the 
generates them. We have adopted here Minkowski’s 
la alinaiiaial a al aii i body of the sphere compensated by an equal and oppo- . 
elativistic electrodynamics of moving bodies, according —., ~ =e 
— ak h ; y! P nee 6 sa field j = site surface charge so distributed that the external : 
, S ¢ ag : - . ° 
to which the resolution of an electromagnetic held into lectric field generated is that of an axial quadrupole, 4 
electric and magnetic vectors depends entirely ye the whereas the interior field turns out to be directed to- 
frame of reference in which the observer is at rest. hus, wards the axis of rotation with intensity proportional 
it makes no sense to attribute to the lines of magnetic to the distance from the axis. 
induction, as if they were rigid, the motion of the It is seen that the external field is neither orthogonal - 
generating magnet nor, by the same token, is it always _ to the companion magnetic field nor can it be computed ; 
HE ‘ . from (v XB) as one believing in the theory of movin 
* Presented at the Mexican Scientific Congress held in com- Slee ») ae a 6 , phy, ge | = tl 
memoration of the 400th anniversary of the founding of the ‘Ines of magnetic induction would have us conclude. 
—— University, — City, September ae 1951. It is still true, however, that the interior electric field 
The preparation of this paper was sponsored in part by the ‘ é 
ONR Pret pal a can be reduced to zero by a local and instantaneous c 
'E. G. Cullwick, The hn gg of ag ge -_ transformation to the rest system. Thus, it appears 
N i 7 i idge, 1939), pp. 285, 321. See als . : . 7 
5) Bemett, Phos Rev 28, 355 (1912) pac aa 6 333 that such a transformation to the rest system is only 
_ . ’ — - ’ > ~~“ . a . . . . . . . . 
(1913); E. H. Kennard, Phil. Mag. 23, 937 (1912) and Phil. Mag. permissible for points in the interior of rotating bodies ‘ 
33, 179 (1917); G. B. Pegram, Phys. Rev. 10, 591 (1917); W. F.G. ; . F 4 zs 
Sa, Phys. Rev. 15, B65 (1920) and Phys. Rev. 19, 38 (1922): and cannot be used for points in free space. 
J. J. Tate, Natl. Research Council (U.S.) Bull. 4, 75 (1922). The second problem considered here has to do with C 
1294 P 





ng” 


ag- 
ity 
and 
rior 
ver 
ere 
out 
ical 
lag- 
Ids, 
the 
the 
rise 
is a 


the 


nal 
ole, 


ynal 


nal 
ited 
ring 
ide. 
ield 
ous 
ars 
nly 
lies 


vith 





ROTATING UNIFORMLY 


the computation of the electric and magnetic fields in 
the space between the rotating sphere and a stationary, 
concentric metallic shield at ground potential. No 
change is found in the observed magnetic fields assuming 
the spherical shell to be nonmagnetic. The electric 
fields external to the rotating sphere are now confined 
to the region between the sphere and the outer shell, the 
lines of electric displacement terminating (at right 
angles) on the interior surface charge distribution of the 
shell which, of course, integrates to zero. Thus, there are 
no electric fields in the interior of the shell or in outer 
space. This result is at variance with the conclusions 
that one would be forced to accept assuming that the 
shell could be regarded as “‘cutting” the lines of mag- 
netic induction of the rotating magnet. 

Finally, we consider the limiting case in which the 
inner radius of the electric shield is allowed to coincide 
with the radius of the rotating magnet while the insula- 
tion between the two is still preserved. This results 
again in no electric fields within the shell or in outer 
space by virtue of the double layer of charge that then 
exists at the interface between the rotating sphere and 
the stationary shield. It is clear that so long as electrical 
insulation is maintained between the sphere and the 
outer shell there can be no currents flowing and, hence, 
no distortion of the magnetic field. 


2. FIELD OF A STATIONARY UNIFORMLY 
MAGNETIZED SPHERE 


We consider first a metallic sphere of radius a in free 
space uniformly magnetized in the positive z direction 
(Fig. 1). The state of permanent magnetization in the 
interior of the sphere, r<a, is characterized by the con- 
stant vector My=e:Mo. The sphere has finite con- 
ductivity o and electric and magnetic inductive capa- 
cities e= K€) and w=K,,uo. All field quantities inside 
the sphere, r<a, will be denoted by the superscript 
minus, and those outside the sphere, r> a, by the super- 
script plus. 

The entire source of the magnetic fields in this case 
resides in the rigid distribution of permanent magnetic 
polarization Mp. In the interior of the sphere we have,’ 
in rationalized mks units, 


B-= u.(H-+M,)=.(H-+M-+M,), (1) 


in which the induced magnetization M~ depends not 
only on the permanent magnetization Mo, but also on 
the magnetic intensity H~ prevailing in the interior of 
the sphere. In fact, it can be readily shown from (1) that 


M-=(K,,—1)(H-+Mb)). (2) 
Outside the sphere (free space), we have merely 
B+= poH* ’ (3) 


where yo= 4a X 10-7 henry/meter. 


_?J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book 
Company, Inc., New York, 1941), Sec. 1.6, Eqs. (6) and (11); 
p. 31, Eq. (55). 
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At the surface of the sphere, r=a, the field vectors 


B and H must satisfy the boundary conditions 


n-(B+—B-)=0, n-(H+— H-)=(M,+M_—)-n; 
nx<(H+—H-)=0, nx(B+—B-)=po(Mo+M_) xn, 
(4) 


which refer to their normal and tangential components 
respectively and in which n=e, denotes the outward 
normal unit vector. Subject to these boundary condi- 
tions, the magnetic field vectors become,’ writing K 
instead of K,, for the permeability of the sphere, 





K 2K 
ry < ad, H- =—_— ——M oe.. B = uoM oe.; 
2+K 2+K 
K a . (5) 
r>a, H+*=———M,—{e,2 cos6+¢ sin6}, 
2+K »F 
B+= poll*, 
zZ 











BET 


fro&o 


Fic. 1. The stationary sphere with respect to the 
inertial frame of reference. 


where e.=e, cos6— eg sin8 denotes the unit vector in the 
positive direction of the z axis. It is readily verified as a 
check that the field vectors (5) satisfy the boundary 
conditions (4). 

As is well known, the interior fields B~ and H~ are 
uniform and parallel to the zs axis, but in this instance 
oppositely directed with the magnetic field H~ in the 
negative z direction. The external fields B+ and H+ 
are, of course, equivalent to the fields of a magnetic 
dipole located at the center of the sphere, with the 
dipole moment vector parallel to the direction of mag- 
netization. The equivalent magnetic dipole moment, in 
this case, is 3M,/(2+K) times the volume of the sphere. 


3 See, for example, W. R. Smythe, Sialic and Dynamic Elec- 
tricity (McGraw-Hill Book Company, Inc., New York, 1950), 
second edition, Sec. 7.12. 
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3. FUNDAMENTAL EQUATIONS IN VARIOUS 
SYSTEMS OF COORDINATES 


Before attempting to compute the fields of our 
rotating magnet, it will be necessary to specify clearly 
the frames of reference which enter into the discussion 
and the fundamental equations which apply in each 
case. We introduce first the system of proper coordinates 
which is rigidly attached to the sphere and in which, 
therefore, the sphere is always at rest. Field quantities 
referred to the proper system of coordinates are 
denoted by means of the superscript zero. In the proper 
system of coordinates all electric vectors vanish and we 
recognize only the magnetic vectors (5). Therefore, we 
have at once 


E°=0, D°=0, P*=0, everywhere; 
B°=B-, H°=H-, M°=M,+M-, r<a; (6) 
B°=Bt+, H°=H+, M°=0, r>a. 


Next, we introduce the inertial frame of reference 
OX YZ of Fig. 1 in which the observer is at rest and for 
which Maxwell’s equations assume their usual form. 
The sphere is located with its center at the origin of 
coordinates and with its uniform magnetization Mo in 
the direction of the positive z axis. We assume now 
that the sphere is set into uniform rotation about the 
z axis with constant angular velocity w. The immediate 
problem at hand is the calculation of the electric and 
magnetic fields which a stationary observer attached 
to the inertial frame of reference ascribes to the rotating 
uniformly magnetized sphere. In the inertial frame of 
reference, field vectors inside the sphere, r<a, are 
denoted by means of the superscript 7, and those out- 
side the sphere by the superscript //. 

Because the axis of rotation coincides with the axis 
of magnetization, the stationary observer cannot be 
aware of any time-dependent fields. Consequently, 
omitting all time derivatives, the Maxwellian equations, 
referred to the inertial frame, reduce to 


r<a, VXE'=0, VXH'=J'=cE*, 
V-B'=0, V-Di=,)'; .. 
r>a, VXE”=0, VxXH"”=0, (7) 
V-B’=0, V-D’=0. 


Here p’ denotes the volumetric charge density which 
the stationary observer finds in the interior of the 
rotating sphere, and it must be regarded as charge 
which is at rest in his frame of reference. The conduction 
current density J/=cE*, where E* is a vector of 
electric intensity whose physical significance is ex- 
plained below, is likewise to be interpreted as a sta- 
tionary current distribution in the inertial frame of 
reference. It turns out, however, that J’=0 in the 
present instance. 

We now make the assumption that, for velocities and 
regions wherein wrc, the use of the Lorentz transfor- 
mation of restricted relativity is applicable to rotating 
coordinate systems at least as a first approximation. 
Thus, there exists locally and instantaneously, a 
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Lorentz transformation that takes us from the system 
of proper coordinates to the inertial frame of reference 
in region J for every point of the rotating sphere which 
is moving with velocity 


V=€,wp= egwr sind (8) 


in the inertial frame of reference. Neglecting v*/c? as 
compared with unity, the transformation equations 
become’ 


Vv 
E'=E°—vXB’, B’=B’+—xE", 


C 


' 
H'=H°+vxD°, D’=D’-—xH", 


c* 

° 
M!=M°—vxP*; P/=P*+—xM?. 

c* 


In the present instance, all electric vectors in the 
proper system of coordinates vanish and we have at 
once from (6), for r<a, 


E’= —vXB°= —vxB, B‘=B°=B , 


a i 
D'=——xH°=——xH-, H!=H=H-, 
c* c* 


(10) 
Vv Vv 
P! = oh M°= =a (Mo+ M )3 
c* c~ 
M/=M°=M,+M-. 


It is seen that, to this approximation, the stationary 
observer attached to our inertial frame of reference 
attributes to the rotating sphere interior magnetic fields 
of induction, intensity and polarization which (ex- 
pressed in terms of the vectors in his own system of 
coordinates) are identical to the magnetic fields existing 
in the proper system of coordinates. Since this state- 
ment applies equally as well to the external magnetic 
fields, we must conclude, as stated in the introduction, 
that the lines of magnetic induction may not be assumed 
to partake of the motion of the moving magnet. This 
notion is equivalent to saying that the metallic sphere 
may be regarded as rotating in its own magnetic field. 

As regards electric fields, the story is quite different. 
The first column of (10) gives, for every interior point 
with velocity v, as given by (8), the electric fields of 
intensity, displacement and polarization in terms of 
the interior magnetic fields. We shall calculate presently, 
in the inertial frame of reference, the stationary volume 
and surface charge density distributions which give rise, 
for r<a, to the interior electric fields as given by (10). 
For r>a, we shall see that this charge distribution gives 
rise to the electric field of an axial quadrupole, which is 


*R. C. Tolman, Relativity, Thermodynamics and Cosmology 
(Oxford University Press, London, 1934), p. 106. See also Abra- 
ham-Becker, Theorie der Elektrizitét (J. W. Edwards, Ann Arbor, 
Michigan, 1945), Bd. IT., p. 330. 
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ROTATING UNIFORMLY 
no longer orthogonal to its companion dipolar magnetic 
field, B!’ = B+, and which falls off as 1/r* rather than as 
1/r? as would be the case for the term v XB. There- 
fore, whereas the interior electric field is orthogonal 
to its companion field of magnetic induction and can 
be reduced to zero (locally and instantaneously) by a 
transformation to the rest system, this is no longer 
true of the external electric field which is observed in 
the inertial frame of reference. This is to say that, as 
regards electric fields, it is not a matter of indifference 
whether the observer is stationary and the magnetized 
sphere rotates about an axis passing through its center 
or whether the sphere is stationary and the observer 
rotates about an axis passing through the center of the 
sphere. 

To gain further insight into the physical significance 
of the vectors E’, B’, etc., given in (9), we should make 
use of them to express, in the inertial frame of reference, 
the measure of the forces acting on a unit charge, a unit 
element of current, etc., which are moving with the 
matter with the velocity v. Carrying out this computa- 
tion with the aid of the transformation equations for 
force components, it can be shown® that the local 
vectors E°, B®, etc., which an observer at rest in the 
proper system of coordinates attributes to the interior 
of the sphere, can be “measured” in terms of the 
vectors E’, B’, etc., of the inertial frame of reference, 
by means of the expressions 


y 
E*=E/+vxB!, B*=B/—-—xE’, 


( 


: 
H*=H’—vxD!, D*=D'+—xH’, (11) 


rf 


‘ 
M*=M/+vxP/; P*=P/— —XM'; 


c 


which are wo/ transformation equations, since all the 
vectors involved are in the inertial frame of reference, 
and which are exact, in contradistinction to the approxi- 
mate transformation Eqs. (9). Thus, for example, E* 
measures in terms of the vectors E! and B’ of the in- 
ertial frame of reference the electric intensity or force 
per unit of charge E®, which a local observer rotating 
with the sphere finds at a given point moving with 
velocity v. 

According to (6), we have in proper coordinates that 
all electric vectors vanish and so we conclude that, for 
r<a, 

E*=0, 


D*=0, P*=0. (12) 


Inserting these results in (11) and solving for the 
vectors E’, B’, etc., we confirm anew the results given 
in (10). In fact, we rediscover the first column of 
(10) exactly and the second column approximately by 


* Tolman, see reference 4, p. 107. Also, H. Weyl, Space-Time- 
Matter (Methuen and Company, Ltd., London, 1922), p. 193. 
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neglecting v?/c? as compared with unity. The reason, 
however, for introducing the “‘starred”’ vectors is that 
they must be used in the mathematical expressions for 
the constitutive equations and for the boundary 
conditions. 

The constitutive equations for moving matter, ex- 
pressed in terms of the “‘starred”’ vectors introduced in 
(11), assume the usual form® 
r<a, D* =, E*+ P* ; B*¥= uo(H*+ M*); J’=cE*, (13) 


in which the last equation refers to the conduction 
current as observed in the inertial frame of reference 
and, thus, since E*=0 in the present instance, we have 
J'=0 in (7) as already pointed out. It should be 
recalled that the last of (13) is only an approximate 
equation in which we have neglected «”/c? as compared 
with unity. 

Similarly, the boundary conditions which apply here 
at r=a, may be stated quite generally as’ 


AD, =; AB,=0; AE*=0; AH*=0, (14) 


where the symbol A denotes the transition in the normal 
or tangential components of the indicated vectors, and 
@ is the surface charge density at the interface. It 
should be noted that, when (14) is applied at the 
boundary between matter and free space, as in the 
present instance, one should introduce the velocity of 
matter v into the expressions for E* and H* in free space. 


4. ELECTRIC FIELD OF THE ROTATING SPHERE 


We now make use of the fundamental equations 
established in the preceding section to compute the 
internal and external electric fields which the sta- 
tionary observer attached to the inertial frame of 
reference attributes to the rotating uniformly mag- 
netized sphere of Fig. 1. We have at once from the 
first column of (10), with the aid of (2) and (5), that 
the interior electric fields, for r<a, become 


2K 
E! = vx B- a Sa —poM wwpe,= —_ woB Cp 
2+K 
Vv K My 
D/= ——XH-=——— —wpe, = }eqwpB-e,, (15) 
c? 2+ K ¢ 


Mo 





v 3K 
P! = —_ (Mo+ M~)= re 


. 9 


wpe, = seqwpB-e,, 
( 2+K c* 

where B~ is the magnitude of the interior uniform 
magnetic induction and where p=r sin@ and e, denotes 
a unit vector along the p-coordinate line. It is seen, for 
example, that the electric intensity is directed in- 
wards, towards the axis of rotation and at right angles 
to it, its magnitude being proportional to the distance 
p from the axis of rotation and, as it turns out, inde- 


6 Tolman, see reference 4, p. 109. 
7 Tolman, see reference 4, p. 112. 








1298 A. BANOS, JR.., 
pendent of the electric inductive capacity ¢ of the 
material of the sphere. Furthermore, it is readily 
verified that the electric vectors given by (15) satisfy 
the fundamental relation 


D! = eE'+P. (16) 


Finally, making use of (16) and the last of (7) for 
r<a, we obtain for the interior volume density distri- 
butions of free and polarization charges, respectively, 
the expressions 


p'=V-D’=ewB- and p,’=—V-P!=—3ewB-, (17) 


which are seen to be constant throughout the volume of 
the sphere. 

Next we proceed to the computation of the external 
electric field for r>a and the surface charge distribu- 
tions at r=a. According to the first equation in (7), for 
r>a, the electrostatic potential V’’ is a solution of 
Laplace’s equation which vanishes properly at infinity 
and which satisfies prescribed boundary conditions at 
r=a. Thus, from (14), we have AE;*=0 which in the 
present instance yields, for the tangential component 
of electric intensity at r=a, 


E,!! = —(v XB”) ,= — waB--}P,'(cos@) 
= —waB- sin@ cosé. (18) 


Solving V?V/’=0 subject to (18) and the condition of 
regularity at infinity, one readily obtains 


P»(cos@) 

Vl w= — 4g B-——_, (19) 
r? 

z 

4 


Fic. 2. The 
rotating sphere 
inside a concen- 
tric, stationary, 
metallic shield. 
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which is the electrostatic potential of an axial quadru- 
pole and from which one deduces the external electric 
fields as 

a® 
Ev=—-VV"=— wB-—{e,P2(cos6)+ es} P2'(cos6)} 

r 


a® oe (20) 
= — }wB-—{e,(3 cos?@—1)+¢ sin26}; 
4 


r 


DU= eoE!!. 


Finally, the surface density distributions at r=a of 
free and polarization charges, respectively, become by 
virtue of (14) and (16) 


@.= D"— D,! = — feqwaB~- {1+2P2(cos6)} 
= —eowaB- cos’@; (21) 
@q" = P,! = ewaB-{1— P2(cos0)} = $epwaB~ sin6. 


It is readily verified, as a check, that the volume and 
surface charge distributions (17) and (21) satisfy the 
principle of conservation of charge; that is, the surface 
integral of free charge density , is equal and opposite 
in sign to the volume integral of the volumetric free 
charge density p’ when integrated throughout the 
volume of the sphere, and similarly for the polarization 
charge distributions pp! and @,”. 

The results presented here, at least as regards the 
external electric field (20), which as mentioned before 
corresponds to the electric field of an axial quadrupole, 
had been obtained earlier by Swann® and Davis® using 
somewhat different methods. 


5. THE SHIELDED ROTATING SPHERE 


We now consider the case of the uniformly magnetized 
sphere rotating inside a concentric stationary metallic 
shield of inner radius 6>a and outer radius d (Fig. 2). 
We shall assume that the stationary metallic shield is 
nonmagnetic (u=yo) with the consequence that the 
lines of magnetic induction external to the rotating 
sphere are not disturbed by the presence of the shield. 
The region internal to the sphere, r<a, will still be 
denoted by /; the region corresponding to a<r<6as II, 
and the interior of the shield, b<r<d, as III. It is clear, 
however, that all electric fields vanish for r> 0, so that 
we need only consider regions J and // subject to the 
appropriate boundary conditions at r=a and r=). 

In fact, the presence of the shield leaves undisturbed 
all electric and magnetic fields in the interior of the 
rotating sphere and, therefore, we can assert without 
further computation that, for r<a, the vectors E’, D’, 
and P! and the charge densities p’, pp’, and @,” remain 
the same as in Sec. 4. Thus, the only quantity that is 
affected by the presence of the shield is the free charge 
surface density Ga. 

Proceeding as before, the electric field E”! for a<r<b 
can again be written as E’=—VV", where V”’ is a 


8 W. F. G. Swann, Phys. Rev. 19, 38 (1922). 
*L. Davis, Phys. Rev. 72, 632 (1947). 
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ROTATING UNIFORMLY 
solution of Laplace’s equation satisfying the boundary 
conditions that, at r=a, the tangential component of 
electric intensity be given by (18) and that, at r=), 
the potential itself vanish since the whole system is 
electrically neutral. Subject to these conditions, we 
obtain 


PEE oe em Dl a vs > (enc 2) 
Vi! =—}wB r*} P2(cos6), (22) 


b§—a5tr3 


which is seen to reduce properly to (19) in the limit 
bx. The corresponding electric fields are then given, 
for a<r<b, by 


" — a® r3o° 
E!! = —3wB-———_ tale P.(cos0) 
b5—a® ry! 
6° (23) 
+e] ——r | Pecos | : 
r’ 


DU=eE”, 


which again are seen to reduce to (20) in the limit 
b-«. Furthermore, it is readily seen by inspection 
from (23) that, at r=a, Ey!’ reduces to (18) and, 
at r=b, E,!’=0, which are the required boundary 
conditions. 

To complete the calculation, we need now to deter- 
mine the surface density distributions of free charge 
at r=a and r=). These are given, respectively, by 


O4= DJi- D,! 








(26°+- 3a*) P2(cos@) 
= SeqwaB- le — 4 
b>—a® (24) 
5a*b 
a= — D,!! = }eqwa B-———P (co). 
b'— a5 


It is seen that @, and @ in (24) reduce to their proper 
values in the limit b—* and that, as before, the in- 
tegrated surface charges agree with the assumed elec- 
trical neutrality of the whole system. 

Finally, we consider the limiting case in which b—a 
under the assumption that the rotating magnet and 
outer shield remain insulated from each other. This 
assumption differs from the one made by Bullard!® in 
his treatment of the related problem of the electro- 
magnetic induction in a rotating sphere in intimate 
electrical contact with a stationary concentric shell 
subjected to an external uniform magnetic field parallel 
to the axis of rotation. In Bullard’s problem, there 
exist poloidal currents and external electric fields which 
we do not, of course, find here. 

To treat the limiting case consider the charges con- 
tained, at r=a and r=b, within an infinitesimal solid 
angle dQ and express these charges in terms of the cor- 


” E. C. Bullard, Proc. Roy. Soc. (London) A199, 424-7 (1949). 
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Fic. 3. The geo- 
metric mean radius 
used in computing 
the surface charge 
density in the limit 
b—a. 





responding densities pertaining to the geometric mean 
radius r= (ab)! as indicated in Fig. 3; that is, put 
&4a°dQ= (&— 6a) abdQ, 
Gp b'dQ= (ao+6a)abdQ, (25) 


whence the surface charge densities @) and 6@ may now 
be regarded as defined by 


b a 
2@9= @p—-+ @q- ’ 
a b 
(26) 
b a 
26a = wp-— Wa~. 
a b 


In the limit b—a, the surface charge density 2a be- 
comes the net surface charge at the interface between 
the rotating sphere and the stationary shell, and 
6@(b—a) becomes the electric dipole moment per unit 
of area of the double layer that results from the assumed 
insulation between sphere and shell; that is, for the net 
charge density we have 

Whoa => lim2é9= - ,eqwaB-{ 1-— P.(cos@)} 


=— 5 €qwa.B- sin’6, (27) 


which when integrated over the surface of the sphere at 
r=a is found to be equal and opposite in sign to the 
total volumetric free charge contained within the sphere. 
The dipole moment per unit of area of the resulting 
double layer is given by 


*=€,T; r= lim(b— a) 5a = j¢qwa*B™ P2(cos6). (28) 


Thus, we have found that the problem of a rolating 
uniformly magnetized sphere which is shielded by 
means of a s/ationary concentric metallic shield possesses 
a static solution which gives rise to no induced currents 
in the shell. It should be pointed out that the analogous 
two-dimensional problem of two parallel slabs of 
uniform thickness, one of which is magnetized at right 
angles to its faces and such that one slab moves parallel 
to the other, does not allow a similar static solution. 
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Fast Jets from Collapsing Cylinders 


W. S. Kosk1,*f F. A. Lucy, R. G. SHREFFLER, AND F. J. WILLIG 
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(Received June 2, 1952) 


A method is described for producing fast jets from the collapse of metal-lined cavities in high explosives. 
The behavior of these jets suggests that they cannot be accounted for by the simple hydrodynamical con- 
siderations that have in the past been successful when applied to slower type jets. Various experiments, in- 
cluding time-resolved spectrographic observations, show the jets to be, at least in part, of a gaseous nature 
Velocities as high as 90 km/sec have been observed for beryllium jets, with heavier elements exhibiting lower 


velocities in inverse order of their atomic weights. 


INTRODUCTION 


URING the past ten years, phenomena associated 

with high speed metallic jets have commanded 
considerable attention from both experimental and 
theoretical points of view. Interest has mainly been 
directed toward obtaining jets of maximum penetrating 
power for military applications. Because of the nature 
of penetrating jets, it often proves advantageous in the 
design of these devices to sacrifice velocity in favor of 
increased mass or greater length of jet. Metal-lined 
conical cavities in high explosives usually prove most 
satisfactory for producing good penetrating jets. 
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Fic. 1. Jet formation from the collapse of plates driven 
by plane converging detonation waves. 
* Authors are arranged alphabetically. Work done under the 
auspices of the AEC. 
t W. S. Koski is now with The Johns Hopkins University, Bal- 
timore, Maryland. 


If, on the other hand, one is interested in reaching the 
greatest possible jet velocity, best results are obtained 
from the collapse of cylindrical liners. A fast jet ob- 
tained in this manner usually contains a very small 
amount of material, making it necessary to produce such 
a jet in an evacuated space in order to prevent slowing 
down by air. Jet velocities as high as 90 km/sec have 
been obtained from the collapse of cylindrical liners by 
means of converging detonation waves in large cylin- 
drical charges. 


THEORY 


A theory has been worked out! which is quite suc- 
cessful in accounting for jets produced by collapsing 
plates (wedge-shaped lined cavity) and is also successful 
when its application is extended to cover the case of 
lined conical cavities. It handles the problem of a cavity 
being collapsed by means of a plane detonation wave 
traveling in the direction of the axis of the cavity. 

This theory is based upon simplifying assumptions 
which appear to be well justified in the applications for 
which they are intended. In particular, flow of the metal 
for the high pressures encountered is assumed to be that 
of a nonviscous fluid. Further, the role of shocks within 
the flow is ignored. 

One may readily extend this theory to cover the case 
of a symmetric wedge collapse brought about by plane 
converging detonation waves as shown in Fig. 1. The 
detonation waves converge toward the plane of sym- 
metry of the wedge-shaped cavity in such a manner that 
the direction of motion makes an angle y with this plane. 
Figure 1(A) shows the position and direction of motion 
of such a detonation shortly before collapse begins, and 
Fig. 1(B) shows the position of the liner and detonation 
waves during collapse. A jet proceeds in the direction 
AX, 

By applying the arguments used in reference 1 to the 
type of collapse shown in Fig. 1, one may readily obtain 
the following expression for jet velocity: 


sin(B— a) (B—«a) 
V ;=Va— “| esct-+cots+ tan | (1) 
m cos(a+¥) 2 


' Birkhofi, MacDougall, Pugh, and Taylor, J. Appl. Phys. 19, 
563 (1948). 
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Fic. 2. Moving image photograph of a jet traversing an evacu- 
ated jet tube. The sketch above the photograph shows the positions 
of the more important feature of the setup. 


which becomes identical with the expression for jet 
velocity given in reference 1 if y=0. The equation for 
mass per unit length of the jet remains 


m;=m sin?B/2=m(1— cos)/2, ( 


where m is the mass per unit length of the material 
coming from the liner. 
For parallel plates (a=0) Eq. 1 reduces to 


v;=2V 4/cosy, (3) 


and jet velocity will become infinite as y—>90°. However, 
as y90°, B—0 and m;—0. 
If y=0, Eq. 3 becomes 


vj=2V a. (4) 


Jet velocity will be twice detonation velocity for parallel 
plates collapsed by a detonation wave moving in the 
direction of the plates. 


EXPERIMENTS WITH FAST JETS 


The set-up used in producing and measuring fast jet 
velocities is shown in outline in Fig. 2, along with the 
print of a moving image photographic record obtained 
from such an experiment. An evacuated glass jet tube 
is attached to the open end of the cavity liner, and as the 
jet moves down the tube its image (self-luminous) is 
swept across the photographic film, forming a distance- 
time plot from which jet velocity is calculated. The 
marker tapes are placed at measured positions on the 
jet tube and are opaque. Their shadows are used for 
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space calibration of the plot, while time calibration is 
obtained from the known sweep velocity of the image. 

The jet of Fig. 2 exhibits two distinct components; a 
fast light jet which is unable to break the end of the jet 
tube and a more massive jet that breaks out quite 
readily. These jets will be referred to as the fast jet and 
the penetrating jet, respectively. The velocity of the fast 
jet was 21 km/sec and that of the penetrating jet about 
16 km/sec, the latter being in good agreement with Eq. 
4. Composition B (60-40 RDX and TNT), for which 
the detonation velocity is slightly under 8 km/sec, was 
used as the explosive for this experiment. In a similar 
experiment, a jet was directed into an unevacuated jet 
tube and only the 16 km/sec penetrating jet was ob- 
served. 

Figure 3 is a record in which the jet from a 45° cone 
was directed into an evaucated jet tube. Again both a 
fast jet and a penetrating jet may be observed from this 
record. Velocities were 13 and 8.5 km/sec, respectively. 
The latter is approximately the value predicted by Eq. 
(1), while the former is much larger. 

Toroidal collapse was used in conjunction with cylin- 
drical liners to obtain configurations giving values of 7 
varying between 90° and 0°. Figure 4 shows in outline 
an arrangement for producing fast jets by this means. 
The inert material is incapable of transmitting a shock 
of sufficient strength and velocity to interfere with the 





Fic. 3. Moving image photograph of the jet from a conical 
cavity directed into an evacuated jet tube. 
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Fic. 4. An arrangement used in obtaining a fast jet from a 
cylindrical liner collapsed by a toroidal detonation wave. 


collapse. The main charge is thus initiated simultane- 
ously around its circumference, from which a shock 
wave (whose shape is that of a toroid) converges toward 
the liner. The liner is thus collapsed by a wave front 
moving in such a manner that the initial value of y is 
90° and successive values are smaller as the wave 
progresses. 

Figure 5 is the photograph of a jet from a beryllium 
cylinder collapsed in this manner. In the set-up used for 
this experiment the jet tube was evacuated to a pressure 
of less than 0.1 mm of Hg, with no effort being made to 
measure pressure accurately. Curvature of the line made 
by the fastest material indicates deceleration of the jet, 
and the fact that it is a distinct line rather than an edge 
indicates that the head of the jet was more luminous 
than the material behind it. In a second test, the jet 
tube was evacuated to a pressure of less than 10-° mm of 
Hg. The edge caused by the fastest material, though 
weak, was not curved. A velocity of 90 km/sec was 
measured for this jet. 

A series of experiments was conducted to test the 


effects of varying charge size, cavity size, liner dimen-, 


sion, and liner material. Results are summarized in 


Fic. 5. Moving image 
photograph of a beryllium 
jet passing through a jet 
tube containing a _ small 
amount of air. The initial 
velocity was about 90 
km/sec. Subsequent decel- 
eration is indicated by the 
curvature of the leading 
line. 
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Tables I and II and Figs. 6 and 7. Cylinders of cast 
Composition B with axially located cylindrical cavities 
were used in all cases. If one or two experiments were 
conducted to determine jet velocity under a given set of 
conditions, the individual values are recorded. If more 
than two experiments were made, averages and stand- 
ard deviations are given. 

It is indicated by Tables I and II that jet velocities 
from 15-in. charges are independent of liner size (di- 
ameter or wall thickness) over a fairly wide range of 
values. For 8-in. charges, however, jet velocity is less 
for the heavier liners. It also appears that a liner may 
be too thin to give consistent results. A liner thickness of 
0.035-in. appears to be satisfactory for brass and 
aluminum but too thin for magnesium. Thicknesses of 
0.020 in. and 0.015 in. are not satisfactory for brass. As 
a result of these tests, 0.065 in. was established as the 
minimum useful thickness for materials having densi- 
ties less than that of aluminum, and 0.035 in. was used 
as the minimum wall thickness for aluminum and the 

materials of greater density. 


TABLE I. Variation of jet velocity with wall thickness of liner. 





Liner 











o.d. of charge o.d. material Wall thic knes Velocity 
8 in. $ in. Brass 0.125, 52, 52 km/sec 
8 5 Brass 0.065 59, 61 
8 $ Brass 0.035 7241.5 
8g $ Brass 0.020 52, 42 
8 $ Brass 0.015 47415 

15 r Brass 0.035 73 

15 i Brass 0.065 72 

15 } Mg 0.035 66+9 
15 , Mg 0.065 80, 81 
15 5 Al 0.035 8142.0 
15 } Al 0.065 80 


Figure 6 shows the manner in which jet velocity is 
affected by varying charge diameter. It is quite evident 
that aluminum and brass exhibit definite maximum jet 
velocities which cannot be exceeded by varying param- 
eters, and that these values are different for the two 
materials. Although an insufficient number of experi- 
ments was conducted on lead, the same situation is 
probably true for it and other materials. 

Figure 7 shows a plot of maximum observed jet 
velocity vs atomic weight for a number of materials. 
Since brass is an alloy of copper and zinc (adjacent 
element on the periodic chart) a weighted average of 
their atomic weights was used. Standard deviations are 
indicated by vertical bars when more than two tests 
were made under conditions believed to be those re- 
quired to give maximum jet velocity, otherwise actual 
values are plotted. Liners meeting the previously pre- 
scribed dimensions were used in 15 in. diameter Compo- 
sition B charges detonated to give a toroidal collapse. 
The values indicated for brass and the lighter elements 
are probably very near the maximum obtainable by this 
method. For the heavier elements, however, values 
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might be subject to a slight revision upward, since it is 
not indicated (Fig. 6) with certainty that 15 in. o.d. 
charges give maximum jet velocity for lead. 

Although no accurate method has been devised for 
measuring the linear density of a fast jet, one may ob- 
tain an estimate of this quantity by observing the rate 
of loss of velocity in a jet tube containing a known 
amount of air. Such observations indicate that the 
linear density of the fastest material is probably in the 
range of 0.1 to 1.0 mg/cm. There are also indications 
that, other things being equal, larger charges produce 
greater jet densities even when they do not produce 
higher velocities. 

Several interesting miscellaneous experiments have 
been conducted with fast jets. If an evacuated glass jet 
tube is made sufficiently long (fifty or sixty feet), the 
jet will not break the far end of the tube and all but 
perhaps ten feet of tubing near the charge may be re- 
covered intact. The inner surface of such a tube becomes 
coated with the jet material, which usually assumes a 
color similar to that of the liner metal. Occasionally, 
however, the colors may be quite different. Pink de- 
posits have been obtained from aluminum jets and green 














Liner 
o.d. of charge o.d. material Wall thickness Velocity 
8 in. + in. Brass 0.035 70 km/sec 
8 } Brass 0.035 7241.5 
8 ; Brass 0.035 61 
s 1 Brass 0.035 52 
15 $ Brass 0.035 72 
15 1 Brass 0.035 73 





deposits from copper jets. The deposited material is 
imbedded in the glass surface and cannot be scraped off. 
In another experiment a fast jet was directed into an 
evacuated glass jet tube bent into the shape of a circle 
of two feet radius. Jet deposits were found in recovered 
parts of the tube which were 180° from the point at 
which the jet entered. The fact that the jet material 
followed such a curved path suggests its gaseous nature. 

A few experiments were conducted in which parallel 
plates were collapsed in an evacuated space, using vary- 
ing values of y (plane mockup of the toroidal collapse). 
Results were similar to those obtained from collapsing 
cylinders, except that jet velocities were always sub- 
stantially lower than for the corresponding cylindrical 
collapse experiments. 


COMPARISON WITH THEORY 


The theory of jet formation as given in reference 1 
and modified in this paper gives a reasonably satis- 
factory explanation of penetrating jet formation for 
both the two-dimensional (collapsing wedges and paral- 
lel plates) and the three-dimensional (collapsing cones 
and cylinders) flow problems if y=0 (Fig. 1). The fast 
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Fic. 6. Plots of jet velocity vs charge diameter for lead, 
brass, and aluminum. 


jet (obtained in an evacuated system), however, travels 
somewhat faster. As y approaches 90°, jet velocity 
actually approaches a rather definite maximum value, 
rather than being infinitely fast as predicted by Eq. (3). 

It might further be added that the fastest jets are 
formed from the collapse of cylinders in large charges, 
and that one probably should not use a theory intended 
to be applied to the two-dimensional flow problem 
(wedges and parallel plates). During the symmetric 
collapse of a cylinder? the walls thicken, and an in- 
creased velocity is probably imparted to the inner 
surface. The gaseous nature of the fast jet material 
suggests that it might be vaporized as a result of the 
liner being heated during the collapse process. 

The fact that the maximum velocity of fast jets is 
related to atomic weight as indicated in Fig. 7 suggests 
that a theory explaining these observations should 
include considerations of gas kinetics. Plots of maximum 
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Fic. 7. Plot of maximum jet velocity vs atomic weight for 
a number of materials. 


* Theodore E. Sterne, J. Appl. Phys. 21, 73 (1950). 
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Fic. 8. Spectrum of receding shock in aluminum vapor. The 
expected positions of all Al /// lines are marked for upper principal 
quantum number less than eight. Some Al // lines are also marked. 


jet velocity against other physical properties of the 
solid metals (specific gravity, shock velocity, modulus 
of elasticity, etc.) do not give smooth curves nor, in any 
case, indicate a uniform trend. 


SPECTROGRAPHIC STUDIES 


Because of the brief duration and high temperatures 
and pressures involved, many jet phenomena are best 
investigated optically. In particular, the spectrograph 
should yield information concerning the quantitative 
and qualitative composition of jet material. By the 
methods the astrophysicist, we may (at least in prin- 
ciple) also determine temperature, pressure, degree of 
ionization, frequency and violence of collisions, etc., for 
atoms and ions of the gaseous components of a fast jet. 

Time-resolved spectra have been obtained with 
spectrographs arranged for relative motion of film and 
image at rates ranging from 1 mm per 6 microseconds to 
about 10 times this writing speed. These spectrographs 
were made by attaching a collimating lens and a prism 
or diffraction grating ahead of a moving-film or moving- 
image camera of the usual type. The focal length of the 
collimator equaled the distance to the jet tube, to which 
an aperture forming the spectrograph slit was attached. 
For time-resolved spectrography, it is convenient to use 
a system in which the light is received approximately 
perpendicular to the film, so that the camera objective 
should be a color-corrected anastigmat or something 
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similar. Commercially available lenses of this type 
contain flint glass which restricts the usable spectrum to 
wavelengths greater than about 3800A. 

When velocities in excess of 30 km/sec were first ob- 
served for copper, it was suggested that the luminosity 
which moved at such a rate came from occluded air or 
chemically combined oxygen released by the heat of jet 
formation. Time-resolved spectra showed immediately 
that oxygen and nitrogen lines are very weak or absent 
in spectra from jets fired into tubes which have been 
evacuated before the shot, even though no attempt is 
made to outgas the metal liner. Further, the spectra 
consist of lines of neutral and ionized jet metal atoms, 
fairly free of background, followed later by molecular 
spectra (glass vapor) and a developing continuum. Thus 
occluded or chemically combined gas is not responsible 
for the high velocities observed. 

With the use of two synchronous moving film 
cameras, one arranged as a spectrograph, it was shown 
by the equal length of the records that the luminous 
material used for the velocity record moves at the same 
maximum speed as the monatomic metal vapor from 
the liner. Thus, it is plausible to assume that the leading 
line of the velocity record is produced by atoms from 
the liner striking residual gas atoms. 

A jet is cooled by its expansion into the evacuated jet 
tube, so that the luminosity of the leading gas is com- 
paratively weak until it strikes some irregularity or 
obstruction. In order to study the head of the jet 
spectrographically as it proceeds down the tube, a small 
amount of foreign gas may be introduced. Air is con- 
venient. Helium has the advantage of being itself hard 
to excite, thus giving a simpler spectrum than is found 
with residual air. This foreign gas, in effect, bombards 
the jet metal vapor at the relative velocity. 

When residual air is left in the tube, say at a pressure 
of 0.02 mm of Hg, an aluminum jet (e.g.) will show 
strong Al JJJ and Al JJ lines on passing the slit, and 
simultaneously N I/J, N II, O III, O IT, witha sugges- 
tion of N J. The Al J resonance lines also appear, weakly 
at first, then becoming very strong. The excitation is 
similar to that in a condensed spark between aluminum 
electrodes. Al III lines persist in emission for a micro- 
second or more and the Al JJ lines for 6 to 10 micro- 
seconds after the jet head has passed the slit, but the air 
lines vanish within an unresolvably small fraction of a 
microsecond, indicating that the head of a jet moving 
into residual air at this pressure becomes dense enough 
to act more or less as a piston. 

Figure 8 shows a typical aluminum spectrum with 
some of the more prominent features identified. In this 
case, the jet was fired into a vacuum. Such jets are not 
bright until the vapor stream strikes the tube end or 
other obstruction. Long wavelengths are at the top, and 
time increases to the left. When the receding shock 
forms, the first lines to appear are those of highest 
electronic excitation. Al III is formed very promptly, 
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Al JJ and Al I appearing later. Higher states of ioniza- 
tion may be present, but are not detectable since they 
give rise to no allowed transitions in the observable 
region. 

After a few microseconds, glass vapor (ions, atoms, 
and even molecules) produces an unresolved background 
which approximates the spectrum of a black body with 
an intensity maximum somewhere in the ultraviolet. In 
evaluating Fig. 8, allowance must be made for the 
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variation of film sensitivity with wavelength and for the 
effects of absorption by the vapor. A fuller discussion of 
the spectroscopy of fast jets will be presented later. 

In conclusion, the authors wish to express their 
appreciation for assistance rendered by a large number 
of Los Alamos Scientific Laboratory employees, partic- 
ularly by R. A. Frame, T. M. O’Neill, and E. H. Ellison, 
who conducted most of the experiments from which the 
data and figures for this paper were taken. 
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Solubility and Diffusion Coefficient of Carbon in Nickel: Reaction Rates of 
Nickel-Carbon Alloys with Barium Oxide 
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Experimental values for the solubility of carbon in nickel in the range 700°C to 1300°C yield the equation 
InS = 2.480—4,880/T, where S is the solubility in grams of carbon per 100 grams of nickel. Values obtained 
for the diffusion coefficient in the same range fit the equation InD=0.909—20,200/T, where D is in cm? 
per second. These results are of some interest in the problem of the activation of thermionic oxide coated 
cathodes, and the experimental method used to measure the diffusion coefficients is related to phenomena 
occurring in vacuum tubes. To extend the usefulness of the results in this direction, rates of reaction between 
diffused carbon and barium oxide coatings on nickel have been measured. It was found that the rates are 
diffusion limited over a wide range of conditions of interest. 


1. INTRODUCTION 


HIS paper reports the results of an experimental 
study of the solubility and diffusion coefficient 
(volume) of carbon in nickel, and of the rate of reaction 
of carbon in carbon-nickel alloys with barium oxide 
coatings on sheets of the alloys. The latter experiments 
are of special interest in studies of the activation of 
thermionic oxide coated cathodes. 

A somewhat novel method has been used to obtain 
diffusion coefficients. Diffusion rates have been ob- 
served by measuring the reaction rates of diffused 
carbon with nickel oxide coatings. The reaction rates 
were obtained by measuring the rates of evolution of 
the reaction products CO and CO». These experimental 
conditions closely resemble conditions prevailing in 
vacuum tubes and for this reason the method was 
chosen. The results obtained illustrate clearly a type 
of phenomenon to be expected in operating tubes. In 
order to carry the analogy further and to obtain data 
of fundamental interest, rates of reaction of diffused 
carbon with barium oxide were also measured. 

The method does not suffer from a lack of sensitivity. 
In fact it seems potentially more sensitive than some 
other standard techniques. Since diffusion rates are 
measured directly, rather than obtained from integrated 
results, and because of the high sensitivity, a wide range 
of conditions can be observed. In the present work the 


initial, steady, and final states predicted by diffusion 
theory for the experimental conditions have been 
measured with excellent precision. 


2.0 SOLUBILITY OF CARBON IN NICKEL 


Metallurgical studies of the carbon-nickel system 
have been reviewed by Hansen.' The carbide Ni;C, 
which is the only compound known, is not stable be- 
tween about 400°C and 1600°C. A eutectic occurs at 
2.2 weight percent carbon and 1315°C. The solubility 
of carbon in the solid at that temperature is given as 
about 0.55 percent. Data are not available for the 
solubility in the temperature range of interest. 


2.1 Method and Results 


The data given in Fig. 1 were obtained from nickel 
alloy DH-499 (99.9+-percent) in five-mil sheet which 
was heated in wet hydrogen for two hours at 1000°C 
and then at the experimental temperature in a 75 per- 
cent H,-25 percent CH, mixture for one hour (except 
the 708°C sample which was heated for seven hours). 
The thin surface film of carbon produced by the 
second heat treatment was removed by an acid etch. 
Concentrations of carbon were determined by the 


1M. Hansen, Der Aufbau Der Zweistofflegierungen (Julius 
Springer, Berlin, 1936). 
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method described by Wooten and Guldner*® whereby 
the specimen is burned in pure oxygen and the carbon 
dioxide collected and measured. 

The results represented in Fig. 1 have been selected 
from a much larger assortment. Less pure nickel 
generally yielded higher values. These values have 
been omitted since some of the impurities in the nickel 
form carbides. No other high values have been omitted. 
Ten-mil sheet of pure nickel coated with Aquadag and 
heated in N2 gave lower values in the low temperature 
range (perhaps because of oxidizing impurity in the 
nitrogen). These results must be considered much less 
reliable unless it can be shown that the selected data 
were from supersaturated samples. Also omitted are 
data from samples not treated for a time sufficient to 
saturate the nickel. Since the data selected agree well 
with the value 0.55 quoted by Hansen for 1315°C, this 
point has also been used. The equation obtained for 
the dependence of the weight percent solubility on 
temperature is 

InS = 2.480—4,880/T. (1) 


3.0 DIFFUSION OF CARBON IN NICKEL, METHOD 


Smithells and Ransley*® have reported experimental 
values for the diffusion coefficients of carbon and 
oxygen in nickel. They coated the inner walls of nickel 
tubes with carbon, exposed the outer surfaces to 
oxygen at 3 mm pressure and analyzed samples of the 
gases evolved from both the inner and the outer 
surfaces of the tubes. To obtain diffusion coefficients 
from the observed steady-state rates they assumed 
the value 0.4 percent for the solubility of carbon in 
nickel throughout their experimental range (900°C to 
1050°C). This value is much too high and does not 
allow for the variation in solubility. 

*L. A. Wooten and W. G. Guldner, Ind. Eng. Chem. Anal. Ed. 
14, 835 (1942). 


*C. J. Smithells and C. E. Ransley, Proc. Roy. Soc. (London) 
A155, 195 (1936). 
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A similar method which measures diffusion rates con. 
tinuously, and which provides data for the calculation 
of solubility, has been used in the present study. Nicke| 
disks § in. in diameter (of DH-499 alloy heated in wet 
hydrogen at 1000°C to produce clean coarse-grained 
samples) and 5, 10, and 20 mils thick, were sprayed on 
one side with NiO and on the other with a known 
amount of carbon. The sprayed area was ? in. jp 
diameter. These coated disks were pressed at about 
10,000 Ib per sq in. to provide high contact area, except 
for two which were not pressed in order to determine the 
effect of pressing. Each was outgassed in a vacuum 
(background-pressure less than 1 x 10-* mm) for twenty 
minutes at a temperature about 250°C less than that 
of the diffusion rate measurement, then rapidly heated 
to this temperature. The pressure of the evolved gases 
was continuously measured with an electronically 
stabilized ionization manometer. Throughout the experi- 
ment, pumping was maintained. 


3.1 Theory 


Assume for the moment that the rate of gas evolution 
is directly proportional to the rate of diffusion of 
carbon through the nickel-nickel oxide interface, that 
a sufficient amount of carbon has been coated on the 
sample and that nickel oxide is in excess. One expects 
to observe an initial state during which the concentra- 
tion of carbon in nickel is continuously increasing and 
the pressure of gas increases continuously; then, a 
steady state in which a linear concentration gradient 
through the nickel is maintained and the gas pressure 
is constant; and, eventually, a final state in which 
carbon on the surface has been depleted and within 
the nickel is decreasing in concentration, which should 
be accompanied by a continuously decreasing gas 
pressure. 

Assume further that the concentration of the carbon 
in the nickel at the carbon-nickel interface is given by 
S, the solubility of carbon in nickel in g per cm*, as long 
as carbon is present on the nickel surface, and that the 
concentration at the nickel-nickel oxide interface is 
negligible compared to S. Arguments based on thermo- 
chemical calculations lead to this expectancy. The 
amount of carbon diffusing in unit time through unit 
surface at the nickel-nickel oxide interface of a disk 
of thickness / is, in the initial state,‘ 


DS 2 Dn? xt 
ua creo 2) 


in the steady state 





Q=DS/l, (3) 


‘These solutions to diffusion problems with relatively simple 
boundary conditions are adequately treated in a number of texts; 
see, for example, R. M. Barrer, Diffusion in and through Solids 
(Cambridge University Press, Cambridge, 1941). 
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and in the final state Piven glass tube in which the pressure drop was found to 
be about one order of magnitude. The total decrease in 

amor > (—1)" pressure from specimen to pump was calculated as 
qi 9=1,8,5-:- (2n+1) about two orders of magnitude. This large impedance 
provided a pressure in the specimen chamber insensitive 

D(2n+1)?x*t to pump fluctuations and nearly proportional to the 

xexp| -——_—""| quantity of gas evolved from the specimen for pressures 


The total amount diffusing in the initial state depends, 
for the purposes of analysis, on when the steady-state 
is assumed to start. For the steady state it is DSt/l and 
for the final state it is S//2. 

The theoretical curve for Eqs. (2)-(4) is given in 
Fig. 2, in which rates are relative to a steady-state rate 
equal to one. An experimental curve of pressure vs time 
which fits this theoretical curve (such as is shown in the 
figure) may be analyzed in various ways to obtain 
values of D and S. For example, D may be calculated 
from Eq. (2) using the observed value for a rate 
equal to 50 percent of the steady-state rate; D or S, 
whichever is unknown, may be calculated from (3) anda 
known initial carbon quantity if the steady state is long 
compared to the initial and final states or if adequate 
corrections be made; D may be calculated from (4) 
using the value for a rate equal to 50 percent of the 
steady state rate, S may be calculated from (2) or (4) 
if Dis known. Further checks may be obtained if pump- 
ing speeds are known accurately. 


3.2 Experimental 


It was found that experimental pressure-time curves 
could be obtained which fitted the theoretical very 
closely, except for an initial high, but rapidly decreas- 
ing, pressure due to gas evolutions of other sorts. It is 
believed, in fact, that relative pressure has been 
observed as accurately as temperature, time, and 
thickness, and that relative pressure corresponded to 
relative diffusion rate of carbon through the nickel- 
nickel oxide interface. A discussion of experimental 
details, some of which were of the nature of precautions 
which may not have been necessary, follows. 

The samples were inserted in flat molybdenum heater 
cups which were heated by high frequency. Tempera- 
tures were measured by calibrated Pt, Pt-Rh thermo- 
couples made of ten-mil wires and welded to the 
samples. Thermopotential was measured with a poten- 
tiometer sensitive to 1pnV. 

The purpose of the heater cup was to insure a uni- 
form distribution of temperature in the test specimen 
and to provide a flat surface on which to rest the carbon 
coated side of the disk. Contact between carbon coating 
and cup was prevented by a ten-mil nickel wire ring 
welded around the outside of the coating. In this way 
free access of the gaseous reaction products, in par- 
ticular COz, to the carbon coating was prevented. The 
specimen glass chamber with its ionization gauge was 
connected to the diffusion pump through a short small 


less than about 2 x 10-* mm of Hg. Since the ratio of the 
reaction products CO and CO: should not be independ- 
ent of temperature, strict proportionality of pressure 
and quantity of gas is not to be expected. The ratio 
should not be a function of pressure for the equilibrium 
reaction CO+ Ni0s$CO,+ Ni. In several tests it was 
found that the gaseous product was largely COn, in 
agreement with known equilibrium data. Exact data 
were not obtained. 

To obtain reasonable estimates for the initial pres- 
sure behavior resulting from other sorts of gas evolution, 
runs were made at several temperatures with disks 
coated with carbon, and others with nickel oxide. These 
were used to obtain corrections for the initial part of the 
experimental curves. 

Diffusion coefficients calculated from the initial state 
curves were found to be the most consistent. For most 
of the runs reported the weight of the carbon coating 
had also been obtained and was used to calculate 
diffusion coefficients. The average deviations of these 
results from their mean was larger, probably due to 
errors in measuring the amount of carbon and the 
final state. Results based on the initial state are inde- 
pendent of these two factors, and therefore a smaller 
average deviation may be expected. The over-all agree- 
ment between these methods was found to be good, and 
they were found to be in good agreement with results 
computed from calculated pumping speeds. 

The coatings of two disks were not pressed in order 
to discover whether the contact area was reasonably 
high even in unpressed samples. Note that surface 
diffusion, expected to be much higher than volume 
diffusion, tends to increase the apparent contact area. 

Coatings were examined for evidence of surface dif- 
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fusion after completed runs. No preferential attack of 
nickel-oxide coatings on the outer edge was noted. 
Moreover, it was found that carbon coated on ten-mil- 
thick nickel disks, which had been oxidized to the first 
interference color, reduced oxide on the opposite side 
of the disk before reducing oxide on the same side one 
mm away from the carbon boundary. Grain boundary 
diffusion is believed to have been made negligible by 
the initial anneal at 1000°C which produced a coarse 
grained material. Therefore it is assumed that rates of 
volume diffusion were measured. 


3.3 Results 


The experimental results are summarized in Table I. 
A complete experimental curve for sample No. 23 and 
its corrected curve are given in Fig. 2. In all cases the 
first step after plotting the data was to estimate the 
correction for gas from other sources from the average 
shape of curves obtained from carbon on nickel and 
nickel-oxide on nickel. This correction was subtracted 
from the experimental curve and a smooth line drawn 
through the resulting points. The ratios of the times 
required to attain one, two, and three quarters of the 
steady-state rate in the corrected curve were then com- 
pared with those predicted by theory, ¢(1/4)/t(1/2) 
= 0.664, #(3/4)/t(1/2) =1.514). In the case of ten and 
twenty mil samples, where the background correction 
was relatively small, agreement to better than five 
percent was normal. For some five mil samples, and a 
few others in which agreement was not this good, the 
expected background curve was uniformly raised or 
lowered until good agreement was obtained. The 
diffusion coefficients reported (in Table I, plotted in 
Fig. 3, and reduced to Eq. 5) are the values obtained 
from the half-rate times of the corrected initial state 
curves, for which the equation is D=0.140P/t(1/2). 

Some runs were carried beyond the half-time of the 
final state. It was found that in general the break into 
the final state occurred too soon and that the final state 
curve was not as steep as that predicted theoretically 
(half-rate time equal to 2.68 times the half-rate time of 
the initial state). It is believed that this was due to 
nonuniformity of the carbon coating and/or to decrease 
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in contact area toward the end of a run. The experi- 
mental curve given in Fig. 2 is one of four that have 
fairly good final states. Data for final states have not 
been tabulated because so few of the points appeared to 
be of value. 

Steady-state pressures, P,, are tabulated. Since 
P,~Q=DS/I, values of P, may be used to check the 
consistency of the solubility data, given in Sec. 1, and 
the diffusion coefficients. The quantity DS/P,] was 
found to be reasonably constant. As explained above, 
P, should not be exactly proportional to Q because of 
changes in the ratio CO/COs. A change in this ratio 
affects the sensitivity of the ionization gauge as well as 
the flow rate of the gases through tubing to the vacuum 
pump. 

Data for samples numbered 10, 11, 12, and 13 are 
given in parentheses. The carbon coating on these 
samples was found to be insufficient to attain a proper 
steady state (not much greater than S/A/2, where A is 
the area). The expected results are: correct quarter-rate 
times, slightly low half-rate times, and noticeably low 
three-quarter rate times. The data obtained did follow 
this trend, and the observed half-rate times have been 
increased (five to fifteen percent) to correct this effect. 
The corrected points were found to agree with the rest, 
and they appear in Fig. 3. 

Coatings of samples numbered 10 and 25 were not 
pressed. The steady state pressures attained are notice- 
ably low, but the calculated diffusion coefficients are 
not. This is the expected result for low (but constant) 
carbon to nickel contact area. The points have there- 
fore been used and they appear in Fig. 3. 

Another type of experiment is of interest. If, during 
a run in a steady-state condition, temperature was 
abruptly raised to a new value, it was found that 
pressure likewise increased abruptly to a new value, 
then slowly increased in a time commensurate with that 
of the initial state of the higher temperature to the 


TABLE I. Diffusion rate data for nickel oxide coated disks. 











Sample T l ti(1/2) P, DxX108 
No. (°C) (cm) (min) (mm X 105) (cm?/sec) 
2 745 0.0130 76.0 3.2 0.516 
3 820 0.0132 20.0 14.0 2.03 
4 905 0.0120 3.2 136 10.4 
5 855 0.0132 10.1 37.6 4.03 
10 863 0.0254 (42.0) (10.4) (3.58) 
11 867 0.0254 (31.0) (29.0) (4.85) 
12 935 0.0254 (10.0) (136) (15.04) 
13 900 0.0254 (18.0) (65) (8.35) 
16 850 0.0127 8.6 41 4.37 
17 755 0.0130 41.0 44 0.956 
18 886 0.0120 4.6 70.5 7.25 
19 725 0.0120 82.0 3.6 0.407 
22 920 0.0254 14.8 88 10.18 
23 890 0.0254 23.5 48 6.41 
24 950 0.0254 9.5 183 15.8 
25 950 0.0254 8.2 98 18.4 
28 1020 0.0508 14.7 330 40.9 
29 948 0.0508 38.0 104 15.8 
30 1000 0.0508 17.8 266 33.8 
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SOLUBILITY AND 


proper steady-state pressure. Correct relative diffusion 
rates and solubilities could be estimated from the 
data obtained. 


3.4 Discussion of Results 
The equation, 
InD=0.909— (20,200/T), (5) 


represents the diffusion coefficients listed in Table I 
with a mean deviation of about five percent. The values 
given by Smithells and Ransley, when recalculated to 
take into account the solubilities given in Sec. 1, are 
lower by a factor of about two in the range 800°C to 
1000°C. Equation (5) might also be used for pure iron® 
(see Smithells) without large error in the range 700°C to 
1000°C. 


4.0 REACTION OF CARBON IN NICKEL 
WITH BARIUM OXIDE 


The data obtained cannot be applied to the deter- 
mination of reaction rates in oxide-coated cathodes 
unless the diffusion of carbon is the limiting rate process. 
It may be, for example, that reaction at the interface 
does not, in general, utilize carbon as rapidly as it can 
be supplied by the nickel core, in which case we have 
obtained data for the less important phenomenon. How- 
ever, knowledge of the diffusion rates has led to a simple 
check on this alternative. Suppose rates be determined 
for nickel disks coated with carbon on one side and 
barium oxide on the other. If the rates are comparable 
to those obtained with the far more easily reduced 
nickel oxide, then diffusion must be the limiting rate 
process (for diffusion rates equal to or less than, and 
carbon monoxide pressures equal to or less than, those 
maintained in the experiments). 

There is one apparent difficulty. In the reaction at 
the interface 


BaO+C—Ba(g)+CO(g), (6) 


the volatile barium produced may getter the carbon 
monoxide and effectively vitiate the experiment by 
producing a condition in which the rate of evolution of 
carbon monoxide cannot be measured. Consider, how- 
ever, an experiment carried out in a large tube with a 
dirty interior surface. Barium may react with the dirt, 
or the effective area may be so large that the carbon 
monoxide does not find the barium until a very large 
amount has been evaporated. A heuristic approach to 
the experimental is indicated. 

Experiments were carried out using techniques very 
similar to those developed for nickel oxide. Disks ten 
mils thick were coated with about 0.90 mg of carbon 
and 7 mg of BaCO3;. This gives a mole ratio of carbon 
to BaCO; of more than two, and the carbon is sufficient 
to produce a steady state in the range 850° to 950°C. 
The coatings were pressed. They were heated at about 





°C. J. Smithells, Metals Reference Book (Interscience Publishers, 
Inc., New York, 1949). 
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TABLE II. Diffusion rate data from barium carbonate coated disks. 








Wet 


Speci- P, Dx108 BaCO; Wet 
men T (1/2) (mmX (cm?/ * (mg, BaCO; 
No. (°C) 1000/7T(°K) (min) 105) sec) 


(min) calc) (mg) 





1 960 0.808 62 340 203... ca —e 
2 930 0.831 12.0 140 105 126 11.0 7.45 
3 915 0.843 14.0 84 9.0 125 8.3 5.00 
4 890 0.860 18.0 48 7.0 202 8.2 5.43 








750°C until the carbonate was decomposed, a matter 
of about 30 minutes, then at 800°C for about 10 minutes. 
In spite of this prolonged outgassing, the pressure at the 
beginning of a run at the experimental temperature was 
always higher than it was with the NiO coated disks, 
and the pressure correction at the half-rate time ranged 
from twenty to thirty-five percent. The results are 
given in Table II, which is similar to Table I and was 
obtained in the same way from the data, but also in- 
cludes the observed and calculated weights of BaCQs. 
The calculated value was obtained from the equivalent 
steady state time /* (obtained by integrating the 
pressure time curve and dividing the area by the steady- 
state pressure), the solubilities of carbon given in Sec. 1, 
the diffusion coefficient from Sec. 3, and the equation 
W = DSt*/1X 197/12. 


4.1 Discussion of Results 


Comparison of the last two columns of Table II 
shows that the amount of reaction calculated from the 
solubility and diffusion coefficient of carbon is in good 
agreement with the amount of barium oxide available 
for reaction. It follows that under the conditions of 
these experiments, the reaction between carbon dis- 
solved in nickel and barium oxide is largely diffusion 
limited. 

Since data are available from which a maximum rate 
of reaction can be calculated using the method of Moore 
and Allison,® it may be asked if the above result was to 
be expected. The only published experimental datum for 
the equilibrium constant of the reaction 


BaO(s)+C(s) = Ba(g)+CO(g), K=[Ba][CO] (7) 


is the value 11<10~-" sq atmos given by Brown.’ It is 
for the single point 950°C, and it may be in error by 
several hundred percent. 

From Table II the carbon monoxide steady-state 
pressure in the experimental system at 950°C should be 
about 4X 10~-® atmos. Assuming a carbon activity of 0.2 
(twenty percent of the value for carbon saturated nickel) 
leads to a value for barium pressure of about 610-7 
atmosphere. This corresponds to an evaporation rate, 
calculated from kinetic theory, of about 6X10-* mole 
per cm? per second. The diffusion rate of carbon at 950°C 
is about 210 mole per sec per cm?, a value which 
indicates that the reaction rate is more important, but 
which is not sufficiently larger than 6X10~* to justify 
extensive argument. 


6 G. E. Moore and H. Allison, J. Chem. Phys. 18, 1579 (1950). 
7C. Brown, J. Chem. Phys. 18, 1311 (1950). 
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A Method for the Measurement of Spherical Aberration of an Electrostatic Electron Lens 


Dary.L W. SuHIpPLey* 
Sylvania Electric Products Inc., Bayside, New York 
(Received June 26, 1952) 


A relatively simple method for the experimental determination of spherical aberration of electrostatic 
electron lenses is described. This method uses an effective point source of electrons at the center of deflection 
of a magnetic deflection yoke; the yoke deflects the beam through any desired aperture angle. From the 
measurement of the displacement of the electron beam in the Gaussian image plane as a function of the 
aperture angle, the coefficient of spherical aberration can be calculated. The value for this coefficient ob- 
tained from the measurement of a unipotential lens and that calculated for this lens by numerical integration 
are compared; the agreement is within twelve percent. An effective method for the detection of axial astig- 
matism (which is due to an ellipticity of the lens field) of a lens is described. Diagrams and photographs are 


given which qualitatively substantiate the method. 





INTRODUCTION 


PHERICAL aberration of a lens is due to the fact 
that the refractive power of the lens increases faster 
than the first power of the distance from the axis of the 
lens. In Fig. 1 is shown the imaging of a point on the 
axis by a lens. Paraxial rays pass through a point in the 
Gaussian image plane. Due to spherical aberration, or 
aperture defect, rays of larger aperture angle a@ cross 
over before the Gaussian image plane. In the figure 
are shown rays of aperture azo which exhibit third- and 
fifth-order aperture defect, and their displacement from 
the paraxial, or Gaussian, image point in the Gaussian 
image plane is 


r(zi) = $(az)*+n(azo)®+---, (1) 
where ¢ and 7 are the coefficients of third- and fifth-order 
aperture defects, respectively. From the figure it is seen 
that the radius of the circular cross section in any plane 
in image space is 
Z z 
—-+ n(az)5—+ --- 


r(z)= aas( 1 -~)+ (azo)? 
Zi a Zi (2) 


= aC;(z)+ a®C3(z)+ a5C;(z)+---. 


Equation (2) is used in the latter part of the paper. 

By measurement of spherical aberration of third order 
is meant the measurement of ¢. This coefficient ¢ can 
be determined either from direct measurement of the 
radial displacement r(z;) of the actual image point from 
the Gaussian image point in the Gaussian image plane 
or from the measurement of longitudinal spherical 
aberration, the separation of marginal focus from 
paraxial focus. 

Most of the measurements of aperture defect for 
electrostatic electron lenses have been carried out for 
bipotential lenses composed of two coaxial cylinders. 
Epstein! and Gundert** determined the aperture defect 

* This paper is part of a thesis submitted to the Physics 
Department of the Polytechnic Institute of Brooklyn in partial 
fulfillment of the requirements for the degree of Master of Science. 

1D. W. Epstein, Proc. Inst. Radio Engrs. 24, 1095 (1936). 


2? E. Gundert, Z. Physik 112, 689 (1939). 
3 E. Gundert, Die Telefunken Rohre, No. 19-20, 61 (1941). 


by inserting a special diaphragm in the second cylinder, 
This diaphragm contained a number of small circular 
apertures placed along the radii from the center out- 
ward. When the lens is paraxially focused on the 
fluorescent screen, the separation from the optic axis 
of the luminous spot due to each aperture is measured. 

Spangenberg and Field‘ determined the aperture 
defect from measurement of longitudinal spherical 
aberration. In this method, two fine meshes are placed 
on opposite sides of the lens under investigation. From 
the positions of the shadows of the meshes on the 
fluorescent screen, the crossover point of electron 
pencils at various angles can be determined. 

Klemperer and Wright® measured the longitudinal 
spherical aberration using a “pepper pot” diaphragm 
and a movable screen. The diaphragm, which contains 
a number of circular apertures at varying distances 
from the axis, is placed between the lens and a source 
of electrons which supplies a parallel beam. These 
apertures can be opened and closed as desired to allow 
one or more pencil rays to enter the lens, and the focal 
point for a particular pencil of rays is determined by 
observing the position to which the movable screen 
must be adjusted for best focus. 

Mahl and Recknagel® determined the spherical 
aberration coefficients for several electron microscope 
objective lenses by placing a thin aluminum foil in the 
path of the electron beam and measuring the resulting 
Debye-Scherrer diffraction rings with and without the 
test lens in the optical system. 

All of these methods involve certain difficulties in 
experimental procedure. The use of special elements 
within the vacuum tube makes the system more com- 
plicated, and the alignment of the lens axis with the 
beam axis and that of the special elements becomes 
very difficult. Also, the study of the aperture defect at 
higher aperture angles to determine whether or not 
fifth and higher orders are present necessitates the use 


*K. Spangenberg and L. M. Field, Proc. Inst. Radio Engrs. 30, 
138 (1942). 

&O. Klemperer and W. D. Wright, Proc. Phys. Soc. (London) 
51, 296 (1939). 

6H. Mahl and A. Recknagel, Z. Physik 122, 660 (1943). 
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Fic. 1. Image formation of point object by a spherical lens 
exhibiting aperture defect of third and fifth order. 


of a wide beam angle at the point source and, conse- 
quently, large beam currents. Seeliger’ was the first 
to use a method wherein relatively large aperture 
angles could be studied. He employed a cathode source 
of electrons which could be moved about on a spherical 
surface. The crossover point of the electron beam, which 
is located at the center of this surface and on the axis 
of the electron optical system, acts as the point source 
of the electron beam. The adjustable tilt of the cathode 
with respect to the axis allows the study of a wide 
variety of beam angles with respect to the axis. From 
Eq. (1) it is seen that the functional relation between 
the displacement of the electron beam in the Gaussian 
image plane, and the aperture yields data from which 
{and 7 can be determined. Unfortunately, a complex 
gun structure is necessary to provide an adjustment, 
under vacuum, of the cathode position to give a variable 
and accurately known aperture angle. 


A NEW METHOD OF MEASUREMENT 


The basic method described by D. E. George® is the 
one which was used in the work described here. Essen- 
tially, an electron gun focuses the electron beam to a 
point at the center of a magnetic deflection yoke, as 
shown in Fig. 2(a). The deflection yoke deflects the 
pencil beam through any desired angle so that the object 
of the lens under investigation is a point object emitting 
a single bundle of rays at an adjustable angle with re- 
spect to the axis. For small angle deflection (a< 10°), 
the electron path through the deflection yoke is approxi- 
mately parabolic, and the center of deflection is at the 
center of the yoke. For a qualitative study of magnetic 
lenses, George used currents in phase quadrature in the 
yoke such that a hollow cone of rays was generated, 
and wide aperture angles could be studied without the 
disturbing effects of space charge. 

The experimental apparatus which includes the elec- 
tron gun, deflection yoke, and the unipotential lens under 
investigation is shown in Fig. 2(b). The electron gun 
with a bipotential lens F,— A produces a fine beam of 
electrons which is point-focused at the center of deflec- 
tion of the yoke. The estimated size of this point object 
is 0,008 in.; the angular aperture is about 0.01 radian. 





R. Seeliger, Optik 4, No. 2/3, 258 (1948). 
PY tt Hutter, and Cooperstein, Sylvania Technologist IV, 
is 
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The yoke is centered over a six-inch long anode cylinder 
which extends from the gun to the lens and forms part 
of both. The large separation between the gun and the 
test lens is required to isolate the field of the deflection 
yoke from the gun and test lens fields. The long cylinder 
is used as a means of achieving fair alignment between 
the electron beam axis and the lens axis; the electron 
gun and the test lens are welded to the cylinder when all 
are aligned on a welding mandril. 

To obviate electron beam deflection by the earth’s 
magnetic field, which would seriously affect the align- 
ment of the electron beam, the cathode-ray tube 
assembly was operated in a Helmholtz coil which bucks 
out that magnetic field. A photograph of the apparatus 
within the Helmholtz coil is given in Fig. 3. Further, 
two standard cathode-ray tube ion-trap electromagnets 
were used to improve the alignment of the electron beam 
and the unipotential lens under investigation. These 
were placed just on the gun side of the deflection yoke. 


DISCUSSION OF THE MEASUREMENTS 


Quantitative measurements of beam displacement in 
the Gaussian image plane as a function of aperture 
angle were carried out as follows: (1) The horizontal 
deflection windings of the deflection yoke were cali- 
brated in terms of deflection angle vs deflection current 
at an anode voltage of 7.7 kv (the anode voltage used 
throughout the experiments). (2) With the electron 
beam focused at the center of deflection and the 
strength of the test lens adjusted for paraxial focus, 
the aperture angle was varied by varying the de current 
in the horizontal winding of the yoke. The deflection of 
the beam on the screen was measured by means of a 
cathetometer, which is composed of a telescope mounted 
on two right-angle microscope stages. These data were 
taken for positive and negative angles in the horizontal 
plane. The yoke was rotated ninety degrees and the 
operation was repeated in the vertical direction. 

The general aberration equations for an electron lens 
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Fic. 2. (a) Object point at center of deflection acting as point 
source of variable aperture. (b) Experimental gun assembly with 
deflection yoke. 











Fic. 3. Photograph of cathode-ray tube assembly 
in Helmholtz coil. 


are given by Zworykin.* It can be seen from these that 
for the determination of spherical aberration, the elec- 
tron beam and the lens axis must be aligned since with 
any other condition other geometrical lens aberrations 
will affect the measurements. If the beam and the lens 
axis are aligned, the coordinates x9, yo of the object 
point are zero, and the displacement of the beam from 
the Gaussian image point as a function of the aperture 
is a cubical parabola 
“= fx", 
(3) 
es yo’, 


where x, and y, are the coordinates in an arbitrary 
aperture plane. The true test of alignment is then that 
the data of displacement vs aperture angle yield cubical 
parabolas. 

If, however, the beam is slightly misaligned so that 
the object point has the coordinates x9, yo and if x» 
and yo are so small that second-order terms in these 
quantities may be neglected, the equations for the beam 
displacements x; and y; are 


x;= 36xX9X_7+ fx,°, 
(4) 


Vi= Sbyoya’ + fya", 


where 6 is the coefficient of coma. The procedure used 
to align the beam and the lens is the following. The 
*Zworykin, Morton, Ramberg, Hillier, and Vance, Electron 


Optics and the Electron Microscope (John Wiley & Sons, Inc., 
New York, 1945). 
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pencil beam is made to cross the lens axis in the center 
of the lens (for a unipotential lens) by adjustment of the 
rotatable ion trap centering fields until there is no 
first-order displacement of the beam on the screen as 
the strength of the test lens is varied. When dec current 
is now run through the deflection yoke, the x, and y, in 
Eqs. (4) are the beam displacements in the aperture 
plane due to the deflection yoke. The second step in the 
alignment procedure is the adjustment of the centering 
fields by trial and error methods, keeping the un- 
deflected beam crossing the lens axis in the lens, unti] 
Xo= yo= 0, i.e., cubical parabolas are obtained. 


DATA FROM THE SPHERICAL ABERRATION 
MEASUREMENTS 


The curves given below are taken from the data for 
the three-cylinder, unipotential lens shown in Fig. 2b, 
In Fig. 4 is shown the deflection on the screen (the 
Gaussian image plane) vs angular aperture for this lens, 

Averaging the magnitudes of the displacements in 
Fig. 4 (the averages for the vertical and the horizontal 
curves are equal within experimental error), the result 
is plotted in Fig. 5. Against this curve is matched the 
equation 

r(2;) = — {1250a*+-97 3000} in. (5) 


The third-order aperture defect is represented by the 
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Fic. 4. Beam displacement in Gaussian image plane 
as function of aperture angle. 








first 

fifth- 
radia 
effect 
at a: 
is ac 
angle 


order 


wher 
in an 
ra(2) 
lated 
and i 


wher 
was « 
cente 


The « 
so tk 
mens 


As 
defec 
calcu 
expre 


wher 
field. 
was 

was | 


wher 
pote! 
o” (z 

10 E 





aeeo 





MEASUREMENT 


first term; the fifth-order by the second term. The 
fifth-order term contributes 2.3 percent at a=0.03 
radian. The seventh- and higher-order terms are also 
effective. These amount to approximately 3.0 percent 
at a=0.055 radian. These data show that this method 
js adequate for the investigation of larger aperture 
angles. 

The equation for the displacement due to the third- 
order aperture defect is 


r(25) = fr = C08 raa® = — 12500%, (6) 


where faa is the radius of the paraxial-ray path r.(z) 
in an arbitrary aperture plane z,. The paraxial-ray path 
r.(z) and the magnification M of the lens were calcu- 
lated by a method described below. The values of raa 
and M are 


faa=3.09 in., M=—3.22, 


where the aperture plane in which raa was calculated 
was chosen as the exit plane of the lens (1.2 in. from the 
center of the lens). Using these values with Eq. (6) gives 





1250 1250 
f=- = — 42.3 in*, (7) 
Faa® (3.09)8 
. ' 
—= 13.1 in. (8) 
M 


The diameter of the cylinders forming the lens is 0.50 in. 
so that, expressing the spherical aberration in the di- 
mensionless form (¢/M)D*, 


(¢/M)D?= 3.3. (9) 
CALCULATION OF SPHERICAL ABERRATION 


As a check on the coefficient of third-order aperture 
defect measured above, the coefficient for this lens was 
calculated by numerical integration. One form of integral 
expression for ¢ is!® 


M * 5 ¢" 
f= — | * 419 a 
16743?(ha)? S20 4 24 ¢? 
146% 7, 3 rq’? 


anita snes otillaai ra‘dz, (10) 
3 d la 2 Fo 








where z, and z, are the axial boundaries of the lens 
field. The axial potential distribution ¢(z) for this lens 
was determined by means of the electrolytic tank. It 
was found that the equation 


VitV2 Ve-V, 1.08 
o(z)= oe tanh——z, (11) 
2 2 R 





where R is the cylinder radius, approximated the axial 
potential distribution very well. The quantities ¢’(z) and 
¢"(2) were calculated from Eq. (11). 


 Busch-Bruche, Beitrage zur Elektronenoplik (Leipzig, 1937). 
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Fic. 5. Beam displacement in Gaussian image plane as a function 
of aperture angle and equation r(z;) = — 1250a’—97,300a8. 


The paraxial-ray solution r.(z) of the paraxial-ray 
equation 


1 ¢’ 1 ¢” 
7! 4+-— —r'4+-—1r=0 (12) 
2¢ 466 


was obtained by a method of approximations" using @ 
and @’ from Eq. (11). ra’(z) was calculated from ra. 
Briefly, in the method of approximations which was 
used the paraxial-ray equation was transformed to a 
form of the Riccati equation. This was solved by 
numerical integration for the parallel-incident path 
r\(Z). fa(z) was calculated therefrom through the relation 
Ya(%) = u(z)r1(z) which satisfies the paraxial-ray equation. 

The integrand in Eq. (10) was evaluated, plotted, and 
integrated by means of a planimeter. The resulting 
value of (¢{/M)D* is 


({/M)D?=2.9. (13) 


The agreement between the measured and calculated 
values of spherical aberration is within 12 percent. 
This agreement is fairly good considering that an ap- 
proximation of the axial potential distribution was made 
and approximation methods were used to solve the 
paraxial-ray equation. 


" —. W. Shipley, Sylvania Technologist V, No. 4 (1952). 
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Fic. 6. Image formation of a point object by two 
crossed cylinder lenses. 


AXIAL ASTIGMATISM IN AN ELECTROSTATIC 
ELECTRON LENS 


An interesting and useful effect was observed during 
the course of these experiments. With a point source of 
electrons emitting a fan of electrons in a single plane 
which can be rotated by rotation of the deflection yoke, 
an effect due to the “axial astigmatism” of the test lens 
was observed. With axial astigmatism two right-angle 
line images, separated by a finite distance, are formed 
from a point object on the axis. This is not a geometrical 
lens aberration but is the result of an ellipticity of the 
electrodes and, consequently, of the electrostatic field. 
This is an undesirable property and can be detrimental 
to spherical aberration measurements if not detected. 
This method appears to be a simple and effective one for 
detecting the presence of ellipticity in the electrostatic 
field even when it is small and when the initial beam is 
not a true circular cone. 

Due to the fact that one of the cylinders of the uni- 
potential lens was slightly elliptical, this lens exhibited 
the astigmatic imaging property mentioned above as 
characteristic of axial astigmatism. For the extreme 
case of two crossed cylinder lenses, a diagramatic repre- 
sentation of the image formation of a point object on 
the axis is shown in Fig. 6. The first cylinder lens gives 
a line image at 2,2; the second cylinder lens, at 2;,. The 
unipotential test lens displayed this property rather 
weakly. A 3} percent change in focus voltage was 
sufficient to cover the range from z;,_ to z;, on the screen. 

The test lens was oriented to have the partial image 
planes in the order shown in Fig. 6. With the lens 
adjusted so that the second partial image plane, 2,,, is 
at the screen, a fan of rays lying in a horizontal plane 
is made to emanate from a point source (the center of 
deflection of the deflection yoke). Since the x-focusing 
cylinder lens is paraxially focused on the screen, the 
paraxial segment of the horizontal line of electrons 
will be point focused on the screen. Electrons farther 





Fic. 7. Image formation of a point object emitting a fan of rays 
inclined to the x axis by a lens with axial astigmatism. 
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off the axis in the aperture plane will cross over before 
the screen due to spherical aberration, and the aberra. 
tion figure will be a horizontal line on the screen. 

If the deflection yoke is now rotated through a small 
angle, the fan of rays gives a line at an angle with the 
x axis in the aperture plane as shown in Fig. 7 where the 
aberration figure is constructed. The derivation of the 
aberration figure is explained as follows: As the electron 
beam is deflected from the z axis toward 1, a vertical 
displacement downward immediately takes place since 
the vertical focusing cylinder lens is paraxially focused 
at Zia in front of the screen. Since the image plane of 
horizontal focusing cylinder lens is at the screen, elec- 
trons which are subject to small (paraxial) horizontal 
deflection will still focus on the y axis. As the horizontal 
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Fic. 8. Aberration figures due to aperture defect and axial 
astigmatism with 2,;, at screen. 


deflection increases beyond 1, the electron crosses over 
before the screen at z=2,,, due to spherical aberration, 
causing horizontal displacement. The displacement at 
the screen becomes predominantly horizontal due to the 
fact that spherical aberration depends upon the cube 
of the aperture angle whose horizontal projection is 
large. 

If the angle made by the plane of the fan with the 
horizontal is @ and the half-angle of the fan is a, the 
displacement on the screen is 


r(245) =xiot+jyiw=a®C32(2;s) cos*é . 
+ 7{aC1,(z.s) sind+a°C3,(z,s) sin?6}, (14) 


by Eq. (2). Because of axial astigmatism, there are two 
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imaging equations of the form of Eq. (2), one for the 
x—2 plane and one for the y—z plane. The coefficients 
Cse(2:0) and Cyy(zin), Cay(zi0) are the respective coeffi- 
cients for the x—z plane and the y—z plane at the 
point 2= 2, where C,,(z;,)=0. This reasoning can be 
carried through to describe the aberration figure on the 
screen as the yoke is rotated through 90°. This is done 
in Fig. 8. Photographs of the aberration figures corre- 
sponding to the constructions in Figs. 7 and 8 are given 
in Fig. 9. 

If the lens is now weakened so that the first partial 
image plane z;_ is at the screen, a horizontal fan of 
electrons will give a horizontal line on the screen as the 





a 
yw=nN 


Fic. 9. Photographs of aberration figures due to aperture 
defect and axial astigmatism with 2;5 at screen. 


aberration pattern. The central segment of this line 
will show an overlapping due to the fact that paraxial 
electrons are focused on z;, which is beyond the screen, 
and they have not yet crossed over. 

The aberration figure for the case that z;. is at the 
screen is given by 


1(Zia) = XatjVia= {aCi2(Zia) CosO 
+ c°C3,(2ia) cos*6} + ja®C3y(3ia) sin*@. (15) 


The construction of the aberration figures as the yoke is 
rotated through 90° is given in Fig. 10. The photographs 
for each particular construction are given in Fig. 11. 
As pointed out, the measured spherical aberration 
for x and y deflection for this lens is the same. That is, 
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Fic. 10. Aberration figures due to aperture defect and 
axial astigmatism with 2;, at screen. 


horizontal deflection was used when z;, was at the 
screen; vertical deflection, when 2;, was at the screen. 
This means that C3,(2;5) =C32(Zia). 


= 7 
b. 
a. 
ft. 





a. 
Fic. 11. Photographs of aberration figures due to aperture defect 
and axial astigmatism with 2;, at screen. 
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CONCLUSION 


The method described here for the measurement of 
spherical aberration of electrostatic electron lenses, 
either of the unipotential or bipotential type, has the 
greatest simplicity of any method published to date. 
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No intricate assemblies are required within the tube. 
The results of the measurements made with this 
method appear to be satisfactory as compared with the 
calculated value of spherical aberration. In addition 
it is possible to determine readily whether or not there 
is any ellipticity in the electrostatic field. 
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The Mechanism of the Ring Discharge in Negative Point-to-Plane Corona 


ALLAN GREENWOOD 
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Conditions favoring the formation of the ring discharge, and changes in the electrical characteristics 
which it brings about, are discussed. A theory is developed which seeks to explain the formation of the 
ring in terms of field distortion caused by. negative space charges in the gap. This requires a change of view on 
the subject of space charge transit times, but this is justified by theoretical and experimental considerations. 
The paper concludes with a description of two experiments designed to test the theory, and analyzes the 


results of these tests. 


INTRODUCTION 

HE ring discharge described by Greenwood! (Fig. 
1) is one of several modes to be observed in nega- 
tive point-to-plane corona in air at atmospheric pressure. 
It develops, in certain circumstances, from the single 
point discharge described by Trichel? and others, which 
has been discussed at length by Loeb,’ being prevalent 
when the ratio gap length to point diameter is less than 
about 20. Like the preceding phase, it is a pulsating 
discharge, the Trichel pulses increasing in frequency 
as the gap voltage is raised. Ultimately, as breakdown 
is approached, the ring gives way to a pulse free mode, 
quite different in appearance, which has been observed 

by Bandel‘ and described by Greenwood.° 


PRELIMINARY INVESTIGATIONS 


On first perceiving the ring, the author was inclined 
to dismiss it as the result of some ‘deconditioning 
action” on the point surface. This notion was quickly 
rejected, however, when the phenomenon was produced 
instantaneously on applying the appropriate voltage to 
a freshly prepared point. Tests to determine the in- 
cidence of the ring discharge showed that it formed 
most readily when the gap was shorter, or the point 
diameter greater, than the values conventionally used; 
this probably accounts for the fact that the ring has 
escaped the notice of earlier investigators. There is no 
evidence that this mode of the discharge is influenced 
by the material of the point. 

Subsequent studies of the gap voltage/mean current, 
and gap voltage/pulse frequency relationships revealed 
~ 1A. N. Greenwood, Nature 168, 41 (1951). 

2G. W. Trichel, Phys. Rev. 54, 1078 (1938). 

*L. B. Loeb, J. Appl. Phys. 19, 882 (1948). 


‘H. W. Bandel, Phys. Rev. 84, 92 (1951). 
5 A. N. Greenwood, Phys. Rev. 88, 91 (1952). 


some interesting data; Fig. 2 is a typical current curve. 
It is perhaps an overstatement to say that there is a 
discontinuity at the onset of the ring regime, but some 
change is clearly evident. A more random distribution 
of plotted points, compared with the point discharge 
phase, characterizes the change of phase in the fre- 
quency graphs. 


. 


SPACE CHARGE TRANSIT TIMES 


The author believes that the ring discharge is brought 
about by field distortion occasioned by congestion of 
the gap with negative space charge. The degree of 
distortion will depend upon the magnitude of the space 
charges, and the number in the gap at any instant. 
Measurements of mean current and pulse frequency 
indicate that for a 1-mm point each Trichel pulse 
contains about 0.5X10~* coulomb, which is roughly 
3X 10° ions. How many space charges occupy the gap 
at any moment is decided by their transit time across 
the gap; this being so, it is appropriate to consider the 
whole question of transit times. 

It was thought at one time that the frequency of 
Trichel pulses was governed by the time of movement 
of negative ions in the existing field from point to 
plane,*:’ but this is at variance with theory. Consider 
the movement of a point charge between a spherical 
and a plane electrode, under the influence of the applied 
field. Assume in the first instance that the charge is 
ionic throughout its travel; then the time to traverse 
a distance x from the point is given by 


1 7dx, 
t, -f —— a (1) 
kJ X 


® Loeb, Kip, Hudson, Bennett, Phys. Rev. 60, 714 (1941). 
7W. N. English, Phys. Rev. 74, 170 (1941). 
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ibe. where ¢ is the point radius in cm, k is the ionic mobility 
this in cm/sec/volt/cm, and X is the field strength in 
the volt/cm at the point where the charge is situated. 

ion The undistorted field of point and plane electrodes 
here may be represented to a.close approximation, by the 


field of a point charge, Q, situated at the center of the 
point electrode, together with its image in the plane. 
In fact, the electrodes should be replaced by two infinite 
Series of images, but if r<h (where h is the gap length), 
95) the remaining images are insignificant. If this approxi- 
mation be adopted, and if, in addition, any modification 
of the field due to the presence of the charge itself be 
temporarily neglected, /, may be written, 


1 1x? esi hy} 
t= 7 Eee 4+ 4° tan-!—— (2) 
ROL 3 ~ |; 


To find the total transit time, 7, i is substituted for 
the upper limit in this expression. In the specific case 
where r=0.5 mm, 4=1 cm, and the applied gap voltage 
is —10kv, T has the value of 260 usec for a charge 
moving along the axis. But under these conditions the 
pulse frequency approaches 10° pulses per second, 





rve. suggesting that the gap may contain 26 space charges. 
is a This figure is probably a gross over-estimate for at 
ome least two reasons: (a) for part of its transit time, the 
tion space charge is electronic and is thus several orders 
urge fleeter than in the ionic state, but the electronic region 
fre- may not extend far (X/p> 40); and (b) the space charge 


will distort the field, and being of negative sign, will 


“ . —_ Fic. 1. Photograph of the ring discharge on a 1-mm diameter 
tend to make the gradient more uniform. This is sug- steel point. Gap voltage 12.55 kv, mean current 100 wA, gap 


gested very roughly in Fig. 3, which represents condi- length 1 cm. 




































































ight tions during an inter-pulse period. Stress is relieved in 
1 of the neighbourhood of the point, and increased towards 
> of the plane. This point is best demonstrated analytically 90 
pace using Southwell’s* method of relaxation: Charge in the 
ant. required concentration is inserted into an imaginary Bo 
ney gap, and the resulting potential field is developed, V4 
ulse bearing in mind that the equation of Poisson must be % Ring- formang - 
thly satisfied within the space charge, and that of Laplace, Region / 
gap in the regions outside. Certain experimental evidence => 6 Ry 
ross also lead the author to believe that the field is very much ra Y 7 
the more uniform than the undistorted field. a Se Y 
The effect of distortion will be to make the charges v Yi 

y of move more slowly than previously near the point, but & a 4 
rent more quickly at the plane, and as the field becomes .S) wy) 
t to more uniform, the transit time will diminish; in the g i ) Z 
ider limit, with a perfectly uniform field, the transit time is XX 1% 
‘ical a minimum. This may be demonstrated quite readily = VY 
lied with the aid of a simple algebraic inequality, a fact iy 
e is which was pointed out to the author by Dr. N. B. / YZ 
erse Slater.* For the particular case instanced, (r=0.5 mm, ” ] Y 

h=1.0cm, V=10 kv), the above consideration leads Xk Z 

to a minimum transit time of 48 usec, suggesting that °¢ 7 8 9 to 1 12 
(1) under these conditions there are between four and five 


Gap Voltage(ky) 


Fic. 2. The gap voltage/mean current characteristic 
of a 1-mm point with a 1-cm gap. 


®R. V. Southwell, Relaxation Methods in Theoretical Physics. 
(Oxford University Press, London, 1946). 
* Mathematics Department, University of Leeds. 
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space charges in the gap. One factor is present which 
will tend to increase the quantity of charge in the gap 
over the theoretical value. The space charge, being 
dispersed, will find its way to the plane by different 
routes. Ions taking paths by way of the less intense 
fringing field will take appreciably longer to cross the 
gap. It is doubtful whether the space charges retain 
their identity, although Pollard® advances an argument 
which suggests that they should. 

Loeb,*."® attributes the rapid growth of ionization at 
the beginning of a Trichel pulse to a developing positive 
space charge adjacent to the point. The subsequent 
quenching of ionization he associates with the accumula- 
tion of negative ions in the region of electron attach- 
ment; the space charge so formed is sufficient to cause 
an appreciable reduction in potential gradient at the 
point surface. The point then experiences a dead time 
during which the negative space charge is driven out 
into the gap by the applied field, eventually permitting 
ionization to recommence. The quenching is thus a 
temporary process in a cycle of events which manifests 
itself as a relaxation pulse. 

As the quantity of charge in the gap increases with 
increasing gap voltage, a point is reached where the 
process just mentioned is no longer temporary, or rather 
the gradient along the axis at the point surface is 
reduced to such an extent that the discharge switches 
to a region where the inhibiting action of space charge 
is less pronounced, and where the field is quite adequate 
to produce ionization, viz., to a ring around the point. 
With still greater gap voltages, the discharge is driven 
further from the axis, and, as observed experimentally, 
the halo dilates slightly. 

Why does the discharge not return to the point mode 
after a brief period, when the field has had time to 
disperse the offending space charge? There is evidence 
that it does; the apparent simultaneous appearance of 


Fic. 3. Illustrating the 
effect of space charge 
distortion during an in- 
ter-pulse “dead time”. 














A Note: For convenience, 
8 the potential has been 
me) measured negatively up- 
wards; the diagram is 
not to scale. 
Point Plane 


° E. Pollard, thesis for the degree of M.Sc., at the University of 
Leeds (1948). 
0 L. B. Loeb, Phys. Rev. 86, 256 (1952). 


the point and ring modes has been observed on many 
occasions shortly after the ring has been formed. It 
seems likely that the discharge presents this appearance 
as it alternates between the two modes. On the other 
hand, the ring discharge, once established, may be 
considered stable if Loeb’s* explanation of the visible 
structure is invoked, i.e., if radical forces tending to 
compress the negative glow, and flare the positive 
column, are taken into account. That point and ring 
discharges could co-exist seems unlikely on this theory; 
this strengthens the view that when the two modes 
are seen “simultaneously,” it is merely by the persist- 
ence of vision. 


INFLUENCE OF ELECTRODE GEOMETRY 


A tentative explanation of why, for a given gap 
length, the halo forms readily on large points rather than 
on small ones, is forthcoming if it is postulated that the 
ring is principally a function of the charge concentration 
in a critical zone of the gap immediately beyond this 
discharge. This is not unreasonable, since in this position 
it exerts its greatest influence over the field at the point. 
The following argument is submitted in support of this 
explanation, but with no great conviction: 

The undistorted field strength near the point elec- 
trode varies as 1/x* approximately, where x is measured 
from the center of the point. Thus, with a given applied 
voltage, the gradient will have a greater value at the 
point surface for a small point, than for a large one, 
and moreover, the gradient will remain greater for 
some distance into the gap; (curves of X against x for 
the two points must cross since /;"Xdx=applied gap 
voltage). The space charges generated by the larger 
point, which incidentally are greater in magnitude, will 
therefore spend more time in the critical zone just 
referred to. Another effect of this act Jn is to cause pulse 
frequency to diminish as point size increases, a well- 
known experimental fact. 


CONFIRMATORY EXPERIMENTS 


It seemed desirable to seek further experimental 
support for the theory just propounded; accordingly, 
several experiments were conducted with this in view. 
Two are worthy of mention. 

The first test sought to establish a gap voltage 
appropriate to the ring phase, but, at the same time, to 
take steps to prevent the accumulation of space charge 
in the gap. This was achieved by adopting a pulse 
technique. It was arranged that the point-to-plane 
voltage was brought to about 10 kv, and there main- 
tained for a few microseconds only, sufficient time for 
the generation of one or perhaps two Trichel pulses, 
but no more. To provide a discernible discharge, this 
process was repeated several hundred times per second. 
English," investigating impulse corona, used a similar 


"1 W. N. English, J. Appl. Phys. 20, 370 (1949). 
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method, but his technique requires modifying in this 
instance. Between successive pulses he reduced the 
gap voltage to zero, leaving space charges suspended, 
as it were, in the gap. Phenomena were observed that 
were attributed to the passage of minute streamers 
between charge clouds of opposite polarity. To prevent 
the accumulation of charge, it was necessary to preserve 
a scavenging field in the gap, which removed the prod- 
ucts of ionization after each pulse. This was accom- 
plished by keeping the plane at a steady potential of 
about +5 kv (just below corona threshold), and apply- 
ing pulses of —5 kv to the point. 

A diagram of the apparatus used is shown in Fig. 4, 
together with a schematic equivalent circuit. A sequence 
of sharp pulses, generated in an auxiliary circuit, trig- 
gered the thyratron at a steady frequency, causing the 
cable to discharge into its characteristic impedance. 
This resulted in the point (B in the equivalent circuit) 
being pulsed to half the HT potential of the thyratron 
for a period equal to the time which it took for the 
surge to travel twice the length of the cable, in this case 
rather more than 2 usec. 

An optical system was set up, and observation made, 
viewing the point in profile, and also looking at the 
reflected image of the tip in the burnished surface of the 
plane. The discharge, being so transitory in nature, was 
very faint but was clearly discernible in a darkened 
room once the eye was thoroughly attuned to the 
darkness. Increasing the pulse frequency naturally 
enhanced the intensity, but an upper limit was fixed by 
the apparatus (Zo, for example, was dissipating 4 10° 
watts during pulses) and the need for complete scaveng- 
ing between pulses. A rate of 500 to 1000 pulses/sec 
was found to be most suitable. 

It can be said with certainty that during the series 
of tests conducted, no halo discharge was observed. 
In general, the scene displayed resembled the single 
point mode, but the regions were not so well defined, in 
particular, the Faraday dark space had not the sharply 
pinched appearance noticeable under normal conditions. 


EXPERIMENTS WITH A THIRD ELECTRODE 


A second series of experiments was performed, using 
a third electrode, which consisted of a fine gold wire, 
0.002-in. diameter, stretched diametrically across the 
plane at a distance of 1mm from its surface. The 
potential of this “grid’’ could be varied independently 
of the applied gap voltage. A simple calculation will 
indicate that such a wire can have little direct influence 
on the field near the point, but by keeping its potential 
at a value somewhat more positive than that normally 
associated with the space it occupied, it acted as a 
sink for negative ions in its neighborhood and extracted 
them from the gap. As the wire potential was increased 
positively, another factor was introduced, far more 
potent than the sink effect, the wire itself commenced 
to discharge, the gradient at its surface being such as 
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Fic. 4. Diagram of the pulsing and scavenging circuit. 


to establish positive corona. It operated as a source for 
positive ions which were despatched towards the point. 
Many must have combined with negative ions, though 
their mere presence would be sufficient to reduce the 
negative ion distortion. 

The positively charged wire caused the current and 
frequency to increase for a given gap voltage, the curve 
of Fig. 2, for example, moved to the left. The ring 
discharge set in at a lower voltage, the pulse-free dis- 
charge did likewise, and ultimately the gap broke down 
at a much lower value than normal. We may call this 
“advancing the phase” of the discharge. One result of 
particular significance emerged from these tests. With 
the gap voltage fixed at a level slightly below that at 
which the halo might be expected to appear, the 
potential of the grid was raised—the point current in- 
creased and the ring quickly formed. The grid potential 
was raised further—the ring was seen to disappear and 
the discharge reverted to the prior mode. This test was 
repeated several times with the same results. 

The first effect may be interpreted as an advancement 
of the phase as already mentioned, but the second 
effect, the subsequent disappearance of the ring, re- 
quires more careful attention. The following theory is 
offered : 


As its emission increases, the grid’s effectiveness 
spreads and its presence is felt at points more and more 
remote from the wire. Eventually its influence reaches 
the critical zone referred to earlier, wherein a high con- 
centration of negative ions will produce a ring discharge. 
When the concentration is reduced, a ring, already 
present, will disappear. 
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The scattering of electromagnetic waves by small obstacles has been measured in several cases which 
are of interest in connection with the interpretation of radar echoes from rain and cloud formations. The 
measurements were made at a frequency of 3000 Mc/sec by an impedance-bridge technique, the specimens 
being contained in a wave guide. The results verify the theoretical relationship between the size of the 
scatterer and the intensity of the backscattered wave. Observations have also been made of the variation 
in scattering during the melting of an obstacle initially composed of ice. In this case, it was not possible to 
simulate exactly the conditions of large-scale meteorological phenomena; however, the experiments dem- 
onstrate qualitatively that, as had been predicted, the power backscattered from an initially nonspherical 
ice particle passes through a maximum value during the transition to a water drop. 





I. INTRODUCTION 


HE use of centimeter-wavelength radar for 

meteorological observations has given consider- 
able importance to the problem of relating the intensity 
of the received “echo” to the properties of the cloud 
or precipitation by which the transmitted signal is 
being scattered. A considerable amount of theoretical 
work on this subject has been carried out in recent 
years, e.g., by Ryde.’ An investigation has also been 
made by the present author,’ with particular reference 
to the effects which are observed when the precipitation 
is melting. (This latter paper will, for convenience, be 
referred to as paper A.) 

Many of the results obtained are supported by the 
general agreement between the directly observed rate 
of precipitation and that calculated from echo intensity ; 
such comparisons, however, involve various assump- 
tions, and it is clearly desirable to confirm the theory 
more directly by experiments carried out under con- 
trolled conditions. It appears that no direct exper- 
imental investigation has hitherto been made of the 
scattering of radio waves by an obstacle, the linear 
dimensions of which are small compared with the 
wavelength, as is often the case in radar meteorological 
observations. Some measurements with spheres of 
water were carried out by Schaefer and Wilmsen’® and 
more recently by Aden,‘ but in both these cases the 
diameters of the spheres were of the order of, or greater 
than, the wavelength used. 

This paper describes experiments which were carried 
out in order to verify some of the more important 
theoretical results for small scatterers. Measurements 
were made at a wavelength of 10 cm, while the linear 
dimensions of the scatterers were generally less than 1 
cm. The object of this work was to test (1) the predicted 
relationship between the intensity of the backscattered 
wave and the shape, volume, and composition of the 


1J. W. Ryde, Physical and Royal Meteorological Societies’ 
Joint Report on Meteorological Factors affecting Radio Wave 
Propagation (London, 1947), p. 169. 

2N. R. Labrum, J. Appl. Phys. 23, 1324 (1952). 

3C. Schaefer, and K. Wilmsen, Z. Physik, 24, 345 (1924). 

‘A. L. Aden, Am. J. Phys. 19, 163 (1951). 


scatterer; (2) the prediction that the power scattered 
back from an initially nonspherical ice particle passes 
through a maximum during melting (see paper A). 


II. EXPERIMENTAL METHOD 


In these experiments, the specimens were suitably 
supported in a wave guide; the backscattered power 
could then be determined by measuring the voltage 
reflection coefficients. The problem of scattering by a 
small obstacle in a wave guide has been discussed by 
Slater ;* from the results there obtained, it can easily 
be shown that, for a single scattering particle located 
centrally in a rectangular wave guide operating in the 


Ho mode, 
6m kw—-1 


7= gv 
ab\[1—(d/2a)?}? ky +2 





(1) 


Here y=voltage reflection coefficient, \= free-space 
wavelength, a,b=wave-guide dimensions (a>b), ky 
= dielectric constant of water, V=volume of obstacle, 
g=shape factor. 

This shape factor g is defined in the same way as in 
paper A. In the case of approximately spheroidal 
particles with their principal axes parallel to the sides 
of the wave guide, it is identical with either g, or g,, as 
the case may be, of Fig. 2 in paper A; for a sphere of 
water, its value is unity. 

Appropriate numerical values can be inserted in 
Eq. (1), viz., A= 10 cm, a= 7.62 cm, b=2.54 cm, k~=80, 
giving 

vy=1.24X10-‘gV, (2) 
where V is to be expressed in cubic millimeters. 

For the measurement of y, a wave-guide impedance 
bridge of the type described by Young (see Mont- 
gomery®) was used. This employs a “magic-7” hybrid 
junction (Fig. 1) which has the property that the 
attenuation between the E- and H-arms (when these 

5J. C. Slater, Microwave Transmission (McGraw-Hill Book 
Company, Inc., New York, 1942), first edition, Chap. VII. 

*C. G. Montgomery, editor, Technique of Microwave Measure- 


ments (McGraw-Hill Book Company, Inc., New York, 1947), 
first edition, Chap. IX. 
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Fic. 1. Magic-T wave-guide junction. 


are properly terminated) depends only on the re- 
lationship between the impedances presented at the 
two symmetrical arms S; and S». If these impedances 
are first adjusted for infinite attenuation and an 
obstruction with voltage reflection coefficient y is 
then introduced into either S, or Ss, it can be shown that 


V=6—20 logily, (3) 


where .V decibels is the final value of the attenuation 
between the E- and H-arms. 

The procedure to be adopted, therefore, was first to 
“balance” the bridge for zero transmission between 
the E- and H-arms, and then to measure the attenua- 
tion after introducing the specimen into one of the 
symmetrical arms. 


A. Description of Apparatus 


The components of the impedance bridge are shown 
schematically in Fig. 2. The operating frequency was 
3000 Mc/sec, and the internal dimensions of the wave 
guide were 3 in. by 1 in. (7.62 X2.54 cm). The signal- 
generator and receiver were matched to the £- and 
H-arms, respectively, of the magic-7. The symmetrical 
arms S; and S»2 were terminated with approximately 
nonreflecting loads, and they contained adjustable 
matching transformers for more accurate balancing of 
the bridge. The specimen was supported on a plate of 
suitable dielectric material fitted into the arm 5S;; it 
was introduced either through a narrow sidearm 
attached to the wave guide, or, in cases where this 
was impracticable, by opening an adjacent wave-guide 
joint. To minimize impedance variations in the latter 
case, this joint was of the choke-flange type. 

To simplify attenuation measurements, provision 
was also made for inserting in arm S; a metal pin 
producing a known reflection. It was then only necessary 
to compare the reflection from this standard with that 
from the specimen under test. The standard was 
calibrated initially by balancing the bridge, then 


inserting the pin and measuring the attenuation 
between the E- and H-arms by a substitution method. 


B. Sensitivity 


The sensitivity of the bridge depended upon char- 
acteristics of the signal generator and receiver. With the 
equipment used in these experiments, sufficiently 
accurate measurements could be made with values of 
network attenuation up to 65 db. By Eq. (3), this 
corresponds to a voltage reflection coefficient of about 
10~*. In cases where it was necessary to open the wave 
guide to insert the specimen, the reflection produced 
by the wave-guide joint varied slightly, and this 
uncertainty set a somewhat higher limit, namely, 
y=<2 x 10-*. Equation (1) shows that these two limits 
correspond to the predicted reflections from spherical 
water-drops of diameters 3 and 4 mm, respectively. 


III. RESULTS 
A. Scattering from Metal Spheres 


For the purpose of these scattering computations, 
a metal may be formally regarded as a dielectric with a 
very high and purely imaginary dielectric constant. 
Hence, it follows from Eq. (4) of paper A that, for a 
small metal sphere, g=1.04. As a preliminary test of 
the theory, measurements were made of the reflections 
produced by steel ball bearings of two different sizes 
which were supported at the center of the wave guide 
upon a polystyrene plate. Random errors which might 
otherwise have been present were made negligible by 
repeating each measurement a number of times and 
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averaging the results. The range of error in the original 
calibration was estimated to be about +0.5 decibel, 
corresponding to +6 percent in voltage reflection 
coefficient. 

The results obtained are shown in Fig. 3(a). They 
fit closely with the linear relationship 


vy=1.34X10~YV, (3a) 
as compared with the equation 
vy=1.29x10~YV, (3b) 


which is obtained by putting g=1.04 in Eq. (2). Thus 
the measurements agree with theoretical predictions 
within the limits of experimental error. 


B. Scattering from Water Drops 


It had originally been intended to make some 
measurements with spherical water-drops, produced by 
overfilling with water hemispherical cavities in the 
surface of a polystyrene plate. However, some subsidiary 
experiments with steel balls immersed to various 
depths in polystyrene indicated that the immersion 
of the specimen in the dielectric had a complicated 
effect upon the backscattered power. 

In the absence of a quantitative understanding of 
this effect, experiments with spherical drops of this 
kind were clearly of little use; instead, measurements 
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Fic. 3. Results of scattering measurements with (a) steel balls 
and (b) hemispherical water drops. 
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were made on hemispherical drops. The latter were 
produced by simply placing the water on a mica plate 
coated lightly with paraffin wax, the angle of contact 
between water and the wax being very close to 90°, 
It was confirmed by measurements with a traveling 
microscope that the shape was, in fact, almost exactly 
hemispherical for base diameters between 1 and 8 mm. 
_ Measurements of scattering were made for a series of 
drop sizes; the exact volumes were determined by 
weighing the drops. The results obtained are shown in 
Fig. 3(b). As would be expected if the theory were 
correct, the points lie on a straight line, somewhat 
above the theoretical values for spheres of the same 
volume, and approach those for oblate spheroids with 
an axis ratio of 2:1. The errors in this case included 
that arising in the calibration, as in the case of the steel 
balls; and also a variation among the individual 
measurements, due to the necessity for opening a 
wave-guide joint to introduce the water drops. The 
uncertainty in the results due to these two effects is 
indicated in the diagram. 


C. Variation of Backscattering from 
Melting Particles 


It was shown in paper A that, when an initially non- 
spherical ice particle melts, the backscattered power 
at first increases rapidly and then falls again to a value 
appropriate to the final shape of the water droplet. 
This occurs because, while the scattering due to an ice 
particle is small and nearly independent of the shape, 
that due to a particle covered with even a thin layer 
of water is much greater and, moreover, increases 
rapidly as the shape departs from the spherical. Thus 
the backscattered power rises at first when the melting 
particle becomes wet and passes through a maximum 
value approximately when the particle begins to loose 
its original shape. 

This phenomenon probably plays an important part 
in the formation of “bright band” echoes. So far as 
is known, it has not hitherto been directly observed; in 
order to demonstrate that it does, in fact, take place, 
measurements were made of the reflection coefficients 
of some initially frozen specimens during their transition 
from ice to water.* 

The plate on which the specimen was to rest and the 
adjacent part of the wave guide were cooled to a little 
below 0°C by packing dry ice around them; this was 
then removed, and the bridge was balanced as ac- 
curately as possible. To avoid trouble from condensa- 
tion, the wave guide was made as nearly air-tight as 
possible, and in addition tubes containing a drying 
agent were connected to it. 


* Similar observations during the freezing of water drops 
would also have been of interest. In this case, no change of shape 


- would occur, and so the backscattered power should decrease 


monotonically. This experiment, however, was not practicable 
with the present equipment, owing to drifts due to condensation 
and to temperature changes in the wave-guide structure. 
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Fic. 4. Results of typical experiments with melting ice particles as scatterers: (a) rod-shaped specimen and (b) disk-shaped 
specimen (X = time melting appeared to begin (visual observations); ¥Y = time of collapse (visual observations) ; So= calculated termi- 
nal value of S (assuming collapse to hemispherical drop); Sy;=calculated maximum value of S; S,=calculated initial value of 
5; p=ratio of main axes of ice particle—shaded zone shows range of experimental error). 


The specimen (consisting of a small disk or rod of ice, 
prepared by freezing water in a simple mold) was then 
introduced, and measurements of reflection coefficient 
were made at intervals until melting was complete. 
The progress of melting was also observed visually. 
The length of the major axis of the specimen was meas- 
ured at the beginning of the experiment; the volume 
was determined by weighing the water drop finally 
produced. 

The results are shown, for typical cases, in Fig. 4(a) 
and 4(b), which are largely self-explanatory. The ranges 
of error, which are indicated by shading, are due 
mainly to the unavoidable slight unbalance of the 
bridge at the beginning of each run; this was measured 
in each case. The theoretical values which are shown 
were calculated from the dimensions of the specimen, 
using the equations derived in paper A. 

It will be seen that the graphs show a clearly defined 
maximum of backscattering, as predicted. The initial 
rapid increase in reflection coefficient is also in agree- 
ment with theory (compare Fig. 4 of paper A). The 
maxima are, however, lower than the calculated values. 
This is almost certainly due to the fact that in the 
experiments the water had a tendency to drain away 


from the ice as fast as the latter melted; the theory, 
on the other hand, was developed on the assumption 
that the water would form a more or less uniform 
layer all over the remaining ice owing to the tumbling 
motion of the falling particles. 

The measured terminal values of reflection coefficient 
were somewhat higher than the theory predicted. This is 
probably explained by the visual observation that the 
particles did not, in practice, collapse completely into 
hemispherical water drops, even on the most carefully 
prepared waxed surfaces. 


IV. CONCLUSIONS 


The power scattered back from small steel spheres 
and small hemispherical water drops at a frequency of 
3000 Mc/sec is proportional to the square of the volume 
of the scatterer in each case. The constants of propor- 
tionality agree, within the limits of experimental error, 
with values calculated from theory. 

During the melting of small rods or disks of ice, the 
backscattered power always passes through a maximum 
value at some stage in the transition from ice to water. 
This confirms previous theoretical work, which in- 
dicated that such a maximum is to be expected. 
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The scattering of electromagnetic waves by clouds of small spheroidal obstacles is considered from a 
theoretical standpoint. Numerical data are obtained for the case of clouds composed of partly melted ice 
particles. These results are applied to the interpretation of “bright band” radar echoes from meteorological 


formations. 


It is also shown that these echoes may contain a component with polarization at right angles to that of the 
transmitted beam. It is suggested that this property could be utilized in certain cases to provide additional 
information as to the nature of the scattering particles. 


I. INTRODUCTION 


HE development of microwavelength (1 to 10 

cm) radar has provided the meteorologist with 
a new and powerful method of making observations 
of cloud, rain, and similar formations. The work of 
Hooper and Kippax,' Smith,’ Austin and Bemis,’ and 
others has clearly shown that many such phenomena 
in the lower atmosphere are associated with character- 
istic radar “echoes.”” In some instances, e.g., clouds 
composed entirely of spherical water drops, quantitative 
expressions have been obtained for the echo intensity 
under any given conditions (see Ryde‘). In other cases, 
however, the meaning of the observed effects is less 
obvious. This applies especially to the so-called “bright 
bands’’—thin layers, usually horizontal, producing 
very intense echoes—which frequently occur during 
rain at or just below the O0°C isotherm (“melting 
bands’’) and have also been reported® at higher levels 
in certain types of rain cloud. 

It will be shown in this paper that, in order to provide 
adequate explanations for such phenomena, it is 
necessary to take into account a temporary large 
increase of scattering power which occurs during the 
melting of initially nonspherical ice particles. What is 
needed is, clearly, an investigation of the relationship 
between the intensity of the radar echo received from 
a cloud and the physical properties of the latter, 
including the size, shape, and number of the cloud 
particles and their composition (water or ice). 

The discussion will be divided into two sections. 
First, the echo intensity will be determined for hypo- 
thetical clouds with idealized properties; here consider- 
able use will be made of earlier theoretical work on the 
analogous problem of the scattering of light by suspen- 


* Division of Radiophysics, Commonwealth Scientific and 
Industrial Research Organization, Sydney, Australia. 

1J. E. W. Hooper, and A. Kippax, Quart. J. Roy. Meteorol. 
Soc. 76, 125 (1950). 

2E. J. Smith, Aust. J. Sci. Research A3, 214 (1950). 

3P. M. Austin, and A. C. Bemis, J. Met. 7, 145 (1950). 

*J. W. Ryde, Physical and Royal Meteorological Societies’ 
Joint Report on Meteorological Factors affecting Radio Wave 
Propagation (London, 1947), p. 169. 

5 E. G. Bowen, J. Atmos. Terr. Phys. I, 125 (1951). 


sions of fine particles.*“'° Some of the results have been 
confirmed by experiments under laboratory conditions, 
which will be described in a separate paper." Secondly, 
an attempt will be made to extend these results to 
obtain information of an approximate nature for 
actual cloud formations. 


Il. THEORETICAL 
A. A Formulation of the Problem 


The radar echo from a cloud is the resultant of a 
large number of scattered waves set up by the cloud 
particles which lie in the path of the incident wave 
from the transmitter. In solving the problem discussed 
above it is, therefore, necessary first to evaluate the 
energy scattered back towards the observer by a 
single particle and then to sum all such component 
waves so as to give the resultant effect of the whole 
cloud. In order to carry this out, a number of simplifying 
assumptions have been made; these will now be 
enumerated. 

For simplicity, the scatterer is assumed to be spher- 
oidal in shape. It is also assumed that when an ice 
particle is melting, the boundary between the liquid 
and solid portions is spheroidal, and the external 
surface retains its original shape. (It will be shown later 
that it is in the initial stages of melting, when these 
conditions are likely to be roughly satisfied, that the 
variations in the intensity of the scattered wave are 
most significant.) By a suitable choice of the ratio of 
axes of the spheroids, this model can be made to approx- 
imate to any of a wide range of shapes which are likely 
to occur in practice. 

The analysis will be restricted to obstacles which 
are so small compared to the wavelength that the 
forced oscillations set up in them by the incident wave 
are confined to the first-order electric mode. Under such 
conditions the scattered field is that due to an induced 


6 Lord Rayleigh, Phil. Mag. 44, 28 (1897). 

7 Lord Rayleigh, Phil. Mag. 35, 373 (1918). 

§ G. Mie, Ann. Physik (4) 25, 377 (1908). 

® R. Gans, Ann. Physik (4) 37, 881 (1912). 

10 The results obtained are in agreement with those given for 
spherical scatterers by Kerker, Langleben, and Gunn (J. Meterol. 
8, 424 (1951)). 

" N. R. Labrum, J. Appl. Phys. 23, 1320 (1952). 
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electric dipole, the moment of which is independent 
of frequency. Therefore, it is necessary merely to make 
the calculation for the relatively simple case of an 
electrostatic field. 

The cloud is taken to consist of a large number of 
identical particles randomly distributed in space. 
Their orientations are also assumed to be distributed 
completely at random; it appears likely that this is 
usually the case, although in still air there may some- 
times be a tendency for the particles to align themselves 
in certain preferred directions in the vertical plane. 
However, the orientations would still be randomly 
distributed in the horizontal plane, and so the results 
would not be greatly affected, provided that, as is 
most often the case, observations are made at or near 
vertical incidence. 

In brief, then, the theoretical treatment which now 
follows will apply to a cloud of identical, small, spher- 
oidal particles, which are distributed at random in 
space and orientation. 


B. Scattering by a Single Obstacle 


It has been pointed out above that the determination 
of the scattered field reduces, for a small scatterer, to 
a problem in electrostatics. For a detailed discussion of 
the solution of problems of this kind, the reader is 
referred to one of the standard works on electromagnetic 
theory, e.g., Jeans.” 

The model to be used for the scatterer is shown in 
Fig. 1. The external medium is of dielectric constant «; 
the scattering particle itself consists of an outer layer 
of dielectric constant €2 and a core of dielectric constant 
€;. The two boundaries are a pair of confocal ellipsoids. 
It is convenient to define these boundaries in terms of a 








87re, (€;— €2)(€3— €2)(Ag— Aa) 
where 
R=[((&+a*)(E+ 8) (E+) }} (5) 
and 
A= f;*(dé/(E+@)R], (6) 


and the subscripts 0 and a refer to the values of these 
quantities at the two boundary surfaces (=0 and 
—a’, respectively). 

By interchanging 6 or c with a in Eq. (6), the dipole 
moments induced by fields parallel to Oy and Oz can 
be calculated : 


M,= gE, (7) 
M .=2.E.. (8) 


The effect of an applied field at any arbitrary angle 
to the axes of the ellipsoid can then be found by first 
resolving into components parallel to these axes. With 


2 J. H. Jeans, Electricity and Magnetism (Cambridge University 
Press, Cambridge, 1933), fifth edition, Chap. VIIT. 


3 (e,— €2)(€,— e)[Anda- A,’+ (2Ao R») | + ele; — €2)(Ao/Ra)+ 2€,(e2— €;)(A a ‘Ro)— (4e1€2 ‘RoR.) 


coordinate £, such that the surfaces §=constant are a 
family of confocal ellipsoids, with semi-axes (a?+ £)!, 
(b?+-£)!, (2+)! parallel to rectangular axes Ox, Oy, 
Oz, respectively. The constants a, b, and c are chosen 
so that the inner and outer boundary surfaces are 
members of this family, and may be specified by 


f= —a’, (1) 
=0, 
respectively. 

In order to calculate the effect of this composite 
ellipsoid upon an otherwise uniform electrostatic field, 
it is necessary first to set up Laplace’s equation in the 
appropriate ellipsoidal coordinates. This equation is 
then solved subject to the usual boundary conditions 
for the normal and tangential field components at the 
two surfaces of discontinuity, together with the condi- 
tion that at great distances from the obstacle (><), 
the potential must approach its undisturbed value. 

It is found that the potential yg, in the external 
medium is of the form 


i= got ¢s, (2) 


where go is the potential which would exist in the 
absence of the obstacle. If the undisturbed field is of 
strength E, and directed parallel to Ox, ¢, is equal to 
the potential due to an electrostatic dipole parallel to 
Ox and located at the center of the ellipsoid. The 
moment M, of this dipole is proportional to E,: 


M = 8.:E.,, (3) 
where g, depends only upon the properties of the 


scatterer. After some manipulation, it can be deduced 
that 


+ 2eo[ (es— €s, Ro)+ (€2— €1, ‘Ra) ] | 





(4) 





the assumptions already specified, these results are 


all equally valid for static and alternating electric 
fields. 





Fic. 1. Axial cross section of hypothetical 
scattering particle. 
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Fic. 2. Variation of scattering parameters g, and g, with shape 
and composition for spheroidal ice and water obstacles. Total 
volume is taken as constant. p=ratio of axes of spheroids; p>1 
for prolate spheroids, p<1 for oblate spheroids. “Melting ratio,” 
S=(volume of liquid water) /(total volume). 


In the general case of an ellipsoid, the parameters 
£2, £y, Zz involve elliptic integrals; if, however, two of 
the axes, say 5 and c, are made equal, g, and g, (by 
symmetry, g:=gy) can be calculated in terms of 
elementary functions. At the same time, the boundaries 
are reduced to spheroids of revolution about Ox. 
When Eq. (4) is expanded, it is found that for any small, 
homogeneous, spheroidal obstacle, M is proportional 
to the volume of the spheroid, provided that the 
ratio of its axes remains constant. The intensity of the 
scattered wave is proportional to M® and therefore to 
the square of the volume. In the case of spheres, the 
intensity is thus proportional to the sixth power of 
the diameter. 

The results of numerical calculations which have been 
carried out are shown in Figs. 2(a) and 2(b). The 
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values assigned to the dielectric constants are 
f=1, &=80, &=3-3; 


these correspond to the case of a central core of ice 
surrounded by a layer of water and suspended in air. 
In order to estimate the effect of dielectric loss on the 
results, calculations were made in a number of represent- 
ative cases, using the values of complex dielectric 
constants given by Saxton" and by Dunsmuir and Lamb 
(quoted by Ryde‘). In every instance the changes 
brought about by allowing for losses were found to be 
quite insignificant; the main calculations were, there- 
fore, carried out without any correction for this factor. 


C. Scattering of a Plane Wave by a 
Cloud of Particles 


1. Calculation of Components of Backscattered Field 


Consider now a particle of the form discussed in the 
preceding section, in the path of a plane wave with 
electric vector Eo. Take two systems of rectangular 
coordinates: (1) Ox, Oy, Oz, fixed relative to the scat- 
terer, and with Ox parallel to its axis of symmetry, as 
before; (2) OX, OY, OZ, fixed in space, with OX 
parallel to Eo, and OZ parallel to the direction of 
propagation of the incident wave. 

Let Ox make angles @ and x with OX and OY, 
respectively. The components of the induced dipole 
can be found from the equations given in the preceding 
section. Hence, it is easy to show that (omitting a 
constant of proportionality) the electric vector of the 
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Fic. 3. Intensity (/x) of the component of the echo which 
is polarized in the same plane as the transmitted wave. Variation 
with shape and composition of scattering particles is shown for 
the case of a cloud in which the number and individual volume 
of the scatterers is constant. S and p have the same significance 
as in Fig. 2. 


18 J. A. Saxton, Physical and Royal Meteorological Societies’ 
Joint Report on Meteorological Factors affecting Radio Wave 
Propagation (London, 1947), p. 278. 
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wave scattered back towards the source has components 
Ex=E)(g. cos*0+g, sin*é), (9) 
Ey= Eo(gz— gy) cos0 cosx. (10) 


Since the resultant signal at the receiving aerial is 
made up of a large number of randomly phased compo- 
nents from the individual scattering particles, a measure 
of its intensity can be computed by adding the inten- 
sities of these components, or the squares of their 
amplitudes ; thus, 


Ix=(Ex’) = LE?(g2 cos'0+2¢,2, cos’é sin6 
+g,7 sin‘@), (11) 
Ty = ( Ey’) = DEo*(g.—g,)” cos?é cos*x. (12) 


The summations are to be carried out on the assumption 
that the axes of the particles are randomly oriented; 
then the final average intensities are found to be 








_ NE? , 
Tx=—~(3e2"+ 4getyt 88y*), (13) 
and 
_ NE? 
Iy= As (g2—fy)’, (14) 
15 


where .V is the total number of particles in the space 
from which the echo is received (here again a constant 
of proportionality has been omitted). 


2. Echo Intensity 


With a conventional radar aerial system, the only 
component of the received signal which reaches the 
receiver is that which is polarized in the same plane as 
the incident wave, so that Jy is a measure of the echo 
intensity to be expected. Figure 3 shows the variation of 
Ix with particle shape and composition; it will be 
observed that Ix approaches the value for a cloud of 






Fic. 4. Changes in backscattering from cloud during melting. 
S=melting ratio, as in Fig. 2. Broken lines represent variation 
assuming particle shape remains unchanged. Full lines assume 
that collapse begins when S= -33. 
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Fic. 5. Cross-polarization of echoes from clouds of randomly 
oriented ice or water particles. 


water particles even when only a small fraction of each 
scatterer has melted. Furthermore, the backscattered 
power is nearly independent of particle shape for ice 
clouds but increases rapidly with departure from 
sphericity when the scatterers are partly or completely 
melted. Thus (neglecting for the moment inevitable 
changes of shape during melting) the increase in Jx 
caused by melting is much greater for clouds of non- 
spherical ice particles than for clouds of ice spheres. 
This is illustrated in Fig. 4, where some of the data 
from Fig. 3 are replotted in a different form. In the 
absence of any reliable data, it has been arbitrarily 
assumed that the particles begin to collapse when one- 
third melted, and finally become spherical water-drops, 
The full lines in Fig. 4 are plotted on this assumption, 
while the broken lines show how Ix would vary if no 
change of shape took place. 

These results are of considerable practical importance, 
since they indicate that, during the melting of a cloud 
initially composed of rods or disks of ice (but not of ice 
spheres), the radar echo intensity must pass through a 
maximum value, even without any change in the 
concentration or individual volume of the particles. 
The significance of such an effect in helping to explain 
the observed increase in radar echo intensity near the 
melting level in a cloud will be discussed in Sec. III. 


3. Polarization 


The presence of the “cross-polarized” component 
Ty indicates that the received signal has in general a 
component polarized at right angles to the plane of 
polarization of the outgoing wave. The ratio of Ty to 
Ix is shown in Fig. 5 for particles of varying shape and 
composed of either ice or water. This effect will be 
considered more fully in Sec. IV. 
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Echo intensity (reduced to constant range) —= 


Fic. 6, Mechanism of melting band formation. (a) Observed echo intensities (typical case). (b) Effect of sudden melting 
of particles. (c) Effect of increase in terminal velocity. (d) Combination of (b) and (c). (e) Effect of coalescence near melting 
level. (f) Coalescence effect added to (d). (g) Variation in scattering during melting (due to change of particle composition) 


superimposed on (f). 


Ill. THE INTERPRETATION OF OBSERVED RADAR 
ECHO INTENSITIES 


A. The Nature of the Scattering Particles 


Theoretical predictions of echo intensity have now 
been worked out for idealized clouds in which the 
scattering particles were assumed to be small and 
spheroidal. These results must next be applied where 
possible to actual clouds. In doing this, it is necessary 
to consider the criteria for the validity of the theory 
and the extent to which these are likely to be satisfied 
in practice. 

Ryde‘ shows that, for spheres, the effect of oscillations 
in higher modes upon echo intensity is negligible if 
the diameter is less than 0.2 (for ice) or 0.06X (for 
water), \ being the wavelength used (measured in air). 
It seems reasonable to assume that the same criteria 
can be applied to nonspherical particles if the diameter 
is replaced by the greatest dimension, whether length 
or breadth. Now, precipitation from which radar echoes 
are received may consist of water drops, hailstones, 
snow or ice crystals of various kinds, or snowflakes. 
It appears from what information is available on the 
sizes of these various particles that, at wavelengths 
greater than about 8 cm, first-order theory will be 
valid except for very large hailstones (which are rare) 
and possibly for large partly melted snowflakes. 

Any of the nonspherical particles which have been 
mentioned can be regarded as approximating to either 
very elongated or very flattened spheroids. In the case 
of partly melted ice particles, the model consisting of a 


composite spheroid seems likely to be fairly adequate in 
the early stages of melting, when surface tension and 
the tumbling motion of the falling particle will tend to 
maintain a continuous film of water all over the solid 
central portion. At some stage, of course, the particle 
must begin to collapse; the intensity of the scattered 
wave will then fall away from the calculated values, 


- somewhat as shown by the full line in Fig. 4. 


B. Echoes from Water Drops and Ice Crystals 


Scattering by these particles has been fully discussed 
by Ryde; the results (which may, of course, be deduced 
independently from the equations derived in Sec. II of 
this paper) are restated here for completeness. In the 
case of a cloud of spherical water droplets, the intensity 
I of the backscattered wave is given by 


T=kND* (15) 
or 
I=KNV?, (16) 


where D and V are the particle diameter and volume, 
respectively, N is the number of particles producing 
the echo, and k and K are constants. 

With ice particles, it is strictly necessary to allow 
for the effect of shape, as well as volume; however, the 
lowest curve in Fig. 3 shows that in this case variation 
in backscattered power due to shape changes is in 
fact always within a range of about 3 decibels. Such 
variations may for a first approximation be ignored; 
it is therefore permissible to write for scattering by 
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ice particles 
I=K'NV?, (17) 
where K’= K/4. 


C. Enhanced Echoes from Layers near the 
Freezing Level 


It has already been mentioned that a particularly 
strong radar echo is frequently produced by scattering 
from particles located in a comparatively thin horizontal 
layer near the 0°C. isotherm. A typical example of this 
effect is shown diagrammatically in Fig. 6(a). 

An attempt will now be made to explain these 
phenomena in terms of the changes which may be 
expected to take place in the physical condition of the 
particle during its fall past the 0°C isotherm. Obviously, 
the individual particles change more or less abruptly 
from solids of various shapes to nearly spherical water- 
drops. This corresponds to a transition from the condi- 
tions of Eq. (17) (ice particles) to those of Eq. (16) 
(water drops), and therefore to an increase of about 
6 db. in echo intensity (see Fig. 6(b)). However, 
the change of shape also reduces the aerodynamic 
resistance of the particles. The resulting increase in 
terminal velocity, which is about 5:1 in typical cases, 
will cause the concentration .V to decrease in the same 
ratio. This change alone would therefore produce a 
7-db decrease in echo intensity [Fig. 6 (c) ]; on combin- 
ing the two effects, Fig. 6(d) is obtained, with a max- 
imum ratio of 7 db between the melting band and rain 
echoes, and an upper echo nearly equal in intensity 
to that from the rain. 

It is also possible that coalescence may occur near 
the melting level, when the snow or ice particles become 
wet; such a process would clearly lead to an increase in 
the product (VV?). Ryde‘ estimates that the accom- 
panying increase in echo intensity may amount to 
16 db [Fig. 6(e) ]. This, combined with Fig. 6(d), gives 
Fig. 6(f), in which the echo from the upper layers is 
much smaller than that from the rain. Since a large 
difference between rain and upper echoes is nearly 
always found in practice [ Fig. 6(a) ], it may be inferred 
that coalescence of this kind does, in fact, usually take 
place. 

The plot of echo intensity against height which has 
now been constructed is qualitatively correct, but the 
maximum ratio of band to rain echoes (7 db) is signifi- 
cantly low as compared with observed values of over 
10 db. The final step is to include the momentary 
increase in the power scattered from nonspherical 
particles during melting, due to their nonspherical 
shape. Figure 4 indicates that the maximum back- 
scattered power may in typical cases exceed the terminal 
value (which corresponds to spherical water drops) 
by from 3 to 7 db. In Fig. 6(g), this effect is super- 
imposed on Fig. 6(f); the melting band intensity is 
considerably increased relative to that of the rain echo 
without affecting the echoes from above and below 
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the band. This removes the remaining discrepancy 
between the observed and predicted echo patterns. 

It may therefore be concluded that in addition to the 
obvious change from ice to water, aggregation usually 
takes place near the melting level; also, in some cases 
at least, melting is sufficiently gradual for wet, partly 


melted particles to have a significant effect upon the 
radar echo. 


D. Enhanced Echoes from Layers 
above the 0°C Isotherm 


“Bright bands” have also been observed from layers 
well above the melting level. The occurrence of these 
bands is rare and erratic, so that the accumulation of 
data upon them is necessarily a slow process; conse- 
quently, there is still some doubt as to their origin. 
The observed intensity of band echoes of this type is 
too great to be explained by ice alone, but could be 
due to the presence of wet ice particles (the latter could, 
like the partly melted scatterers previously considered, 
have a comparatively high scattering power). This 
idea issupported by the fact that, as Ludlam"™ has shown, 
it is possible in certain circumstances for ice particles 
falling through a cloud of supercooled water droplets 
to become wet. The entry of ice particles, however 
formed, into a region where conditions favor wetting 
could clearly lead to the presence of a bright band in 
the radar echo from the colder part of the cloud. 


IV. POLARIZATION OF ECHOES 
It has been pointed out that the equation 


Iy=NEo(gz—g,y)?/15 (14) 


implies that the radar echo received from a cloud may 
have a component with its plane of polarization at 
right angles to that of the transmitted wave. 

When the scattering particles are spheres, g:=£y, 
and so Iy=0, i.e., no “cross-polarization” occurs. 
This is what would be expected from simple considera- 
tions of symmetry. However, with nonspherical 
scatterers g.~g,, and so [y+0; although the amount 
of cross-polarization produced by an-individual particle 
depends upon its orientation, the average for the whole 
cloud has a definite value which is not zero. Figure 5 
shows that the ratio Jy/Ix is quite large for very 
nonspherical scatterers, particularly in the case of 
spheroids composed of water, or ice particles which 
have melted sufficiently to resemble these. This at 
once suggests that measurements of echo polarization 
might well give evidence as to the shape of the particles 
producing the echo. Such a means of discriminating 
between spherical and other scatterers would, for 
instance, be of great interest as a test of the hypotheses 
of bright band formation which have been discussed 
above. 


4 F, H. Ludlam, Quart. J. Roy. Meteorol. Soc. 76, 52 (1950). 
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Vv. CONCLUSIONS 


The intensity of the backscattered signal due to 
clouds of ice or water particles, or partly melted ice 
particles, has been calculated on the assumptions of 
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These results can be used to explain the so-called 
“bright-band” phenomena. It is concluded that the 
melting band can be explained by a combination of 
coalescence, change in terminal velocity of the particles, 


, JOURNAL OF APPLIED PHYSICS 


and the predicted temporary increase in scattering 
power while the particles are partly melted. There is 
also some evidence that the upper bands are due to 
the presence of ice crystals, which have become wet 
by collecting supercooled droplets. 

Finally, it has been shown that nonspherical scat- 
terers change the polarization of the reradiated wave. 
A possible application of this result is in distinguishing 
between echoes from spherical and other particles. 


small size and spheroidal boundary surfaces. In the 
case of ice clouds the echo is almost independent of 
particle shape; for spheroidal water drops, however, 
the intensity increases rapidly with departure from 
spherical shape. When melting takes place, the scatter- 
ing properties approach those of a water particle even 
when only a small fraction of the total volume has 
become liquid. 
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Excess Thermal Noise Due to Current Flow Through (Ba Sr) Oxide Coating 


K. AMAKASU 
Electrical Communication Laboratory, Tokyo, Japan 


(Received June 23, 1952) 


A study has been made to clarify the nature of the thermal noise generated within the layer of the (Ba Sr) 
oxide coating of the cathode when a current flows through it, and to determine how much this noise affects 
the flicker noise. The results of this investigation show that (1) the excess noise generated by the flow of 
current is proportional to the square of the current flowing through the coating layers, (2) the frequency 
spectrum of the noise is inversely proportional to the frequency, (3) the noise is greatly affected by the 
activation of cathode, a slight decrease in activation causing a sudden increase of noise (4) the portion of the 
cathode flicker noise due to this excess noise may be neglected when the activation of the cathode is good, 
but when the activation is poor, it becomes considerably larger. The characteristic of (3) may be considered 
to give a clue to a clarification of the electron conductivity mechanism in the oxide cathode. 





T is well known that when a direct current flows 
through certain types of resistances, for example, 
carbon, the noise voltages generated at their terminals 
is considerably in excess of the thermal value. When 
oxide coated cathode tubes are used, the above-men- 
tioned excess noise will be developed in the oxide coating 
due to the flow of emission current, We have conducted 
an experiment to clarify the character of this excess 
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noise in the oxide coating and its contribution to the 
flicker noise found in oxide coated cathode tubes. 

The sample under test is shown in Fig. 1. The noise 
developed in the coating when the current flows be- 
tween the two heated sleeves is selectively amplified 
and detected by a square law detector. Figure 2 shows 
the input circuit. The standard resistance substitution 
method is employed for a determination of the noise 
value. 

The mean square noise voltage developed in the 
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Fic. 2. The input circuit. R=wire wound resistance, 
Rx=sample under test, Rs=standard resistance. 
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oxide coating resistance Rx can be expressed as follows: 
@=4kiT .R,Af=4ktOR.T Af, (1) 


where k=Boltzmann’s constant, ¢=/,.+1=noise tem- 
perature ratio, 7. =cathode temperature, JT) = room tem- 
perature, @=7,/T», R.=cathode coating resistance, and 
Af=frequency band width. 

Figure 3 shows the current dependence of the excess 
noise. Each numeral shown near the straight lines 
indicates the value of » when t,-=al”. These results 






show that the excess noise is approximately propor- 
tional to the square of the current. 

The frequency dependence of the excess noise is 
shown in Fig. 4. The slopes of the straight lines are 
indicated above the lines. This frequency dependence 
is similar to that of flicker noise found in oxide coated 
cathode emission. 

Further experiments were done on the relation be- 
tween the degree of activation and the excess noise from 
the oxide coating. The oxide coating was activated by 
flashing a batalum getter and the excess noise and 
coating resistance were measured at each stage. One of 
the results is shown in Fig. 5. In this figure the coating 
resistance and noise are corrected for the coating thick- 
ness and area, 100u and 1 cm’, respectively, for com- 
parison with oxide coated cathodes at normal condi- 
tions. For this purpose the above-mentioned frequency 
dependence and current dependence of the excess noise 
were utilized. It is noted that as the coating resistance 
decreases by activation the excess noise decreases also 
and this tendency is particularly noticeable at low 
frequencies. 

The coating resistance of well-activated oxide coated 
cathodes is only a few ohms under normal conditions 
and the excess noise in the coating may be neglected. On 
the other hand, when the cathode is poorly activated 
the noise becomes considerably larger and affects the 
flicker noise. Moreover, it must be kept in mind that 
even for well-activated oxide coated cathodes the sur- 
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face is not uniformly activated, as may be observed in 
the electron microscope, and poorly activated portions 
of the cathode surface may have a large coating resist- 
ance and, therefore, a large excess noise. 

The frequency characteristics of this coating noise 
and the flicker noise of the oxide coated cathode tube 
MC-658A (communication tube of g,,=6500 mu) are 
given in Fig. 6 for comparison. 
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Potential Distribution for Space-Charge Limited Current between a Plane 
Accelerating Grid and Parallel Anode 
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Expressions are derived for the potential distribution between a plane accelerating grid and parallel 
anode under conditions of space-charge limitation, taking account of the Maxwellian velocity distribution 
of the electrons. The distribution is determined by Langmuir’s diode functions in combination with a function 
depending on the current transmission of the grid-anode space, which is represented graphically. 





ANGMUIR' has published a complete solution for 
the effect of space charge and initial velocities 
on the potential distribution and thermionic current 
in a diode with a plane cathode and anode. Since then, 
Strutt and van der Ziel? have treated the conditions 
prevailing between the screen grid and the anode of a 
screen grid tube with parallel electrodes, approxi- 
mating the Maxwellian distribution by a uniform 
distribution over a limited range of volt-velocities. The 
present paper derives a solution of this problem without 
this approximation. 

It will be assumed that the grid (Fig. 1a), at zero 
potential, is perfect, i.e., maintains a uniform potential 
in its plane and offers no obstruction to an electron 
current. Furthermore, all electrons which are turned 
back by the space-charge barrier between grid and 
anode will be assumed to be absorbed by the cathode, 
after passage through the grid. The negative potential 
of the cathode is defined by 


—V =—mi/(2e), 


where —e/m is the specific charge of the electron and 
5 is the velocity with which an electron with zero 
velocity of emission traverses the grid. The electrons 
emitted by the cathode have the Maxwellian velocity 
distribution, 

Imi mv; 
exp— ——dy. 


ekT 2kT 





m(v,)d0,= 


Here 2; is the normal component of the velocity of 
emission, 2; is the number of electrons emitted with 
normal velocity components between 7; and ;+d2; by 
unit area of the cathode in unit time, J is the current 
density of emission, k is the Boltzmann constant, and 
T is the absolute temperature. In terms of the normal 
velocity component v» with which the electrons traverse 
the grid, the distribution of the electrons passing 
through the grid in a forward direction becomes 
Imig = — m(0¢?— 30") 

exp——————dw, (1) 
ekT 2kT 





n(v9)dv9= 1 (v,)d2,= 


since 0,27 =v)?—# and 2d; =v9d9; n(v) is the number 





'T. Langmuir, Phys. Rev. 21, 419-435 (1923). 
*M. j. O. Strutt and A. van der Ziel, Physica 6, 977-996 (1939). 


of electrons passing through unit area of the grid in a 
forward direction in unit time with normal velocity 
components between v and v+dv9; v% may take on 
any value between d and ©. The total number of 
electrons emitted by the cathode per unit area per 
unit time is 

x 


I/e= f n(V9)d2. 


v 


As it will be assumed that the current between the 
accelerating grid and the plate is space-charge limited, 
there will be a potential minimum — V’ = —myv’/(2e), 
below the cathode potential 


eV’>eV, 


at a distance x’ from the grid. v’ is seen to be the mini- 
mum normal velocity component with which an elec- 
tron must traverse the grid in order to arrive at the 
plate. 

The potential distribution between the three elec- 
trodes may thus be represented schematically as in 
Fig. 1b. If the plane between the grid and the potential 
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Fic. 1. Potential distribution between accelerating 
grid and plate (schematic). 
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minimum at which the potential is equal to that of the 
cathode has the coordinate Z, it is convenient to 
divide the space between grid and plate into three 
regions: 
a’: O0<x<G, 
a": B<z<z, (2) 
B: x <x. 


In 8 the space charge p is due entirely to the electrons 
with v>v’, all of which are collected by the plate. 
Effects on the potential distribution of secondary 
emission and backscattering at the plate are neglected. 
In regions a’ and a”’ it is necessary, in addition, to take 
account of the two equal electron currents, going and 
returning, with i<m<v' in a’ and with (2eV/m)} 
<v<v’ in a’; —V is the space potential at the point 
considered. 

To determine the space charge p, consider a flat 
volume element parallel to the electrodes, of area A and 
thickness dx. The charge within this element contrib- 
uted by electrons with velocity components in the 
range between 1 and 1+ dv, vy and vy+d?,, and v, and 
v,+- dv, is given by 


dx 
— eAdin(v0,v,,0,)dvpdv dv, = — eA—n(09,0y,02)dvdv,d0,. 
v 


Here dt is the time required by the electron to traverse 
the flat volume element and » the instantaneous normal 
component of velocity. If this expression is integrated 
over the tangential components v,, v, the contribution 
of all electrons with normal velocity components be- 
tween v and v+d becomes simply 


x 
—¢eA—n(v9)dv9, 
v 


and the corresponding density increment, — en(v) dvo/v. 
Accordingly the densities in the three regions in 
question become 














; ® n(v9) »” n(v9) 
a’: —p=e f dv9+ 2e ——d1, (3a) 
v’ v v v 
” n(v9) df n(v9) 
a”: -p=ef dvg+ 20 f dv», (3b) 
a v (2eV/m)? v 
* n(v9) 
B: -p=ef dv. (3c) 
, ov 


v 


Here, as already mentioned, »=(v’—2eV/m)! is the 
x component of the electron velocity at the point con- 
sidered. The current turned back in a’ leaves the grid- 
plate region through the transparent grid and has no 
further influence on the potential distribution in view 
of its assumed complete absorption by the cathode. 
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A first integration of Poisson’s equation, 
PV 


—=4rf, | 
i (4) 


dV 2 V 
(—) =8rf av. (5) 


If the expressions in Eqs. (3a) to (3c) are substituted 
in Eq. (5), it is possible, after changing the order of 
integration, to integrate with respect to v, leading 
to the following relations: 


«(= sat — mt 
—)- ekT | kT [2e(V’ —V) /m]} 


[2e(V’ —V) /m]$ mv* 
+ 2f exp —dy 
| 2kT 


2e(V —V) /m]? 


leads to 





e(V—V’) ¢* mv 
—eaxp——_——_ ; — ts (6a) 
T 2kT 


” (—)- les e(V—V = 6 
@s — = p 
dx ekT [2e(V’ —V) /m)4 
[2e(V’ —V) /m]# my? 
+2 f — 
0 2kT 


e(V—V’) r” mv" 
—exp——_——_ f v’exp— ds (6b) 
kT 0 2kT 


Sarm*Il e(V—V) ¢” 
exp f 
kT [2e(V’ —V) /m]? 


dV\? 
“() 
dx ekT L 
mv e(V—V’) 


X ?exp—dr— exp 
2kT kT 


. mv 
x f vexp ~~ (6c) 
0 2kT 


To simplify these expressions it is convenient to 
introduce the new variables used by Langmuir (ref- 
erence 1): 











e(V’—V) 


7=-——— 


e(V’—V) 
5 Queens (7) 
kT kT 
§=4(x/(2kT))*mi (ei) *(x— x’) 
= 4(4/(2kT))im*(el)*(x— vero] - 
=2L(x—x’), 


e(V’— 2) 
2kT 


the plate current per unit area being given by 





- e(V’—V) 
[= 9) dV9= _ one | 9) 
i ef n(v9)dt resp] — ( 
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Together with the further substitutions 
2 
P(x)=—— ] exp—y’dy, 


pare 
e(n -(2) : Gnd, 


where P(x) is the familiar error integral, these lead to 
the equations 


2 
gang) =e 14 | PLO) 1-0) 


2 
~28] PCa) '1-— a, (10a) 


2 

ga’(n) = €?— 1+ | ePLon 1-00), (10b) 
2 

ga(n) = €"—1— {7ton']-— on}. (10c) 


Introducing § = 2/(#—.’), the parameter ¢ as a function 
of 7 is given by 


, " dy 
ina’: -io-{f Te , taiel (11a) 
” dn 
in a’: f= | Con) xo(n); (11b) 
0 dn 
in B: =f —u—_-_ (11c) 


for a given collected current i the potential distribution 
for x>@, i.e., in a”’ and 8, is identical with that obtained 
if the cathode is placed at the point of equal potential Z. 
It can be found for any special case from Table II, 
reference 1, p. 426, giving £ as function of 7; Langmuir’s 
+éand — correspond to x3 and — x2, respectively. The 
function x:(n, #) is plotted for several values of 4, i.e., 
different degrees of space-charge limitation (see Fig. 2). 
The potential gradient between the grid (x=0) and 
Z is less steep than if Langmuir’s curve &(n) were 
simply extended beyond €; i.e., for a given grid-cathode 
potential Z and x’ will be greater than for the case just 
mentioned. The distance between the grid and the 
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Fic. 2. Plot of x:(m, 9). 


minimum of potential increases materially with in- 
creasing potential difference between grid and cathode. 

If the potentials of the electrodes, the cathode 
emission, the plate current, and the cathode tempera- 
ture are prescribed, the corresponding position of the 
plate and the location of the potential minimum with 
respect to the grid can be found by evaluating the 
following formulas in the sequence given: 





n= In(io/1); E= x2(4); 
e(V— V2) 
m= f2= x3(n2); 
kT 
eV | 
m=i+—-; f=5+x1(m,%); 
kT 
; & &— & 
ef eS eers X= ; 
2L 2L 


L being defined by Eq. (8). 
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Contribution to the Theory of Impulse Breakdown* 


FRANK R. Dickey, Jr. ¢ 
Cruft Laboratory, Harvard University, Cambridge, Massachusetts 


(Received May 5, 1952) 


The experiments of R. C. Fletcher on impulse breakdown are discussed and a simple theory for these 
experiments is developed by assuming that the breakdown consists of ionization and charge separation in a 
uniform field. The theory accounts reasonably well for the time lags and also explains the shapes of the 
breakdown voltage transients. It indicates also that measurement of the mean ionizing time for electrons in 


the gap should be possible. 





I. INTRODUCTION 


MPULSE breakdown is the type of discharge which 
occurs when an electric field is applied very rapidly 
to a spark gap. Fletcher’ has made remarkably fast 
oscillograms of the voltage across highly overvolted 
gaps and has made calculations of the formative time 
lag which are in fairly good agreement with the oscillo- 
grams. His calculations are based on the streamer mech- 
anism and they amount to an estimate of the time 
required for an electron avalanche to reach such 
proportions that space-charge fields of the order of 
magnitude of the applied field result. 

In this paper, on the other hand, the streamer 
mechanism is not considered and instead the assumption 
is made that the field is uniform. The voltage across the 
gap as it is affected by the ionization and charge 
separation in the gap is then calculated. In the case of 
highly overvolted spark gaps this method may lead to a 
better picture of the phenomenon than that given by 
the streamer theory for the reasons which follow. 

The number of electrons in the gap as calculated by 
Fletcher is sufficient to give approximately the correct 
time lag but it is not sufficient by several orders of 
magnitude to provide a mechanism for current flow 
across the gap. In Fletcher’s experiments the rates of 
fall of the voltage correspond, in some cases, to rates of 
discharge of the capacitance of the gap of as much as 200 
amperes, and to this must be added a current of some 
80 amperes flowing into the gap from the external cir- 
cuit. With the gap widths used, the number of electrons 
in the gap must be of the order of 10" to account for 
this current, while Fletcher’s critical number of electrons 
is of the order of 10%. 

The process of ionization in an approximately uni- 
form field can account for the required number of elec- 
trons in a time which, although longer than the time lags 
calculated by Fletcher, is still in reasonable agreement 
with his experiment. Moreover, it is difficult to see how 
the streamer mechanism, which entails large space 


* This research was made possible through support extended 
Cruft Laboratory, Harvard University, jointly by the Navy 
Department (ONR), the Signal Corps of the U. S. Army and the 
U. S. Air Force, under ONR Contract NSori-76, T.O.I. 

t Now with General Electric Company, Electronics Division, 
Syracuse, New York. 

'R. C. Fletcher, Phys. Rev. 76, 1501 (1949). 


charge fields, could accelerate the exponential growth 
of the total number of electrons. The space-charge fields 
would tend to increase the ionization rate only on the 
sides of the avalanche and would instead reduce the 
ionization rate near the center where the greater num- 
ber of electrons and ions are located. 

The neglect of space charge fields may be a reasonable 
approximation in spite of the large space charge effects 
calculated by Fletcher for two reasons. (1) Fletcher’s 
calculation is based on the distribution of electrons and 
of ions which would be formed in a uniform field. 
Actually, some space-charge fields always exist and 
these produce spatial changes in the ionization probabil- 
ities which continually tend to oppose the formation of 
large space charge fields. This may prevent or at least 
retard the formation of very large space charge fields 
in the case of highly overvolted gaps. (2) In the type of 
calculation which follows, the average field is of first 
importance and spatial variations in this field probably 
have a secondary effect. 


Il. METHOD OF CALCULATION 


The assumptions are made that the field in the gap 
remains uniform in space but not in time and that the 
Townsend ionization process, expressed by the equation 


t 
N=N exp( f ccdt ) (i) 
0 


continues up to and perhaps beyond the point where the 
voltage across the gap begins to fall. Here, NV is the num- 
ber of electrons in the gap at a given time, No is the 
initial number of electrons, a is the Townsend ionization 
coefficient, and v is the average electron velocity in the 
direction of the applied field. In using Eq. (1) it is 
assumed that none of the electrons actually reaches the 
anode. This is a reasonable approximation, especially 
for the higher field cases observed by Fletcher. 

The voltage across the gap falls when, as a result of 
the separation of charges in the gap, energy is removed 
from the electrostatic field faster than it is replaced by 
means of the flow of current from the external circuit. 
Assuming uniform field in the gap, the voltage, V(\), 


1336 





acre 


whe 
cha 
the 
cap 
cha 
nur 
is t 
dist 
the 


ene 
lect 
alte 
dov 


suc 
Th 
coa 
sid 
ap} 


arr 


Vol 
eles 
fig 


If 

gay 
in ¢ 
Wa 
of 

an 
on 
thi 
tia 


ha 


ant 


Su 


Su 


ble 
cts 
r’s 


ind 


ind 
bil- 
of 
ast 
Ids 
> of 
irst 


bly 


pap 
the 
‘ion 


the 
m- 
the 
tion 
the 
t is 
the 
ally 


t of 
ved 
| by 
‘uit. 


(), 





CONTRIBUTION TO THE 


across the gap at a given time, /, is 


1 Ne t 
vio=Ve-—| <(s-—a0)— ff Todt, (2) 
C Li=1 6 


0 


where Vo is the initial voltage across the gap, e is the 
charge on an electron, 6 is the length of the gap, J ext is 
the current supplied by the external circuit, C is the 
capacitance of the gap defined as the ratio of initial 
charge on each electrode to initial voltage, V is the 
number of electrons and number of ions in the gap, x;* 
is the location of the ith positive ion (described by its 
distance from the cathode measured in the direction of 
the field), and x;~ is the location of the ith electron. 

This equation may be derived by considering the 
energy of the charges. Upon differentiating and neg- 
lecting the motion of the positive ions, the following 
alternative form, which could perhaps have been written 
down immediately, is obtained: 


dV Nev 
Canteen Sig, (3) 
dt 6 


Fortunately, Fletcher’s experimental arrangement is 
such that this equation, with equation (1), can be solved. 
The spark gap is placed in the center conductor of a 
coaxial line and the line is made long enough on either 
side of the gap that reflections from the ends do not 
appear during the short periods of measurement. The 
arrangement of the gap is shown schematically in Fig. 1. 

If V(t) is the voltage across the gap and J’,(/) and 
\’,(¢) the voltages between the left-hand and right-hand 
electrodes and the outer conductor as indicated in the 
figure, then 

Vi(o=ViOo+V (2). (4) 


If a current generator could be connected across the 
gap, a current wave would move outward from the gap 
in each direction. The ratio of voltage to current in each 
wave would be equal to R., the characteristic resistance 
of the line. Thus, if 7.x:(¢) is the current flowing into 
and out of the spark gap during breakdown, the voltage 
on each line is the sum of the voltage wave produced by 
this current and initial voltage. Assuming that the ini- 
tial voltage on the left-hand line is 1) and on the right- 
hand line is zero, 


V(t) = Vo— Re Text) (3) 
and 


Vo(t)=Re-Text(). (6) 
Substitution of Eqs. (5) and (6) into (4) gives 
Texe(t)=(Vo—V (0) /2R. (7) 
Substitution of Eqs. (7) and (1) into Eq. (3), gives 


dV ev Vo ' Vo—V 
C—-8 - — “esol f ccdt )4+— ae (8) 
dt 6 0 R. 
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Fic. 1. Spark gap of type used by Fletcher. 


The factors a and v may be considered as known func- 
tions of the electric field, E, which is taken to be equal 
to V/6. Equation (8) is therefore a differential equation 
for V as a function of ¢. The desired solution is that in 
which the initial condition is either V= Vo or dV /dt=0. 
If either condition is assumed to hold exactly, the other 
condition holds approximately. 

Approximate solutions for Fletcher’s cases have been 
carried out using step-by-step numerical methods. The 
method usually used consists of obtaining new points 
on the curve of V as a function of ¢ by extrapolating 
from the previous point using the slope given by Eq. (8). 
The values of @ and v as functions of E that have been 
used are the same as those used by Fletcher in his cal- 
culations. He used Sanders’ values? of a and the follow- 
ing formula for v: 

v= 0.224 107(E 1000)!. (9) 
Here E is in volts/centimeter and v is in centimeters / 
second. This assumption for v is based on Raether’s® 
cloud-chamber observation of avalanche velocity at one 
value of field strength and on the assumption of a 
square-root relationship with the field strength. 

The capacitance of the gap has been calculated 
assuming plane parallel electrodes with no edge effects. 
The initial number of electrons -Vo has been taken to be 
unity, which is the assumption made by Fletcher. 


III. RESULTS 

The resulting curves together with re-plots of Flet- 
cher’s oscillograms are shown in Fig. 2. The zero value 
of time for each calculated curve has been placed where 
Fletcher marked “zero” on his oscillogram. The possi- 
bility of many more than a single electron at this time 
may account for the discrepancy between the calculated 
and observed time lags. Incorrect values of av may also 
be a factor. In the high field cases the shapes of the 
calculated curves are in general agreement with the 
oscillograms. The poorer agreement in the low field 
cases is reasonable since the approximations made are 
not as likely to be satisfied in these cases. It may be 
noted that the maximum rate of fall of the voltage is 
reasonably correct even in the low field cases. 

Fletcher suggests that in the high field cases the 
flattening-off of the voltage curve after the rapid initial 
fall may be due to a change in the mechanism of cathode 
emission at that point. The calculated curves, however, 
show this same flattening-off, and in this case it occurs 





2 These are tabulated by L. B. Loeb, Fundamental Processes of 
Electrical Discharge in Gases (John Wiley and Sons, Inc., New 
York, 1939), p. 345. 

3H. Raether, Z. Physik 107, 91 (1937). 
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Fic. 2. Fletcher’s oscillograms with calculated voltage curves 


(dotted curves are calculated). 


because the ionization rate falls to a very low value so 
that the number of electrons in the gap reaches an 
almost constant value and the gap has, in effect, an 
almost constant resistance. 


IV. CONSTANT av APPROXIMATION 


If a and v are treated as constants, a solution of 
Eq. (8) is 
ev No/Cé 
V(i)= Vo- q***, (10) 
av+ (1/2R.C) 





This equation gives about the same result as the step- 
by-step solution for the initial bend in the curve. Using 
‘this result, with Eqs. (7) and (8), the initial currents 
may be shown to be 








Noev 1 
Text= = ‘ ———— Jers (11) 
6 1+2RCav 
dV Noev 2R.Cav 
Fond fink 
dt 6 1+2R.Cav 
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Fic. 3. Equivalent circuit for breakdown. 
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According to this theory, then, the ratio between the 
external current and the “displacement current,” 
CdV/dt, for the very early stages of breakdown is a 
constant and is equal to the ratio of the mean ionizing 
time, 1/av, for an electron in the gap to the charging 
time constant, 2R.C, of the gap. This ratio is consider- 
ably less than unity for Fletcher’s high field cases and 
considerably greater than unity for his low field cases, 
The fact that it is constant for any given Vo shows that 
av may be determined experimentally by means of 
oscillograms of the pre-breakdown current. If such meas- 
urements of av could be made they would permit a more 
accurate check on the validity of the theory presented 
here. Measurement of the mean ionizing time may also 
be of considerable value in itself. 


V. CASE WITH INSULATOR 


Fletcher reported an interesting variation of his ex- 
periment. He placed an insulating wafer over one of the 
electrodes. This apparently prevented complete break- 
down because, after a rapid initial drop, the voltage 
began to rise gradually back toward the starting point. 
Essentially the same oscillograms were obtained with 
the insulator placed over either the anode or the cathode, 
and the initial break in the curve was the same with or 
without the insulator. This fits in with the theory pre- 
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Fic. 5. Oscillograms and calculated curves for Fletcher's 
experiment with an insulator on one electrode (dotted curves are 
calculated). 
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CONTRIBUTION TO THE THEORY OF IMPULSE BREAKDOWN 


sented here, according to which the initial voltage fall 
is caused simply by the motion of electrons produced in 
the gap by ionization, no part being played by phenom- 
ena at either electrode. A calculation for this case can 
be made if one assumes that the surface of the insulator 
is an equipotential surface. Examination of Eq. (8) 
for the case without the insulator shows that the gap 
may be represented by the equivalent circuit of Fig. 3. 
With the insulator present, the gap may be considered 
to consist of two gaps in series, with the breakdown oc- 
curring only in the air gap. If the surface of the insulator 
is an equipotential surface, the equivalent circuit is 
modified as shown in Fig. 4. The differential equation 
corresponding to this circuit is 


dV ev No ¢ 
C.—=- exp( f coat) 
dt be 0 
Ci+ C2 Vo—V 
+( )( ). (13) 
Cy 2R. 
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where C; is the capacitance across the insulator, C2 is 
the capacitance across the remaining air gap, 42 is the 
width of remaining air gap, and a and 2 are deter- 
mined by the field in the air gap, which is 


1 C2 1 ‘Ver V¥ 
p=—|v-— -— ve-— f at] (14) 
bo Ci¢Cy C; 0 2R 


- c 


Numerical calculations are shown with the oscillograms 
in Fig. 5. The calculated curve for the case with the 
insulator resembles the oscillograms somewhat, although 
it has a much lower minimum value. The assumption of 
an equipotential surface for the insulator is probably 
not a good one and it would be of interest to perform 
the experiment with the insulator overlaid by a thin 
conductor so that the condition for Eqs. (13) and (14) 
would be better satisfied. 

The author wishes to express his appreciation to 
Professor E. L. Chaffee for his advice and encourage- 
ment. 
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Complicated Domain Patterns on Iron-Silicon Single Crystals* 
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Domain patterns on (100) surfaces of iron-silicon single crystals were observed between successive elec- 
trolytic or mechanical polishings. By repeatedly interrupting the electropolishings to examine the surfaces, 
complicated patterns were observed before simple ones were seen at the time when the surfaces were deeply 
polished. With fine mechanical polishing alone, results similar to those observed with interrupted electro- 
polishing were obtained, including the final appearance of simple patterns. These complicated patterns are 
interpreted as characteristic of strained surfaces. Complicated patterns appearing on heavily polished sur- 
faces are, therefore, believed to be induced by local strains which are not completely removed, like those 
along deep scratches formed during the rough mechanical polishing. 


I. INTRODUCTION 


BSERVATION on ferromagnetic domain bound- 

aries viewed on the (100) planes of iron-silicon 
single crystals (3.8 percent silicon) has showed both the 
well-known patterns! and some that are not so well- 
known.” Tree patterns occur when the plane of the crys- 
tal face is slightly inclined to the (100) planes and 
straight lines appear when the face of the crystal is 
accurately parallel to the (100) planes. In this last case, 
however, several complicated types of patterns have 
been observed. In particular, one can observe chains of 
the type shown in Fig. 1. A series of observations was 
carried out to determine whether the chain patterns are 
caused by surface stresses. The standard techniques for 
obtaining powder patterns have been modified in the 


* Supported by the Office of Air Research. 
‘ Williams, Bozorth and Shockley, Phys. Rev. 75, 155 (1949). 
* Ying, Levy, and Truell, Phys. Rev. 86, 133 (1952). 


course of this work. It was, for example, found that 
mechanical polishing without any electrolytic polishing 
could be done in such a way as to produce domain pat- 
terns about as satisfactory as with electrolytic polishing. 
In fact, mechanical polishing produces a flatter surface 
and leaves less etch pits than electrolytic polishing does. 
There are, moreover, materials which cannot be satis- 
factorily electropolished. 


Fic. 1. Crystal 
axes+. Photograph 
shows the chain type 
of patterns. X50. 
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Fic. 2. Crystal axes +. Series of patterns, observed on different areas of a (100) surface of Specimen I, as the surface was 
electrolytically polished to greater depth after rough mechanical polishing. 70. 


Two iron-silicon single crystals were used in the work 
to be described. Both crystals were cut with their edges 
parallel to the cubic axes. One specimen was 9X9X9 
millimeters; the other was 9X56 millimeters. These 
will be referred to as I and II, respectively. 


II. EXPERIMENTAL OBSERVATIONS 


A. Patterns from Electrolytic Polishing 


One face of Specimen I was mechanically polished 
without the usual care so that the surface was relatively 


rough compared with what is possible when care is used. 
This surface was then repeatedly electrolytically pol- 
ished, and care was used to avoid any straining of the 
surface between polishings. Each electrolytic polishing 
operation was relatively brief and the surface was 
examined after every polishing. Many strange patterns 
appeared at different stages of the electrolytic polishing; 
these patterns rarely survived the next polishing. 
Figures 2-4 each show a series of such patterns resulting 
from successive brief polishings. The patterns in Fig. 2 
were taken from different areas of the surface, but each 
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Fic. 3. Crystal axes+. Series of pat- 
terns, observed in the same experiment 
as that yielding Fig. 2, but on the same 
area of the surface. On further electro- 
lytic polishing, the shortening curved 
streak completely disappeared. X70. 


was typical of patterns occurring at the time over the 
entire surface. These domain patterns in question show 
the trend of the change in the patterns with electrolytic 
polishing. Figure 3 shows a series of patterns obtained 
from one area in the experiment just described. A curved 
streak is present in the whole series. An enlarged view of 
Fig. 3(c) is shown in Fig. 4(b). A similar view of the 
same curved streak just before a light electrolytic 
polishing (which resulted in the pattern of Fig. 3(c)) is 
shown in Fig. 4(a). 

In another experiment one of the 5X9 millimeter 
surfaces of Specimen II was mechanically polished and 
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then electrolytically polished so that the patterns 
visible, which were simple patterns, did not change with 
further electrolytic polishing. At this stage, a groove 
about 0.3 mm deep was made on the surface with a glass 
cutter. The groove was approximately parallel to the 
9-mm dimension of the surface, and it extended for 
nearly the length of the crystal. After putting the groove 
in the face of the crystal, the surface was repeatedly 
electrolytically polished. Figure 5 shows a series of 
patterns observed at various stages of electrolytic 
polishing and at different points along the groove; the 
patterns were, however, representative of all regions 
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I'iG. 4. Crystal axes +. Enlarged views of the curved streak in Fig. 3, at two different stages of electrolytic polish- 
ing. (a) changed into (b) after the surface was briefly electropolished. (b) is an enlarged view of Fig. 3(c). 50. 


of the groove except the ends. Pattern 5(c) survived 
several electrolytic polishings, but patterns 5(d) to 5(f) 
did not appear until the groove was pretty well removed 
by the electrolytic polishing. At this stage, the surface 
was quite curved from the successive polishings, and 
the tree patterns extended over large portions of the 
surface near the corners. The heavy electrolytic polish- 
ing also produced the large etch pits in the later photo- 
graphs. A pattern similar to that in Fig. 5(a) was also 
observed in the neighborhood of a light scratch made 
with a pin. 


B. Patterns from Mechanical Polishing 


Attempts were made to remove the strained top 
layers of a surface by careful fine mechanical polishing. 
The surface of Specimen II, which had been deeply 
etched from the groove experiment, was polished on 


2/0 emery paper until the surface was flat. The surface 
was then polished with progressively finer abrasives. 
The final polish was given with a distilled water sus- 
pension of micropolish powder applied with a microcloth 
surfaced polishing sheet. The final polishing required 
some time and was interrupted many times to look for 
domain patterns. Patterns similar to some of those in 
Fig. 2 were first observed, and these were followed by 
regular tree patterns over the entire surface. One of the 
tree patterns so obtained is shown in Fig. 6(a); some of 
the scratches which remain in this figure indicate the 
directions of magnetization. A simple way to introduce 
light scratches for this purpose is to first wipe the pol- 
ished surface with ordinary facial tissue and then 
lightly electropolish it. 

The technique of producing domain patterns by 
mechanical polishing alone was repeated on Specimen 
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Fic. 5. Crystal axes +. Series of patterns, observed on different areas along a groove made on a (100) surface of Specimen II as the 
surface was repeatedly electropolished. The strained region has a width approximately half of the width of any of the photographs. 
Patterns appear on two sides of the groove, leaving a blank region in its middle. X70. 


I. The same surface studied earlier was used to obtain 
the pattern shown in Fig. 6(b). The series of patterns 
leading to the final pattern 6(b) is shown in Fig. 7. 


III. DISCUSSION AND CONCLUSIONS 


In preliminary studies’ patterns similar to those in 
Figs. 2(f) and 6(b) were regularly observed, and close 
examination shows that these patterns are similar to the 
patterns making up the irregular long narrow chains 


shown in Figs. 1 and 2(c). There are some differences 
between the patterns 2(f) and 6(b) and the patterns in 
the chains. First, of course, there is the difference in the 
size of the patterns; the patterns in the chains are much 
smaller. Second, while the direction of the track of the 
larger patterns is parallel to a crystal (cubic) axis, that 
of a chain may vary irregularly. Examples of the matter 
just mentioned are shown in Figs. 4(a) and 4(b). In par- 
ticular, Fig. 4(b) illustrates the point that, while the 
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Fic. 6. Crystal axes +. Final patterns observed on the respective (100) surfaces of (a) Specimen II and (b) Specimen I. 
These patterns were produced by mechanical polishing alone. 70. 


individual walls appear to be either parallel to or at 45° 
to the cubic axes, the chain wanders. Third, the chain 
patterns disappear with sufficient electrolytic polishing 
while the larger patterns remain. It seems likely that the 
larger patterns (similar to Figs. 2(f) and 6(b)) arise from 
some residual internal stress in the crystal. The crystals 
used were all annealed when grown, but not usually 
thereafter. However, one of the crystals examined in the 
preliminary study was reannealed at 1000°C. In this 


case, the larger patterns previously observed disap- 
peared, and the proper (simpler) type of pattern ap- 
peared. The appearance of the larger patterns (of type 
shown in Fig. 2(f)) in final stages of polishing of the 
unannealed samples is therefore not surprising. These 
last mentioned patterns occurring along with straight 
lines are interpreted as meaning that the surface under 
study is very close to being strain-free. 

The patterns observed in earlier stages of polishing 


Fic. 7. Crystal axes +. Series of patterns observed on different areas of the (100) surface of Specimen I, 
as the fine mechanical polishing was proceeding. X70. 
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(similar to those in Figs. 2(a)—2(e), or in Fig. 7) are then 
characteristic of surfaces strained to relatively high 
degree. Successive electropolishing removed consecutive 
surface layers which had been strained (by previous 
rough mechanical polishing) to progressively lower 
degrees. The series of patterns in Figs. 2 and 3 indicate, 
therefore, how domains change with decreasing strain. 
From the similarity between patterns in Fig. 7 and those 
in Fig. 2, it is concluded that the fine polishing employed 
in this work served the same purpose as the electrolytic 
polishing. 

Some of the patterns observed are apparently directly 
connected with deep scratches formed during rough 
mechanical polishing. The term “direct connection”’ is 
used to mean that these patterns are located on the 
crystal face exactly where these scratches had been. Thus 
in Figs. 2 and 7 many small disordered patterns have 
long, narrow, straight outlines. Furthermore, isolated 
but apparently related groups of these patterns were 
observed as in Fig. 8. It appears that these isolated 
patterns in Fig. 8 lay along the track of one straight 
scratch or strained area which had been broken into 
sections by polishing because of the uneven depth of the 
strained area. 

The chain patterns mentioned in the introduction and 
shown in Fig. 1 are one type of these patterns directly 
connected with deep scratches. Figures 3 and 4 illustrate 
this point because the curved streak can only be an 
accidentally incurred deep scratch. The preceding dis- 
cussion seems to explain why with standard powder 
pattern technique the chain patterns were sometimes 
observed; some of the scratches were so deep that they 
were not completely removed by the normal electro- 
polishing. 

Figure 5 resulting from the groove experiment gives a 
similar clue to the origin of the complicated patterns. 
The situation here is somewhat different from that 
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Fic. 8. Crystal axes +. Photograph shows isolated, but 
apparently related, patterns. X70. 


involving scratches because the cutting action of the 
abrasives is not exactly the same as the pressing action 
of the glass cutting wheel. Nevertheless, in either case 
the crystals were deformed. In Figs. 5(d)—-5(f), patterns 
similar to those of the chains appeared along the groove. 
It will be noted that the patterns did not appear si- 
multaneously on both sides of the groove; this is prob- 
ably due to the unequal stresses applied to the two sides 
when the groove was made. However, unlike the case of 
scratches, no patterns appeared in the middle of the 
groove, and the patterns in Figs. 5(d)—5(f) were larger 
than regular. chain patterns. One might classify the 
patterns 5(d)—5(f) as similar to those patterns in Figs. 
2(f) and 6(b). It is possible, in other words, that there is 
no real difference, except in size, between the chain 
patterns and the larger patterns. 
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The reflection of elastic waves at plane solid-vacuum interfaces and the two-dimensional solutions of the 
vector equation of equilibrium for elastic waves propagating through elastic plates of uniform thickness are 
investigated. Both the isotropic solid and the cubic system of nonpiezoelectric single crystals are treated. 
The objective is to compare multiple reflection solid delay lines, isotropic versus single crystal, in terms of the 
thickness of the plate required for satisfactory propagation and reflection characteristics. The sections on 
wave propagation are not exhaustive, but consider the particular wave mode that most closely resembles the 
plane shear wave with diplacement component normal to the faces of the plate. In the sections on single crys- 
tals, it is shown that plane shear waves propagate with a speed independent of the direction provided that the 
displacement is parallel to a crystallographic axis. The reflection laws for these plane shear waves are the 
same for isotropic solids and single crystals provided that the displacement is contained in a plane that is 
parallel to the stress-free interface. A calculation compares the wave propagating characteristics of plates of 
fused quartz and calcium fluoride for operation at 15 mcs. The plate of calcium fluoride should be roughly 
three times thicker to give the same performance as the plate of fused quartz. 


I. INTRODUCTION 


RIOR to World War II the propagation of elastic 
waves in solid media was chiefly the concern of 


theoretical geophysicists. However, with the advent of. 


solid and liquid delay lines as the component parts of 
electronic equipment during World War II interest in 
the elastic wave propagation problem was revived 
among other research workers. Of particular interest 
was the analysis of the propagation and reflection prob- 
lems that are inherent in multiple reflection solid delay 
lines. Although a great deal of material relevant to the 
propagation and reflection of elastic waves is available 
in the literature, there is no treatment that embraces 
collectively the qualities of propagation and reflection 
that are peculiar to the multiple reflection solid delay 
line. 

The geometrical configuration of the solid delay lines 
which led to this paper consist of elastic plates of uni- 
form thickness that are bounded by several perpendic- 
ular plane reflecting surfaces. The types of solutions 
that are considered in detail arise from the behavior of 
plane elastic waves that are incident upon a plane solid- 
vacuum interface of a semi-infinite isotropic solid. 
Plane waves of shear, or displacement, whose displace- 
ment lies in planes that are parallel to the stress-free 
interface obey the laws of geometrical optics; i.e., the 
incident and reflected amplitudes are equal and the 
angle of reflection equals the angle of incidence. For 
plane elastic waves whose displacement lies in any other 
plane not parallel to the interface this simple law is not 
fulfilled on a stress-free surface; in fact, the behavior is 
a function of the angle of incidence and the polarization 
of the displacement with respect to the interface. 

These facts now serve as a guide for the selection of 
solutions of wave propagation in an isotropic elastic 
plate. The actual delay line presents a difficult three- 

* The work which resulted in this paper was largely supported 


by the Air Force, Rome Air Development Center, under Contract 
No. AF 28(099)-73. 


dimensional problem; consequently, the infinite elastic 
plate of uniform thickness is considered, and to be sure, 
the elastically isotropic plate is considered first. Solu- 
tions of the two-dimensional problem are effected, viz., 
the solutions are functions of the propagation coordi- 
nate and the thickness coordinate only. Although a plane 
shear wave whose displacement is perpendicular both 
to the direction of propagation and to the thickness 
direction is possible, this mode is considered unsuitable 
for delay lines since the single component of the dis- 
placement vector, in general, does not lie in planes that 
are parallel to the reflecting surfaces of the actual delay 
line, except for the trivial case of normal incidence. 

The other solutions for the two-dimensional wave 
propagation problem do not yield plane wave solutions; 
however, of the finite number of possible modes there is 
one solution that deserves particular attention. The 
speed of propagation of the wave for this particular 
solution is negligibly different from the speed of a plane 
shear wave in an unbounded medium provided that the 
frequency-plate thickness product is large enough. 
Moreover, the dominant component of displacement 
for this solution is perpendicular to the plate surfaces; 
i.e., this component of displacement lies in planes that 
are parallel to the actual reflecting planes of the solid 
delay line. In addition, this solution degenerates into a 
plane shear wave solution as the thickness increases, the 
frequency of excitation being held constant. If this 
limiting solution is considered as a first-order approxi- 
mation to the actual solution, then the reflected wave is 
independent of the angle of incidence at a reflecting 
interface. (This component of displacement is not domi- 
nant in the immediate neighborhood of the plate 
surfaces. ) 

The behavior of plane elastic waves at plane solid- 
vacuum interfaces in the unbounded isotropic solid is 
extended to include the cubic system of nonpiezoelectric 
single crystals. It is possible for a plane wave of shear to 
propagate in this class of crystals with a speed of propa- 
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ELASTIC WAVE 


gation that is independent of the direction of propaga- 
tion provided that the displacement is parallel to a 
crystallographic axis (or perpendicular to a crystallo- 
graphic plane). The stress free boundary condition at a 
plane crystal-vacuum interface which is parallel to one 
of the planes that contain this displacement are satisfied 
by incident and reflected waves of the same amplitude 
provided that the angles of incidence and reflection are 
equal. Furthermore, this reflection law is independent 
of the direction of propagation in a crystallographic 
plane. 

The propagation of waves in the single crystal infinite 
plate is studied. This plate is of uniform thickness, the 
thickness direction being parallel to a crystallographic 
axis. The two-dimensional solutions are assumed and it 
develops that for a sufficiently large frequency-plate- 
thickness product that a solution exists which corres- 
ponds to a speed of propagation that is negligibly differ- 
ent from the speed of the plane shear wave whose dis- 
placement is parallel to a crystallographic axis, the plate 


‘thickness direction. This speed of propagation depends 


negligibly upon the direction of propagation (for the 
range of variables considered) and the dominant com- 
ponent of displacement, which is parallel to the thick- 
ness direction, is relatively insensitive to the direction of 
propagation. As the thickness increases this solution 
degenerates into the plane shear wave, the frequency 
being considered constant. It thus appears that as 
regards this type of wave propagation, the single non- 
piezoelectric crystals of the cubic system compare favor- 
ably with the isotropic solid. 


Il. REFLECTION OF PLANE SHEAR WAVES AT AN 
ISOTROPIC SOLID-VACUUM INTERFACE! ? 


With reference to Fig. 1, plane shear waves are inci- 
dent upon the stress free plane «=0 at an angle a with 
respect to the normal. The displacement vector lies in 
the xy-plane and is normal to the direction of propaga- 
tion. Medium losses are neglected and the amplitudes of 
the waves are assumed small. Then the following rela- 
tions exist among the amplitudes of the incident and 
reflected shear waves, A; and A», and the amplitude of 
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'J. F. Macelwane and Sohon, Introduction to Theoretical Seis- 
mology (John Wiley and Sons, Inc., New York, 1936). 
*—D. L. Arenberg, J. Acoust. Soc. Am. 20. 7-10 (1948). 
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the generated compressional wave A,. 


Az 4cot(a)[vr*v,? csc?a—v,4}'—2,*[cot?a—1} 





A, 4cot(a)[v7r’vz? csc?a—v,? }}+2,7[ cot?a—1]? 





By 40 1v7(cota—1) cot(a) 





A, 4[vr’v,? csc?a—vz*}! cot(a)+2,2(cot?a—1)? 


In these two expressions V; and V7 are the speeds of 
propagation of plane waves of compression and shear, 
respectively, and are related to the Lamé constants of 
the medium X and uy, and the density of the medium p 
by the following formulas: 


vn=(A+2u/p)} 


Moreover, the angle y of the generated compressional 
wave is given by siny=(vz/vr) sina. These relations 
are valid for angles less than the critical angle defined by 
sina=v7/v,; for larger angles of incidence a boundary 
compressional wave exists, 42=A,, and a phase shift 
exists between the incident and reflected shear waves. 

On the other hand, for a plane shear wave whose 
displacement is parallel to the z axis, As=A,, and 
B,=0. This polarization possesses obvious advantages 
over the other polarization. 


vT= (u ‘p)?. 


III. PROPAGATION OF ELASTIC WAVES 
IN ISOTROPIC PLATES** 


Figure 2 represents a section of an isotropic elastic 
plate of uniform thickness, 2. The plate is unbounded 
in the x and y directions. Harmonic time dependence 
is assumed, and solutions of the vector equation of 
equilibrium are effected for dissipationless wave propa- 
gation in the x direction, which solutions are independ- 
ent of y. v=speed of wave propagation, s=xu+zw, the 
vector displacement. x, z are unit vectors in the x and 
z directions, respectively, with « and w the correspond- 
ing components of s, p=density of the medium, 


kp= w/dr, ky= w/v ze k= @, /y, 
3H. Lamb, Proc Roy. Soc. (London) A, 93-114 (1917). 
4S. Timoshenko, Phil. Mag. 43, 125 (1922). 


5 A. N. Holden, Bell System Tech. J. 30, 956 (1951). 
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TABLE I. vz =5.96X 10° cm/sec. 











2h(cm) (em~) ah (degrees) v/vt =kx/k 
0.636 3.9727 72 1.0003156 
1.272 2.6740 97 1.000143 
2.544 1.1403 83 1.000026 


w=angular frequency of excitation, T7,., T.., the x and 
z components of the stress tensor on the planes, z= 
constant, A=(V-s), the dilatation, and Q=3(V Xs), 
the rotation. All other symbols are as stated in Part I. 

The components of displacement are derivable from a 
scalar potential ¢, and a one-component vector poten- 
tial y, that satisfy the following two-dimensional scalar 
Helmholtz equations: 


(V?-+k1*)o=0, (V°-+kr’*)y=0, 


and these solutions satisfy the vector equation of equili- 
brium 
(A+ 2u)V(V-s)—nVX (VX 8)+w*ps=0 


provided that dy/dy=0, [V-(vector potential) =0], 
which is true by assumption. The displacements are 
given by 





Od dy Od dy 
Poe, Pion, 


w= : 
Oz Ox Ox O02 


and the two components of the stress tensor required are 


Ou Ow : Ow 
Ta=u(—+—), T.2=(V-s)+2u—- 
Oz Ox Oz 


The boundary conditions require 
T.(x,s=+h)=0, T,.(x,2=+h)=0. 


Three ranges of & are considered and for each range two 
types of solutions exist. 


(1) kp>k>O. 
A set of acceptable solutions is 
v= B cos(Bz) e~*** 


=A sin(az) e~***, 


with the allowable values of k given by solutions of the 
frequency equation 


4aBk* sin(Bh) cos(ah)+(s?— 
with 


k*)? sin(ah) cos(Bh)=0, 


=k?—-k, B=k—F, 


and 
2ak cos(ah) 


(3? — k*) cos(Bh) 


B=iA 


There is a limiting root of this equation corresponding to 
ah=7, a—0, ho, but this leads to the trivial result 
“u=w=0. Now consider the solutions 


v= B sin(Bz) e~*** 


=A cos(az) e~**?, 
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with 
t2ak sin(ah) 


~ (k2?— 8?) sin(Bh) 
and frequency equation 


4aBk’ sin(ah) cos(Bh)+ (B?— k?)' 





)? cos(ah) sin(Bh)=0, 


Consider the limiting root of this equation satisfied by 
ah=1/2, a0, h-~«. A calculation shows that w—0, 
u——ik A e~‘*£* for finite values of z. These solutions 
are thus compressional (or dilatational) in character by 
reason of their limiting plane wave form. It is empha- 
sized that the limiting form of the solutions assumes a 
fixed but arbitrary frequency, the thickness of the plate 
increasing without bound. The root & that is the first 
root less than k, for fused quartz at a frequency of 15 
mcs is presented in Table I. The speed of propagation » 
is negligibly different from v, and the Gonsinamt compo- 
nent of displacement for this root is u, for |z| <h. 


(2) kr>k>k1. 
One set of solutions for this range of & is 
o=A sinh(az)e~**, w=B cos(Bz)e—**?, 


a=k?—k,?, B?=kr?—k? 





(6?— k*) cos(Bh) 
“u= Hl - — sinh(az)+ 8 singe fe os 


2a cosh(ah) 


(8°— k?) cos(Bh) 
w= —t1l |- ———————— cosh(az)-+k cos(6) fe an” 
2k coshah 


aie" sin’*@— a”) cos(2¢) cos(k rh cos) 


fey ed eh eed 


4a sing cosh(ah) 
X {exp az—ikrx sin(r— ¢) ] 
—exp[—az—ikrx sing }}, 
k7’*B 
Q=- - {exp| —ik7r(z cosla—¢ |+-xsin[x—¢]) ] 
+exp[—ikr(z coso+<x sing) }}, 
(8°—k?) cos(Bh) 
én | — cone ~| 


i2ak cosh(ah) 


and the allowable values of & are given by 


4aBR* sin(Bh)+ (6?— k’)? tanh(ah) cos(Bh)=0. 


TABLE II. 2h=0.636 cm, v7 =3.76X 10° cm/sec. (n= root number). 








n B(cm” ) Bh 





cos(Bh) v/vT = kr/k 

~4...COS A 93.9 —0.06 1.000210 
2 15.42 280.92 0.19 1.001892 

3 25.5 468.01 —0.309 1.005278 




















ELASTIC WAVE PROPAGATION 


In the expressions for the dilatation A, and rotation 
Q, the angle @ with respect to positive z is defined by 
k=kr sing. A limiting solution is given by Bh= 2/2, 
p0, h-~, and for this solution u—-0, A-0, w—> 
—ikpBe-**T*, Q-—>k7’B/2 €‘*T*, These are plane shear 
waves and waves of rotation for finite values of z. 
Table II presents the first three roots for which k<kr 
and f=15 mcs, for fused quartz. In contrast to the first 
range of k which is characterized by limiting plane com- 
pressional waves this region is characterized by limiting 
plane shear waves. 

Corresponding to the values presented in Table II for 
n=1 the component parts of the displacement terms 
are compared for |z| <0.8h. The displacement compo- 
nents are 


(k?— 8B”) cos(Bh) sinh(az) 
= , u2= B sin(Bz), 
2a cosh(ah) 





i(8°— k*) cos(Bh) cosh(az) 


2k cosh(ah) 





w= We= — ik cosBz, 


omitting B and the exponential factor. Since a= 194 and 
k=kr for n=1, the following inequalities are valid for 
the range of z defined by :<0.8h: 


u2|>>|m|, |wel>>lwil, | e2|<«K| we}. 

Thus, w2 is dominant in this range although wy» is not of 
uniform amplitude, the requirement of a plane wave. 
Nevertheless, the speed of propagation is negligibly 
different from the speed of plane shear waves. 

In the multiple reflection solid delay line with operat- 
ing frequency, plate thickness, and physical constants 
as presented in Table II, it is an experimental fact that 
roughly 30 percent of the energy available for conver- 
sion into elastic wave energy is available for reconver- 
sion after traversing the complicated path of the delay 
line, medium losses having been subtracted out. A 
number of reflections at varying angles of incidence are 
encountered in the total delay path. Moreover, this 
energy available for reconversion has traveled with a 
speed negligibly different from the speed of plane shear 
waves. 

The source mechanism is of such a nature and size, 
for the frequency of operation, that in addition to the 
elastic wave field being highly collimated in the plane 
of the plate, the solution under discussion should be a 
good approximation to the actual wave field at some 
distance from the source. Moreover, it is known experi- 
mentally that sources which excite compressional type 
waves and shear waves with displacement in the plane 
of the plate and perpendicular to the direction of propa- 
gation result in less satisfactory performance. This is to 
be expected, however, from the nature of the reflection 
laws that govern these wave types at a plane solid- 
vacuum interface, as outlined in Part II. Consequently, 
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Fic. 3. Relation between coordinate axes (x,’, x2’, Z) and crystal- 
lographic axes (X, Y, Z) for the discussion of plane wave propaga- 
tion. 


the wave mode under consideration is favored both 
experimentally and theoretically. 

With this information it is seen that a sizeable portion 
of the elastic wave field behaves like a plane shear wave 
whose component of displacement is parallel to the 
thickness direction. This plane shear wave behavior 
improves as 8 becomes smaller, / increasing. It therefore 
seems safe to conclude that a value of Bh=93.9 (from 
Table II) provides a practical thickness frequency re- 
lation for which the plane shear wave representation is 
satisfactory for engineering design purposes. 

Another admissible set of solutions is given by 


o=A cosh(az)e—**?, 


v= B sin(Bz)e~**”, 


(B?— k?) sin(Bh) 
{= B( ) , 
i2ak sinh(ah) 


with frequency equation 





4aBk* tanh(ah) cos(Bh)— (B*— k*)* sin(Bh) =0. 


For the limiting case Bh= 2, B—0, h—~, the values of 
A, u, and w vanish. This solution does not degenerate 
to the plane shear wave solution for increasing values of 
h, the frequency being fixed as in the previous cases. 


(3) x >k> kr 
A set of solutions are 


o=A sinh(az)e~'**,  w=B cosh(Bz) e—'*?, 
or 
=A cosh(az) e~‘**, 


v= B sinh(Bz) e~***. 


High frequency solutions in this range lead to surface 
wave solutions, but these are discussed in detail in the 
literature.* 


IV. PROPAGATION OF PLANE WAVES IN THE CUBIC 
SYSTEM OF NONPIEZOELECTRIC CRYSTALS 


Let the set of rectangular axes (x1, x2, x3) correspond 
to the crystallographic axes (X, Y, Z) (see Fig. 3). The 
single crystal is assumed spatially unbounded and 
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medium losses are neglected.® c;;,; are the elastic con- 
stants expressed as components of a fourth rank tensor. 
(1;', U2’, #3’) are the components of the displacement vec- 
tor referred to the axes (x;’, x2’, x3’); Sxi/=4[(Ou,’/dx/’) 
+ (Au;'/Ax,') | are the components of the second rank 
strain tensor; 7';;’=cijx:'Sxi' are the components of the 
second rank stress tensor. Primed quantities refer to the 
variables expressed in the primed coordinate system 
which is obtained from the crystallographic system by 
rotation through the angle @ about the x; axis; more- 
over, repeated indices imply summation from 1 to 3. 
The component equations of equilibrium specialized to 
harmonic time dependence reduce to 
07,” 
Cijne’ - +wpu;'=0 (i=1, 2, 3), 
Ax; Ox,’ 

after the relations ¢; jx; =cij1’ have been invoked. Of 
course, further symmetries are 7;;’=7);;', Sx! =Si’. 

Assume plane wave solutions for propagation in the 
positive x,’ direction. The equations of equilibrium 
become, for u;’=A;exp(—ikx;’), are —c’jjx1:Apt+ 
w*pA;=0. The fourth rank tensors c;;,;/ transform as 
OX, OXg OX, ON, 








, 
Cijkl = C pars ’ 
Ox,’ Ox;' Ax,’ Ax; 
where 
| Ox, OX» OX3 
— cosé siné OQ 
Ox; Ox) Ax,’ 


Ox, OXe OX; : 
- — ——l/=//—sin@ cos? 0 
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in matrix form. The execution of the required transfor- 
mations, summations, and some simplification, lead to 
the final equations of equilibrium 


(w*p— k®c11')A1— k?c16 A2=0, 
— k*¢49'A 1+ (w2p— keg’) A2=0, 
(w*p— k*c44)A3=0, 


where ¢41, C12, and c44 are the three independent elastic 
constants that characterize the cubic system. The 
elastic constants in the rotated coordinate frame are 
given by 


én =¢n—c sin?(20) = C29’, 


c’ 
Cie = —— sin(46) = cg’, 
? 


Ces. = Caat c sin?(26), 
~ — - r., - 
C44 = Cop = C4, 


with c’=4$(¢i1—C12—2c44). (The solutions for the iso- 
tropic solid is obtained by putting ¢c1.=A+2y, ¢2=\, 
C44= mu, and then c’=0.) One immediate consequence is 
that the displacement component u;’ propagates with 
the speed vr=w/kr= (c4s/p)' independent of the angle 
of rotation @. In addition, as is well known,’ u,' and 
uz’ are decoupled at the angles 2=0° and @=45°. The 





Axe’ Axe Axe! propagation numbers for the coupled ™;’—w»’ system 
i i fh for other values of 6 are obtained from the determinantal 
SS 0 0 1 equation that results from nontrivial solutions for a’ 
|Ox,' Ox3' Axs'|| and 1’. The roots are given by 
w"p (Curt Cas) { (C11— Cag)? +40’ (€’+ Cag— C11) sin? (28) }! 
h,?=—x—— = - 3 
2 €11C44— € (c + Cu4— C11) sin?(26) 


thus, two-coupled system can propagate with the 
speeds 2 and v, 
"0 =A, exp(—ik,2’), 
11>, k, ; 
us) = Ao exp(—ik,2’), 


u, = A, exp(—ik_x’), 
us) = Ay exp(—ik_xy’). 


For plane wave propagation in the x—2(*«:— x3) ctystal- 
lographic plane the equations are 
(w2p— k?¢33')A = k?c35'A i= Q, 
= kh? C35'A a+ (w?p— k?¢55')A i= 0, 
; (w*p— k7c44)A2=0, 
*W. P. Mason, Piezoelectric Crystals and Their A pplication to 


Ultrasonics (D. Van Nostrand Company, Inc., New York, 1950), 
p. 446. 











with the elastic constants given by 


, 


c 
Cag’ ot oom sin(46) = Cea 
9 


a a —_ x 
Cag = Cop = C44, 


Css. = Cast c’ sin?(26) 


C33 = Cu 4 sin?(2@), 
c= 3 (Cu— 12+ 244). 


In this case u2’ propagates with the speed v7 independ- 
ent of 6. Similarly, the equations of plane wave propa- 
gation in the Y—Z(x2—~;) crystallographic plane show 
that u,;’ propagates separately from ue’ and m3’ inde- 
pendent of direction in that plane. 


7H. B. Huntington, Technical Report No. 10 (Research Labora- 
tory of Electronics, M.I.T., March 21, 1947). 
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ELASTIC WAVE 


y. REFLECTION OF PLANE ELASTIC WAVES AT A 
SINGLE CRYSTAL-VACUUM PLANE INTERFACE 
IN THE SYSTEM OF NONPIEZOELECTRIC 
CUBIC CRYSTALS 


In Fig. 4 plane elastic waves, which are independent 
of x3, with displacement component perpendicular to 
the X—Y plane are incident upon the interface at the 
acute angle a, the normal to the interface x,’ making the 
acute angle @ with the X axis. The boundary conditions 
are that 7y)’=T2)'/=7T3)/=0 at x,/=0. These trans- 
formed components of the stress tensor are 

us! 
T 31’ = Cas—- 
Ox,’ 


T;'=0, T>'=0, 


(This is entirely analogous to the isotropic case where 
T3:= “0u;/0x,’.) The solution 


u;'= A‘ expLikr(x;’ cosa—x2’ sina) | 
+A;" expl—ikr(xy’ cos8+-x,' sinB) } 


automatically satisfies the boundary conditions if the 
angles of reflection and incidence are equal, B= a, and 
the incident and reflected amplitudes are equal, 
A;'=A;”’. A similar investigation for an interface nor- 
mal to the YZ plane shows that on this interface Tj.’ 
=¢44(01;'/OX2’), To22’=T32'=0, and for an interface 
perpendicular to the ZX plane there results T»2;’= 
¢44(Ou2"’ /Ox3'), Ty;'=T33’=0. This completes the anal- 
ogy between the reflection of plane waves at isotropic 
solid-vacuum plane interfaces and at single crystal- 
vacuum plane interfaces which are perpendicular to a 
crystallographic plane, both of which cases are charac- 
terized by the displacement vector being in a plane that 
is parallel to the interface. 


VI. PROPAGATION OF ELASTIC WAVES IN SINGLE 
CRYSTAL ELASTIC PLATES OF THE 
NONPIEZOELECTRIC CUBIC SYSTEM 


Figure 2 depicts the plate geometry by putting 
x=x,', Y= Xe’, s= Z=X;. The independent variables are 
now (x,’, x3), the solutions being independent of x2’. 
The angle @ has the same meaning as in Part IV. The 
boundary conditions are that 


T33'(x3= +h)=0, T 23’ (x3= +h) =0, 713 (x3= +h)=0. 
Assume the x,’ dependence to be exp(—ikx,’) and 
again omit the time dependence given by exp(iw/). The 
equations of equilibrium become 


(w*p— k* C41’ ) V + Rc16 V2’ 


a?V,’ dV; 


+ cu——— ik( 12+ cus) —=0, 


dx," dx3 


d?V, 


R?c6' V1'+ (w*p— k?co6) V2’ + cas —— =, 
dx;" 


dV,’ ; d*V ;' 
— ik(¢y2+ C44) ——+ Caa(h?— R?) V3 + ¢4;— =(), 


dx; dx,” 


PROPAGATION 


IN SOLID MEDIA 1351 
in which equations (V;’, V2’, V3’) represent the x;- 
dependence of the displacement components (1', 12’, 
u3’). At the two angles 0=0 and @=45, the u2’ compo- 
nent is decoupled from the system and propagates with 
the speeds v(0°)=(c4s/p)! and 2(45°)=(¢11—C12/2p)! 
but at all other values of 0, 0<6<90, all three compo- 
nents of displacement are coupled. The components of 
the stress tensor on the planes «;= constant are given by 


Ou, dus’ Ou! 
Yd -” 
T 3 = Cag ——— » 13 =Cu—, 
OX Ox, OX; 
Ou,’ Ou,! 
ion 
T33. = C1¢— ee cas 
Ox 1 Ox 3 


From the set of simultaneous differential equations, a 
sixth-order differential equation in V;’ is now derived 
by elimination. This equation is 





dV 3 d‘V;' 
- + {K+ K-?+ K;*+ Ky’}—_+ {Kv"(K2?+ K3’) 
dx o dx 3! 
a’V," 
+ K?K;?+ K3’Kq’— Ks"} 
dx," 


+ K,?(K2?K;"— Kg?) V;'=0 
with 


3 C44 
K?=—(kr?—F), 


/ 
_ r C11 
K.*= ky? ——k? 9 
C11 C44 


Coe. k*(Cyo+ C44)” 
K 3 = (ar -#) ; K?= = - 


C44 C11044 





’ 


keg. 
K.= erat + 


C44 


The coefficient of the last term can be written in the 
alternative form as 


cincasK °(K2?K 3 — Ks?) = (kr? — kh’) (h? — kh”) (—k_’) 
x (crrcag—' [e+e — C11 | sin?(24)) 


in which c’, k,, and k&_ are as defined in Part IV. 
A particular solution for u;’ is now assumed to be 3’ 
= {A cosh(ax3)+ 8 cos(Bx3)+c¢ cosh(yx3)} exp(—ikxy’), 


VACUUM 









SINGLE "2 
CRYSTAL 





Fic. 4. Relations between coordinate axes (x;’, x2’), crystallo- 
graphic axes (X, Y), and directions of propagation and reflection. 
Plane of paper is the plane Z=constant. 
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where ta, +7, +i6 are the six roots of the differential 
equation for values of k that are just less than kr 
=w(p/css)!. This particular solution is selected by 
analogy to the solution of the isotropic elastic plate of 
Part III (2) for the range kr>k>k,, which solution 
degenerated into a plane shear wave for increasing 
values of plate thickness. Apart from that fact the 
selection is justified by numerical results that are 
presented later. The other two components of displace- 
ment are derived from the original set of simultaneous 
differential equations. They are 


uy’ = {a,A sinh(ax;)+5,B sin(Bx3)+c,C sinhyx3} 
Xexp(—ikx’), 
uo’ = {a2A sinh(ax;)+52B sin(Bx3)+02C sinh(yx3)} 
Xexp(—ikx,’), 
in which relations a, b;, and c; are given by 


Caa(Rr?— k*)+ acy Caa(kr*—k*)— Ben 








a\,= , b= ‘ 
iRk(Ci2+ C44) ik(c12+ C44) 8 
cas(Rr?—k*) +721 ’ 
(eee 
iR(Cy2+ C44) Y 


and d2, bs, and c2 are given by (for 60, 45) 


[c4s(0?+ kr?) — coe’ las= — kci¢' dy, 
[ess(—B+kr’)— R°ce6’ |bo= = R°c16'by, 
[ess(y?+hr*) — cee’ leo= — Rcy6'c1. 
The coefficients a;, 5;, and c,; are obtained from the 
differential equation that relates V;’ and V;’ while ao, 
be, and c2 are obtained from the equation that relates 


V;’ and V,’. The application of the boundary conditions 
leads to the system of equations 


(aa,—ik)A cosh(ah)+(8b,—ik)B cos(Bh) 
+(ye1—ik)C coshyh=0, 
aa2A cosh(ah)+8b.B cos(Bh)+yceoC cosh(ah)=0, 

(acy, —1key2a,)A sinh(ah)+ (Bey+ikey2b;)B sin(Bh) 

+ (¥e11.— tke y2¢,)C sinh(yh) =0. 

Nontrivial solutions require that the determinant of the 

coefficients of A, B, and C vanish. This leads to the 

frequency equation: 

{[yve11—tke12¢1 | Bb2(aai— ik) — aa2(Bb,—ik) ] tanh(yh) 
+ [aci1— ike 20) |[ yc2(Bbi—ik) — Bbo(-yc1—ik) ] 
Xtanh(ah)} cos(Bh)+[Beutikcied, | 

X [-ye2(aa,— ik) — ade(yc;—ik) | sin(Bh) =0. 
The sixth degree characteristic equation that deter- 

mines the roots ta, +y, and +78 can be treated as a 

third degree equation which has roots a’, y”, and (— 6?). 

However, these roots contain the unknown propagation 

number k& which must satisfy the frequency equation. 

Use is made of the fact that the particular root k of the 

frequency equation which is sought is such that the two 
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positive real roots a” and 7? of the third degree charac- 
teristic equation are large compared to the real negative 
root (— 6’) for the physical constants, dimensions of the 
plate, and frequency of excitation that are employed. 
The constant term of the characteristic equation con- 
tains the factor cy4(kr?—k’) and in the limit of very 
large thicknesses this solution is known to degenerate 
into a plane shear wave with displacement 3’. Conse- 
quently for the range of values of interest c44(k7?— k’) is 
very small, so to a first approximation the constant 
term is neglected. The resulting quadratic equation is 
then solved for the approximate roots a and 7’. 

A trial value of & just less than kr=w(p/c44)! is used 
for the approximate roots a? and y’. With these trial 
values a value of 6 is then determined to satisfy the 
frequency equation. Then by adjustment of a’, 6, 7’ 
and k a better approximation can be obtained to satisfy 
simultaneously the cubic equation and the frequency 
equation. Since the coefficients of the characteristic 
equation are functions of the angle 6, this process has 
to be effected for given values of @. 

It is helpful to analyze the cubic equation in terms of 
its coefficients which is #—A,a°+Aox+A;=0 with 
A\=(a?+7°— 8"), A2=(a?y?— a P— 7°68"), As= a? PY 
the roots being a’, y*, and (—£*). The approximate 
solution just discussed a?>>§?, y? > 6’, is given immedi- 
ately by a®+7’=A,, a’y’?=A>. This approximate 
solution is accomplished with k=kr. Now suppose 
a’ >~v¥’, a? >8B’, then a trial solution is a®=A,. An 
estimate of y” is provided by setting y?= 6 and solving 
in terms of a’? and A». Again is set equal to &r. A third 
case is that all three roots are of the same order of 
magnitude. In this situation A, is small and a trial value 
is immediate as a’?=~y*?=£". As discussed previously, 
once a and 7” are estimated 6 is determined approxi- 
mately from the frequency equation. If 6? is not relative- 
ly small then the thickness 2/ is increased, for it is 
desired to determine 2/ of the anistropic plate relative 
to the isotropic plate, the frequency of excitation being 
the same, for which the speed of propagation differs 
negligibly from vr=w/kr. 

The characteristic equation, frequency equation, and 
solutions are presented for three values of 0. 


6=0 


C44 C1 
{x?-+kr?—k*} (| are) (her? — ke’) 


Ci C44 


ke? 
+—(ert+ calf (kr*— k*)(ki*— k*)} =9, 


€11€44 
p } 
(0-42) 
C11 


al cask rtatcut Rey Le 16448? + Cy2Cag(R 7? — R* ) 
x tan(6h)+ BL cask r— Cnk?+ Cok" | 
x [ cuca? — Cy2C4q(R r— k*) | tanh(ah) =0), 
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u,(O) = {aA sinh(ax3)+),B sin(8x3)} exp(—ikx;), 
u;(0)= {A cosh(ax3)+B cos(8x3)} exp(—ikx), 
bs -3( et C12k* | oe) | 
Cen(a?+ k 1?)+ c2k* ] cosh(ah) 
u.(0)=c exp(—ikrx). 





For Bh= 7/2, in the limit as h— «, B—>0 the frequency 
equation is satisfied, A—0, u,;—-0, k-kr, and the 
solution degenerates to a plane shear wave. 


@=45° 





C11— C12 
|s*+bo?— ( vee webu 
(C1o+ C44)7k? 


2044 
Cut Cit 2644 P ‘ 
-( ——— a Det 
2044 €11044 


Cut Cit 2644 
te (ye 
2¢1 
2p 7 
(45°) = exp( _ iol — | n') . 
C11— C12 


The other relations are the same as under #=0 (of 
course, the values are different) and the same remarks 
apply. A remark is in order with respect to the absence 
of the root yy”. For the two values of @ just discussed 
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TABLE III. Calcium fluoride.* 
w=3"X10", 288.9637 <kr <289.1366(cm™), cgs. Units: p= 
3.18, C1. =16.4X 10", Ci2=4.47XK 10", Cys=3.38X 10". 

















Degrees (h)(cm) a(cm~!) y(cem~!) (8h) (degrees) k(cm™!) 

0.952 478.52 90.1-92.9 288.068-289.069 

0 0.635 478.47 93.3-96.3 289.045-289.046 
0.317 478.17 97 -99.8 288.905-288.915 
0.952 450.56 161.15 94.1 289.0695 

22.5 0.635 450.52 161.10 95.8 289.048 
0.317 450.26 160.74 102.5 288.9275 
0.952 406.3 90 -91.3 289.070-289.0705 

45 0.635 406.25 92.3-93.6 289.050-289.051 
0.317 405.97 94.6-97.8 288.930-288.940 








* Combes, Ballard, and McCarthy, J. Opt. Soc. Am. 41, 4, 219 
(1951). 


there are two allowable values of k. One of these values 
of k is the propagation number for plane shear waves, 
the displacement component of which is #2. A glance at 
the boundary conditions shows that such a solution 
fulfils all the requirements. Consequently, the root 
does not enter into the solution when the #2’ component 
is decoupled. 
@=22.5° 


w+ {Ky?+ Ko?+ K3?+ Ka?}a*+ (Ki?(K2?+ K3’) 
+ KK 3?+ K;°K2-— K;"} x?+ K/*LK2K;?— K;? | == (), 


In this equation, the constants are as defined previously 
for 6=22.5. The frequency equation and displacement 
components are as presented for general values of 0. 





A=B 





r 6(8b\—ik)(acy,—ikcy2a;) tanh(ah) cos(Bh)+ (aai—ik)(Bey+ikcy2b;) sin(Bh) 
L (cvy—ik)(acy,—ike}2a;) tanh(ah) cosh(yh) — (aa;—ik)(yeu—ikey2c1) sinh(yh) 








L (acs: — ike 21) sinh(ah) 


For the roots of interest it develops that a®> y* >? and 
cos(Bh) is small. From this it follows that A<B, 
C<B, so the dominant component of displacement for 
|2|<h is uz. Moreover, for Bh= 7/2, in the limit B—0, 
h-« indeed A—0, C-0, u;’-0, u’—0 and the 
solution again degenerates into a plane shear wave with 
propagation number kr. 

Numerical results are presented in Table III for 
calcium fluoride and a frequency 15 mcs. Although the 
values displayed are approximate the relative errors are 
insignificant. Where two values of a variable occur it is 
to be interpreted that the variable lies in this range. A 
calculation shows that .A and C are negligibly small com- 
pared to B; the same is true for the magnitudes a,A and 
eC compared to b,B,, and a2A, coC as compared to b.B. 
Moreover 6,:B<b.B< B. These calculations were effected 
for the smallest thickness, which is the worst case, and 
for |z| =0.8h. Despite the complicated variation of the 
displacement vector, this wave propagates with a speed 


rT (Bcyy+ikcy2b;) sin(Bh) Ss ao 


(ac¢y,;—ikcy20;) sinh(ah) 





which is negligibly different from v7=w/kr=(c44/p)! 
and the larger the plate thickness 2 the more predomi- 
nant becomes the term in cos(8x3) of “3 with respect to 
all other terms for values of z not too near +h. From 
Table III corresponding to @= 22.5, the value of (8h) is 
94.1°. The value of (8) cited in the discussion under 
Part III(2) is 93.9°. This suggests that the single-crystal 
plate of this example be three times the thickness of the 
isotropic plate for the plane shear wave to serve as an 
equally good representation of the elastic wave field. 
By permutation of the indexes according to the 
scheme 1-2, 2-3, 3-1, the equations of equilibrium 
for propagation in the x2’ direction in planes parallel to 
the YZ plane are obtained in which case the variables 
are (x,=X, x2’). The components of the stress tensor in 
terms of derivatives of the components of the displace- 
ment vector on the planes X=constant are likewise 
obtained from the former stress-strain relations. For 
propagation in planes parallel to the XZ plane in the 
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x3’ direction, in which case the quantities depend upon 
(x2= Y, x3’), all equations are obtained from the original 
set by the permutation scheme 1-3, 2-1, 3-2. In this 
case there is a reversal in sign of the “;’—w;’ coupling 
term, but this is of no consequence in the determination 
of the value of k. 


VII. CONCLUSION 


This analysis establishes the fact that elastic waves 
characterized by a dominant component of displacement 
parallel to the thickness direction can propagate in iso- 
tropic and anisotropic plates of the cubic system with a 


MAPLETON 


speed of their limiting plane shear wave forms. Although 
these are not plane waves, they are favored as compared 
to all other wave types by virtue of the simple reflection 
laws obeyed by their limiting plane wave forms incident 
upon plane interfaces that are perpendicular to the 
plate. 

The author is particularly indebted to Dr. N. A, 
Haskell, Base Directorate of Geophysical Research at 
the Air Force Cambridge Research Laboratory, for his 
helpful suggestions during a recent conversation. The 
author also expresses his gratitude to Shirley Sanborn 
Fahlquist of this Laboratory for the numerical solution 
of the transcendental equations. 
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Film Boiling Termination Mechanism 
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It is suggested that free molecule heat conduction provides the critical energy transfer that just precedes 
the collapse of the vapor blanket in the film boiling process. An expression for the extreme possible values 
of the heat transfer coefficient, as a function of pressure, is derived for solid-boiling liquid systems and 
numerically evaluated for water. The wetting temperature is given in terms of measurable parameters of 


the system, and experiments are suggested. 


T is commonly known that, when a massive solid at 
sufficiently high temperatures is suddenly immersed 
in a liquid, the body is at first surrounded by a shell of 
vapor, which acts as a thermal insulator. A similar 
phenomenon is encountered when immersion heaters 
are operated at sufficiently high temperatures. If the 
submerged solid is permitted to cool, the vapor shell 
converges upon the body and, at a wetting temperature 
determined both by the nature of the liquid and the 
character of the heated surface, collapses abruptly; 
i.e., film boiling ceases and nucleate boiling begins. 
The present discussion is concerned with the energy 
transfer mechanism that terminates the film boiling 
process, with particular regard to the surface tempera- 
ture (7) at which the vapor blanket collapses on any 
given segment of surface. In general, 7, is appreciably 
higher than the equilibrium boiling, or saturation, 
temperature (7,) of the liquid, and is significantly 
influenced by the solute content and bulk temperature 
of the quenchant. 


The idealized system on which the calculation is 


based is shown in Fig. 1. It consists of a small, homoge- 
neous area A,, which is part of a larger solid surface. 
This area is immersed in a large body of liquid which is 
maintained at a constant temperature T; everywhere, 

* Assistant Research Professor, Department of Mining and 
Metallurgical Engineering, University of Illinois. 


Tt Research Assistant, Department of Mining and Metallurgical 
Engineering, University of Illinois. 


except in the immediate vicinity of the specimen. The 
surface temperature on A, at any instant is denoted by 
T,, which is regarded as an undetermined but diminish- 
ing function of the time during the life of the vapor 
blanket. 

The liquid-vapor separation plane is taken to be a 
super-heated capillary layer,' characterized by a mean 
temperature 7.=MT», where M is slightly greater 
than unity. A second, nonhomogeneous heated layer 
exists in the liquid adjacent to the capillary layer, 
and heat transfer to the main body of fluid through 
this second, or boundary, layer is accomplished by 
ordinary processes of conduction and convection. 
Chemical reactions are neglected. 

The formation of the vapor blanket places an imme- 
diate energy drain upon the specimen, which conceiv- 
ably could be of sufficient magnitude to be called a 
first stage of immersion quenching. It suffices to point 
out here that the energies required to form and expand 
the vapor film, and to heat the boundary layer of 
liquid, are all linear functions of the area A,, while the 
thermal capacity of the specimen is a function of its 
volume. Since A, is regarded here as a surface element 
of a massive specimen, the matter is not of major 
concern to the present discussion. 

If consideration of the system is limited to the 


1p. S. Epstein, Testbook of Thermodynamics (John Wiley & 
Sons, Inc., New York, 1947), p. 209. 
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period just prior to the breakdown of the vapor film, 
the radiation loss terms may reasonably be disregarded. 
For this situation the energy balance becomes 


dW /dt=A,h,(T,—T.)=Ahi(T-—T)) 
=A,hi(T.—T,), (1) 


where dlV/di is the energy flux through A,, /,, and h, 
are the respective heat transfer coefficients for vapor 
and liquid, and /; is a gross heat transfer coefficient 
governing the overall process. 

As long as the vapor film thickness s, is of a larger 
order of magnitude than the mean free path of a vapor 
molecule (L,), #, may be approximately defined in 
terms of the ordinary thermal conductivity of the 
vapor (k,). Equation (1) then becomes 


(k,/s»)(T.—T.)=hiT.-—-T)=h(T.—T). (1a) 


It is important to note that the condition described by 
Eq. (1a) is a true equilibrium, in the sense that any 
decrease in T, may be compensated by a decrease in 
sy, since the latter variable is under control of the system 
itself, so to speak. Thus the configuration is stable 
at any instant, and no abrupt collapse is to be antic- 
ipated for large s,. 

The situation is quite different when, with decreasing 
T;, Sy becomes of the same order of magnitude as Jy». 
When this condition is met, a major portion of the 
energy transfer may occur by the direct passage of 
single molecules entirely across the vapor film, rather 
than by the ordinary process of thermal diffusion. In 
this case the substitution h,=(k,/s,), used in Eq. 
(la), is no longer valid, and it becomes necessary to 
redefine /, in terms of the new conduction mechanism. 

The problem is very similar to that of heat conduction 
between two solid surfaces separated by a rarified gas, 
and is commonly encountered in the design of vacuum 
apparatus. In the latter case, the surfaces can be 
relatively far apart, since mean free paths of the order 
of centimeters are easily obtained in vacuum chambers, 
but the analogy is obvious. The first work on the 
subject was that of von Smoluchowski,’ closely followed 
by that of Knudsen,’ and recapitulations are to be 
found in standard kinetic theory references by Loeb,! 
Kennard,°* and others. 

Considering only the mean velocity component 
normal to the surface, it may be said that when a 
molecule with translational energy E; strikes a surface 
which is characterized by the mean thermal energy 
E,, the incident molecule, in general, assumes only a 
fraction of the wall energy in a single impact, and is 
reflected with an energy E, which lies between EZ; and 
E,. The extent of the energy transfer is most conven- 


* A. von Smoluchowski, Phil Mag. 21, 11 (1911). 

*M. Knudsen, Ann. Physik 34, 593 (1911). 

*L. B. Loeb, Kinetic Theory of Gases (McGraw-Hill Book 
Company, Inc., New York, 1927). 

*E. H. Kennard, Kinetic Theory of Gases (McGraw-Hill Book 
Company, Inc., New York and London, 1938). 
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iently expressed in terms of an accomodation coefficient 
a,. With reference to Fig. 1, a temperature is associated 
with each energy, and the accommodation coefficients 
defined as follows, for solid and liquid surfaces, respec- 
tively: 

as= (T/- T,')/(T/- T,) ; 








(2) 
a.=(T,’—T.)/(T,—T.). 
From this it follows that 
- a,7.+a(1—a,)T. , a-1-+a,(1—a,)T, (3) 


a,+d-— 4,4, a,+d,— 4,4, 


T,’ may be regarded as the effective temperature 
which the metal exhibits to the vapor film, while T.’ 
is the effective temperature of the liquid as seen by 
the gas. It then becomes the effective temperature 
difference T,’—T,’, rather than the actual temperature 
difference T,—T., which motivates the energy trans- 
fer over vapor thicknesses less than one mean free 
path in length. The gas within the vapor film may be 
described as a Maxwellian gas at an effective temper- 
ature 7,’=}(T,’/+T,.’), and an effective pressure 
pb» =(T,/T.’)'p», where p, is the hydrostatic pressure 
in the liquid. Strictly speaking, 7” has a value somewhat 
greater than the arithmetic mean indicated above, 
but the error is not large under the assumptions involved 
here, and its magnitude may be computed for any given 
case.® 

When these values for p,’ and 7,’ are inserted into 
Knudsen’s original treatment, the desired heat transfer 
coefficient for the case of free molecule conduction is 
obtained. For vapor films of the order of one mean free 
path in thickness, Eq. 1 becomes 


T, 73 ( T,-T. 
|—| [po(co+cp) ] 3 - us 


2rR 2 
(21)re(E) 
a- as 


=h(T.—T)=h(T,—T), (1b) 





where c,, ¢, are the gram specific heats of the vapor 
at constant pressure and volume, respectively, and R is 
the gas constant per gram. : 


* A more precise expression for the effective temperature of the 
vapor is T,’=27,'T.’/[(T,’)§+-(T-’)*¥. 
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A comparison of Eq. (1a) with (1b) reveals that the 
vital distinction between the two is the fact that (1b) 
is independent of the thickness of the vapor blanket. 
One may picture the vapor shell as converging on the 
specimen surface, at first slowly, governed by the 
instantaneous equilibrium condition (la), with each 
drop in T, matched by a decrease in the film thickness 
_Sy. Then, as s, becomes less than J,, the mechanism 
described by Eq. (1b) begins to predominate. At this 
point the system can no longer compensate for even a 
very slight further decrease in T,, and an abrupt collapse 
occurs. Thus, the latter expression may be said to 
represent the critical condition that just precedes the 
disintegration of the vapor film. 

At the instant of first collapse, T,=7T,, and T, may 
be appreciably larger than T,. Hence the initial contact 
of liquid and specimen results in a sufficient direct 
energy transfer to momentarily recreate the vapor 
blanket. This process of alternating collapse and re- 
establishment should proceed with gradually decreasing 
frequency until nucleate boiling persists, and it seems 
quite probable that oscillations of this type produce 
the audible note of changing pitch that is heard when 
massive specimens are quenched from high temper- 
atures. 

With reference to the boiling curve shown in Fig. 2, 
and by an argument similar to that given above, Eq. 
(1b) might also be said to represent the condition neces- 
sary for maximum values of the gross heat transfer 
coefficient h,. Under this hypothesis, a digression into 
the general field of heat transfer may be made at this 
point. 

Measurements of h; (max) as a function of pressure 
have been made by Farber and Scorah,’ for chromel A, 
chromel C, and nickel heater wires immersed in water. 
An examination of their data shows, for all three metals, 
that 4; (max) occurs when 7,—T>, is less than 41°K 
at atmospheric pressure, and shifts to 7,— 7» values of 
less than 10°K at 7.8 atmospheres, the highest pressure 


7E. A. Farber and P. L. Scorah, Trans. Am. Soc. Mech. Engrs. 
70, 369 (1948). 
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employed. When the main body of liquid is at its 
boiling point, as it was during these measurements, it 
may reasonably be said that 7; is approximately equal 
to T.=MT,, since it has previously been stipulated 
that M is only slightly greater than unity. With these 
assumptions, Eq. (1b) yields the following expression 
for 4,(max): 


Arpo(Cptcr) a,0, 
h,(max) = —————_; a,=——————.__ (4) 
(8xRT)! a,+a,.—4,4, 


Even in the absence of specific values for a, and a,, 
it may be noted that the extreme value of h;(max) at 
any given pressure is reached when a,=a,= 1. Figure 3 
shows the maximum heat transfer rates measured by 
Farber and Scorah, plotted as a function of pressure, 
and compared with the theoretical extreme calculated 
from Eq. (4). In no case do the experimental values 
exceed the theoretical extreme, although they appear to 
approach it at both high and low pressures. 

Returning to the more general case, as it is encoun- 
tered in immersion quenching, 7; is not equal to 7,, 
and the simplifying approximations which led to Eq. 
(4) are not applicable. An expression for the wetting 
temperature may be obtained by setting 7,=T7, and 
solving Eq. (1b). There results 


: 

i+ (—- 1) T) | 

a; 
'MT,, (5) 


2 
_ (-- 1) arr T;)| 
dd. 
8rR i hy 
[Mail 
Ty Pol(Cpt cv) 


The computation in terms of water and water vapor 
properties is probably the most significant that can be 
made here. None of the existing theoretical treatments, 
and very little of the data, are strictly applicable to the 
liquid heat transfer coefficient /;, as defined in Eq. (1b). 
However, as a first approximation, it may be assumed 
that the effective /; will exhibit the same temperature 
dependence as the coefficient derived by Lorenz® for 
the case of laminar flow at solid-fluid interfaces. With 
this approximation, Eq. (5) becomes 








where 








] 


2 
ina N(MT,— ill 


\MT;. (a) 
hE) nant ran 





As to the expected magnitude of 4; for aqueous 
solutions, the most pertinent data seems to be that of 
Jakob,® and Fritz and Ende,'® who calculated heat 

8 L. Lorenz, Wiedemanns Ann. 13, 581 (1881). 


®M. Jakob, Mech. Eng. 58, 643 (1936). 
10 W. Fritz and W. Ende, Physik Z. 36, 391 (1936). 
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transfer coefficients of the order of one calorie per 
cm? per °K per second, after conversion to cgs units, 
for the vapor-liquid interfaces of steam bubbles rising 
in a stream of superheated liquid. N may then be 
regarded as a measurable parameter of any given 
system, with an expectation value of about 0.001 for 
free convection cooling in aqueous systems at atmos- 
pheric pressure, and the dimensions °K. It should 
be noted that ‘the effects of specimen geometry and 
liquid agitation will appear in the measured value of V; 
consequently any detailed numerical computation is 
not feasible for the general case. 

Equation (5a) may thus be treated as a practical 
approximation, rather than an exact expression; the 
theoretical form is to be retained but the values are to 
be empirical. The factor M represents the extent to 
which the capillary layer may be superheated with 
respect to the adjacent liquid. The maximum observed 
superheating is of the order of a few degrees, even for 
very pure water under idealized conditions," and the 
data suggests that M lies between 1.01 and 1.10. 

Accommodation coefficients for solid-vapor interfaces, 
defined in the same manner as a,, have been accorded 
extensive theoretical and experimental attention.” 
Although specific measurements for water vapor are 
not available, the trend of the measurements indicates 
that a, should lie between 0.6 and 1.0 for the present 
situation. The latter value, of course, cannot be 
exceeded by definition. In general, within this range of 
values, a, should be less for polished surfaces than for 
rough ones, less for clean surfaces than for those having 
oxide films, less for heavy metals than for light, 
and should generally increase with rising surface 
temperature. 

On the other hand, the accommodation concept has 
not previously been applied in detail to liguid-vapor 
interfaces, and neither theory nor direct measurements 
are available for estimating the value of a,. It is signif- 
icant that the addition of small amounts of wetting 
agents to the water extends the life of the vapor 
blanket stage of the quenching process, and tends to 
shift the boiling curve maximum (Fig. 2) to the left." 
This effect is contrary to that which would be expected 
from considerations of the liquid-vapor, solid-vapor, 
and solid-liquid surface tensions during bubble 
formation. The latter indicate that increasing the 
wettability of a surface favors nucleate, rather than 
film, boiling, and should reduce the vapor blanket life. 


"W. Prueger, Z. Physik 115, 202 (1940). 

"K. B. Blodgett and I. Langmuir, Phys. Rev. 40, 78 (1932); 
J. K. Roberts, Proc. Roy. Soc. (London) 129, 146 (1930); W. C. 
Michels, Phys. Rev. 40, 472 (1932). M. Knudsen, Ann. Physik 
6, 129 (1930); B. G. Dickens, Proc. Roy. Soc. (London) 143, 517 
(1933); B. Baule, Ann. Physik 44, 145 (1914); J. M. Jackson and 
A. Howarth, Proc. Roy. Soc. (London) 142, 447 (1933). 

_3T. B. Drew and A. C. Mueller, Trans. Am. Inst. Chem. 
Engrs. 33, 449 (1937). 

4M. Jakob, Heat Transfer (John Wiley & Sons, Inc., New 

York, 1949), p. 626. 
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Similarly, nonvolatile solutes of the inactive type, 
i.e., those which produce little or no change in the 
surface tension, appear to exert an opposite effect" 
which is too great to be accounted for simply by the 
elevation of the boiling point. The only relevant 
parameter in Eq. (5a), of sufficient sensitivity to account 
for these data, is a,.. If a. is presumed to lie between 
0.1 and 0.2 for pure water at atmospheric pressure, to 
increase with decreasing surface tension, and to decrease 
with increasing concentration of nonvolatile, inactive 
solute, the measurements may be explained. As a 
purely empirical device, without a priori theoretical 
significance, the present authors suggest a function of 
the form, 


o 
a-=X,—B—, for X,>0.9, (6) 


go 


where X; is the mole fraction of solvent, oo is the surface 
tension of pure water, o that of the given solution, and 
B is a constant to be determined by experiment, with 
an expectation value between 0.8 and 0.9. 

It is, of course, unlikely that any calculation based 
upon an idealized system will yield results that are in 
precise quantitative agreement with those observed 
for a more complex real system. The presence of 
noncondensable gas in the liquid, surface irregularities, 
or the occurrence of chemical reactions would certainly 
be expected to alter the results. Nevertheless, it is 
believed that the relationships given here are sufficiently 
valid to indicate trends, to permit semiquantitative cal- 
culations, and to suggest further lines of investigation. 

This work was supported by the Engineering Exper- 
iment Station and the Department of Mining and 
Metallurgical Engineering of the University of Illinois. 
The writers wish to express their thanks to Professors 
H. L. Walker, E. J. Eckel, and C. A. Wert, and to 
Mr. H. P. Leighly and Mr. T. Noggle, all of the depart- 
ment named, and to Professor J. S. Koehler of the 
Department of Physics, for their discussion and 
criticism. 
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A mathematical analysis of a parallel-connected magnetic amplifier with an inductive load is presented. 
The analysis is based on the representation of the normal magnetization curve of the core material by a 
polynomial of the fifth degree. The load current is expressed in terms of the magnetic intensity of one of the 
cores. The magnetic intensity is shown to satisfy a nonlinear differential equation and an approximate 
solution of this equation is obtained by an iterative procedure. An estimate of the response time of the 
amplifier is determined and the steady-state response of the amplifier is obtained. 





1. INTRODUCTION 


AGNETIC amplifiers have been used extensively 
in recent years as substitutes for vacuum tube 
amplifiers in many applications of practical importance. 
The general principles underlying their operation have 
been known for many years and numerous publications! 
describing their operation and various applications have 
appeared during the last five years. Since the magnetic 
amplifier is inherently a nonlinear device, its analysis 
cannot be linearized and consequently it is beset with 
considerable mathematical difficulties. For this reason 
most of the analytical papers with very few exceptions? 
neglect the effect of the load on the performance of the 
magnetic amplifier or consider only resistive loads. In 
the present discussion an attempt is made to extend the 
analysis to inductive loads and to suggest a mathe- 
matical method that appears promising in problems of 
this general type. 

The circuit that is analyzed in this paper is the 
parallel-connected magnetic amplifier with a resistance 
in series with the control windings and resistance and 
linear inductance in series with the output circuit as 
shown in Fig. 1. This amplifier consists of two identical 
magnetic cores with one pair of similar windings in 
series with a constant voltage source and the other pair 
of windings in parallel with an alternating power source. 
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! James G. Miles, “Bibliography of magnetic amplifier devices 
and the saturable reactor art.”” Am. Inst. Elec. Engrs. Technical 
Paper 51-388, September, 1951. (This extensive bibliography 
covers the literature of magnetic amplifiers to the middle of 1951.) 

2 Thomas G. Wilson, ‘“‘Series-connected magnetic amplifier with 
inductive loading.” Am. Inst. Elec. Engrs. Technical Paper 52-94, 
December, 1951. (Analysis based on straight line approximations 
of the magnetization curve.) 


The polarities of the windings are such that fundamental 
frequency voltages induced in the two control windings 
are in opposition so that no power frequency current 
flows in the control circuit. 


2. NOTATION AND GENERAL EQUATIONS 


The circuit diagram of the amplifier to be analyzed 
is given in Fig. 1. The following notation will be used 


.in the analysis of this circuit: 


Eo= the control winding potential. 

Em sin(wt) =the output winding potential. 

Ro= the total resistance of the control winding. 

R= the resistance of each of the output windings. 
No=the number of turns of the input windings. 

N=the number of turns of the output windings. 

¢a= the magnetic flux of core a. 

o»= the magnetic flux of core b. 

l= the average length of the magnetic path of the cores. 
S=the cross-sectional area of the cores normal to the flux path. 
B=the magnetic induction of a core. 

H=the magnetic intensity of a core. 

io= the control current. 

i;, t2= the loop currents of the output circuits. 

i= (i;+%2) =the output current. 

Z(D)=R+LD =the operational impedance of the load. 


d ‘ ee 
—_< © the time derivative operator. 


R= the load resistance. 

L=the load inductance. 

t= the time. 

po= the initial permeability of the core material. 

Lo= N?Syo/l= the initial inductance of a core. 

B=k,H+k3H*+k,H'=an analytical representation of the normal 
magnetization curve. 

o=S(khiA+kslP+k MH) =c,H+c;l+c,H®. 

L.=(L+L>/2) =the effective inductance of the circuit. 

A=21L., B=21R, c=B/A=R/L,. 

T)= A/B=R/L,= the initial time constant of the amplifier. 

i,(¢)=the steady-state load current. 

Zn=(R*+(nwL,)?}, tand, =nwL,/R. 

K,= Noio/1, K2=NE,,/212Z,. 

P, = (K2Kot+ 3K,3), P,= 3K,K 2/2, P;= —K 3/4 


If Kirchhoff’s electromotive force law is applied to 
the three loop currents of Fig. 1, the following equations 
are obtained: 


Eo= Roiot+ No(Ga+¢o), (2.1) 
E,, sin(wt) = Z(D)(i:+i2)+RwiitNda, (2.2) 
E,, sin(wt) = Z(D)(i;+i2)+Rui2—Ndo. (2.3) 
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MATHEMATICAL ANALYSIS OF MAGNETIC AMPLIFIER 


The following equations are obtained by applying 
Ampére’s law to the magnetic circuits of the cores a and 
b: 

Notot+ Ni, = lH, 


Noto— Ni2= lH». 


(2.4) 
(2.5) 


In order to obtain a complete set of equations it is 
necessary to express the magnetization curve of the 
core material in an analytical form. It has been found 
that a polynomial of the form 


B=k,H=k;H’?+k,H* (2.6) 


is adequate for the representation of the normal 
magnetization curve of most materials. The three con- 
stants k,, k3, and ks can be found readily by choosing 
three points on the curve and solving three simultaneous 
equations. In order for (2.6) to give a good representa- 
tion of the magnetization curve it is advisable to take 
one point slightly below the knee, the second point 
slightly higher, and the third in the region of high 
saturation. 
The initial permeability of the core, uo, is 


uo= (dB/dH) y= hi. (2.7) 
Since ¢= BS, (2.6) may be expressed in the form, 
o=S(ki\H+k;H'®+k;H’) (2.8) 
or 
@=0H+03H'+c5H’, (2.9) 
where 
C1= Suo, c3= Sk, c5= Sks. (2.10) 


Hence, ¢yc3, and cs, are constants for any given core. 

Hence, by means of (2.9) the magnetic flux of the 
cores, @a and ¢, may be expressed in terms of the 
magnetic intensities 7, and H,. 


3. SEPARATION OF THE VARIABLES (R,.<R) 


Attempts to obtain the general solutions of the system 
of equations (2.1)—(2.5) lead to enormous mathematical 
difficulties. A great deal of simplification is affected if it 
isassumed that the winding resistance R, is very much 
smaller than the load resistance, R. This may be seen 
by writing (2.2) and (2.3) in the following form: 


(R+Rwt+LD)is+(R+LD)i2= E,, sin(wt)—Nda, (3.1) 
(R+LD)is+(R+Rwt+LD)io= E,, sin(wt) +N. (3.2) 
Now if, 

Ru<KR, (3.3) 


then Ry» may be neglected in comparison with R and 
(3.1) and (3.2) may be written in the form 


(R+ LD) (ii+%2) = En sin(wt)— N da, (3.4) 
(R+LD)(i:+%2) = En sin(wt) +N». (3.5) 


Hence, since the left members of (3.4) and (3.5) are 
equal, so must the right members be equal to each other. 
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Therefore, 
—N¢.=Nds (3.6) 
or 
(dat dp) =(. (3.7) 
Now if (3.2) is subtracted from (3.1), the result is 
R,.(i,— 12) = — V(da+¢,)=0, (3.8) 
and, hence 
1) = 1. (3.9) 
As a consequence, of (3.7), Eq. (2.1) reduces to 
Eo= Roto or ig= Eo ‘Ro. (3.10) 


It is thus seen that under the assumption that Ru.<R, 
then no power frequency current flows in the control 
circuit. The relations (3.7) and (3.9) greatly simplify 
the analysis. As a consequence of (3.9), and (3.3), (3.1) 
may be written in the form 


Z(D)i= E,, sin(wt)— N da, (3.11) 
where 
i= (i; +72) = 2i,=the load current. (3.12) 
Equation (2.4) may be written in the form, 
H a= (Noiot Ni/2)/l= H(t) (3.13) 
or 
i= 2(lH— Noio)/N. (3.14) 
The core flux, ¢., may be expressed in terms of the 
magnetic intensity, 1, by means of (2.9) by the relation, 


ba= CH +csH*+csH?. (3.15) 


If (3.14) and (3.15) are now substituted into (3.11), 
the result is 


2/NZ(D)(lH— Noi) 


= E,, sin(wt)— VD(qH+¢3H'*+csH*). (3.16) 


This equation may be written in the following form: 


(A D+ B)H+N*c;DH*+ N*csDH® 


= VE,, sin(wl)+2RNoio, (3.17) 
where 
A = (21L+ N?Syo) = 1(2L+ Lo) = 2U(L+L0/2), (3.18) 
B=21R. (3.19) 
The quantity, Zo, is defined by 
Lo= N?/IS uo (3.20) 


and is the initial inductance of one of the output 
windings of the magnetic amplifier. 


4. THE DETERMINATION OF THE 
MAGNETIC INTENSITY 


The nonlinear differential equation (3.17) determines 
the magnetic intensity, H, and is of the general form 


a,(D)H(t)+a3(D)H*(t)+as(D)H*(t)=kf(t), (4.1) 
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LOUIS 
where 
a;(d)\=AD+B, a;3(D)=N’c3D, a;(D)=N%cesD, (4.2) 
k=1, and 
S(Q=NE,, sin(wt)+2RN pio. (4.3) 


The solution of the differential equation (4.1) may 
be effected by the method of series reversion.** This 
method consists of assuming a solution of (4.1) in the 
form: 


H(t) =AOR+H OP +H (OR +H()R'+-+-. (4.4) 


To determine the functions, H(t), H(t), H(t), etc., 
(4.4) is substituted into (4.1) and the coefficients of 
equal powers of k of both members of the resulting 
equation are equated to each other. This procedure 
leads to the following system of linear differential 
equations for the determination of the /,(t) quantities: 


a,;(D)H,(t)=NE,, sin(wt)+2RN vio, (4.5) 
a,(D)H;(t)= —a;(D)H (0), (4.6) 
a,(D)H;(t)= —3a;(D)H2()H3(t)—as(D)H Y(t), — (4.7) 
a,(D)H7(t) = —3a;(D) LH YOAs()+HiOH2(0) ] 
—5a;(D)Hi4(t)H;3(t). (4.8) 


By this device, the solution of the original nonlinear 
differential equation (4.1) is reduced to the solution of a 
system of linear differential equations. A study of the 
convergence of this process indicates that it converges 
in cases of physical interest.’ If it is assumed that the 
circuit is not energized until /=0, then H(t)=0 for /=0 
and all the H(t) quantities satisfy the conditions that 
H,(t)=0 at t=0. When the quantities /7;(?) have been 
determined by solving the above set of simultaneous 
equations then the magnetic intensity is given by (4.4) 
with k=1. 

To determine H(t) it is necessary to solve the equa- 
tion (4.5) subject to the initial condition that H,(t)=0 
at t=0. This equation may be written in the form 





(AD+B)Hi(1)=NE, sin(wt)+2RNoio. (4.9) 
Its solution with H,(0)=0 is 
N e—ct sin(wt—6@) 
H,(t)= —Eau| + 
A (?-+w?) w[(c?+w?*) }! 
2RNo 
"3 (4.10) 
c 


where 
c= B/A=R/L,, 
The quantity, 


L.=(L+1/2), tan@=w/c. (4.11) 


T,=L./R (4.12) 


*Louis A. Pipes, “Operational methods in nonlinear me- 
chanics.” Report 51-10, Department of Engineering, University of 
California, Los Angeles, December, 1951. 

*L. A. Pipes, J. Appl. Phys. 23, 202 (1952). 
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PIPES 


may be taken as an approximate measure of the rapidity 
of response of the magnetic amplifier. The quantity L, 
is an effective inductance defined in terms of the con- 
stants of the amplifier by the equation 


L.= L+N?*S po A= L+ Lo yi (4.13) 


where po is the initial permeability of the core material. 
Hence, 7» is given by (4.12) represents an upper bound 
for what might be termed the “time constant”’ of the 
magnetic amplifier. 

By means of the superposition theorem® the solution 
of the differential equations (4.6)—-(4.8) may be ex- 
pressed in the following form: 


—N%c3 d é 
H;(t)=—_——- — e~ FT 8 (u)du, (4.14) 
A dtd 
Ved ft 
H,(t)= —— —{ eet 
| dt 0 
X [3c3H 1?(u)H3(u)+csH 5(u) jdu, (4.15) 
N?d f* 
H,(t)=-— — f e~°—)[ 3¢3H 7(u)H,() 
A dtJy 
+ 3c3H(u)H3?(u)+ 5csH *(u)H3(u) \du. (4.16) 


These integrations, although quite laborious, may be 
carried out if numerical values of the various parameters 
involved are known. 


5. THE STEADY-STATE SOLUTION 


After the circuit has been energized for a time />T), 
the transient terms are no longer present and the system 
has reached a steady state. To obtain the steady-state 
solution, it is only necessary to consider the particular 
integrals of the differential equations (4.5)—(4.8). This 
may be done by realizing that the particular integral of 
an equation of the type 





(D+ 6)F(t)=M,+Ms¢ sin(nwt)+M; cos(nwt), (5.1) 
where M,, Ms, and M; and » are constants is 
M, Mesin(nwit—¢,) M3; cos(nwt—¢,) 
F(t)=—+ ; ” aa 
b [b?+ (nw)? }? [62+ (nw)? }} 
where 
tang, =nw/b. (5.3) 


By the use of this result, the steady-state solution of 
(4.5) may be expressed in the form 





sin(wt— @;) 
H,,.=NEx, + No/lio, (5.4) 
21. R?+w°L,? }! 
where 
tand,=wLl,./R=2nfT); (5.5) 


5 Louis A. Pipes, Applied Mathematics for Engineers and Physi- 
cists (McGraw-Hill Book Company, Inc., New York, 1946). 
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MATHEMATICAL ANALYSIS 


is the frequency of: the applied potential. If it is 
assumed that 2rfT)>>1, then 
O= 3/2 (5.6) 


and (5.4) may be written in the form 


No NEn cos(wt) 


Hy=—4y—-— (5.7) 
I 21Z, 


where 
nwL, 





Z,=(R?+(nwL,)?}!, tané,= 


(5.8) 


The steady-state solution of (4.6) may be expressed in 
the form 





wN? sin 
Had)=——ef P wt— 6) 
21 Z 


“1 
sin S 
+2P,—(2wt—0)+3P3 om 0) (5.9) 
Z2 43 


The P; quantities are given by 


3 3 
P\=- (KeKet-x:), P,=-KiK?’, 
4 2 





(5.10) 
e 
P3= eer: 
4 
and 
No NEn 
K,=—~p, K.= (5.11) 
2lz, 


The steady-state load current is given by (3.14) and 
may be expressed in the following form: 


sin sin 
1 (t)= | —(wi— 6)+w N od Ps —— 6) 


“1 41 


sin sin 
-+ 2P2 —(2wt— 62)+3P3 —(3wt— 0 | 
Z Z3 


2 
21 


+ [Hs + Heal + “s+ J. (5.12) 


The functions H;,(/), H7,(t), etc., may be determined 
by obtaining the steady-state solutions of (4.7) and 
(4.8). In this manner the higher harmonic terms may be 
determined. 
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6. DISCUSSION OF THE TIME CONSTANT: 
CONCLUSION 


The above analysis is based on the assumption that 
the winding resistance R,, is much smaller than the load 
resistance R, and the time constant 7» is based on the 
value yo of the permeability of the core material. A 
closer approximation to the effective response time of 
the amplifier is given by 


T = (L+N?Su,/2l)/R.., (6.1) 
where 
R,.=(R+R,,/2) (6.2) 
and 
be= (dB/dH)Ho= wot 3k3H 2+ 5SksH 01. (6.3) 


The value Ho is taken to be the mean operating point 
of the B-H curve given by 


Ho=(No/l)io. (6.4) 


The value of the effective time constant 7, given by 
(6.1) is based on the incremental permeability of the 
normal magnetiziation curve at the operation (2.6) of 
the curve. The quantity yu, is the effective incremental 
permeability at the operating point. If is interesting to 
compute yu, on the basis of the following approximation 
of the B-H curve, 

. ), (6.5) 


where k and M are constants determined by fitting 
(6.5) to the normal magnetization curve of the material 
and satisfy the relation 


Mk= wo. 


k3 2ktH® 
B=M tanh(kH)=M pI 





(6.6) 


In this case, the effective incremental permeability is 
given by 





be= (dB/dH)Ho= uo sech?(kHo), (6.7) 
and the effective time constant is 
L Precio 
Ka “— =" sech(-1n) (6.8) 


The analysis presented above is an attempt to apply 
the iterative methods of nonlinear mechanics to the 
important and interesting problem of the response of 
the electric circuit of a magnetic amplifier. Results 
indicate that the reversion method of Sec. IV appears 
promising in problems of this general class. 
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Investigations, carried out principally on the vertical water entry of steel spheres, are described. Graphs 
show the effect of several experimental parameters on the time and place of occurrence of various events 
in the life of the cavity which accompanies the entry. These parameters include the density and pressure of 
the atmosphere above the water, and the velocity, size, and nose shape of the missile. Froude-scaling is 
found to be a good first approximation in describing cavity behavior, and some improvement is effected 
by the pressure-density scaling of the atmosphere above the water. The energy lost by a missile during 
the open-cavity phase of its water entry is found to be used up principally in the formation of the cavity, 
and the cavity shape is not dependent on the nose shape of the missile for a given drag force. 





INTRODUCTION 


HE vertical entry of spheres into water was first 

widely studied by Worthington' about fifty 
years ago. Using single-spark photography he discovered 
the cavity which follows the entry, and he discussed 
qualitatively the splash, surface seal of the cavity, 
the formation of jets, and many other details of the 
cavity history. In 1944 R. M. Davies in England gave 
a valuable discussion of the influence of atmospheric 
pressure on water-entry phenomena in an unpublished 
report. This influence is important in the testing of 
weapons by means of models, since the scaling laws 
for water entry require adjustment of the gas used to 
model the atmosphere.** 

Gilbarg and Anderson? gave a preliminary report of a 
program initiated by Gilbarg, investigating the phenom- 
ena accompanying the vertical entry of spheres, and 
particularly the influence of atmospheric pressure. The 
present paper reports the later conclusions from this 
program. 


DESCRIPTION OF SURFACE SEAL 


The phenomena which follow the vertical entry of 
spheres into water are usually the following. A cavity 














is formed behind the sphere. The water which splashes 
up from the original water surface domes over to seal 
the cavity from the atmosphere. Later the cavity may 
travel downward away from the water surface. At some 
time the cavity walls may be pushed together repeatedly 
at levels considerably below the water surface. The 
details of the behavior in a particular case depend 
greatly on the experimental conditions. At entry speeds 
less than about 20 ft/sec, surface forces are important 
and the behavior of the missile depends greatly on its 
surface condition.‘ To minimize surface-condition 
effects, no entries slower than 26 ft/sec have been 
included in the present report. 

The initial phenomena can be observed in the photo- 
graphs of Fig. 1, which are taken from a high speed 
motion picture of a 1-inch steel sphere entering water 
at 35 ft/sec from ordinary air. The camera rate was 
1900 frames/sec, but each third frame only was used 
in Fig. 1 which accordingly appears as though taken at 
630 frames/sec. 

The first frame in Fig. 1 shows the initial splash 
which, in the later frames, travels upward and outward 
because of the velocity originally given to the water 
particles. At first the horizontal component of the 











Fic. 1. High speed motion pictures of 1-inch steel sphere entering water at 35 ft/sec. The camera rate was 1900 frames/sec. 
Every third frame is included here, giving the effect of 630 frames/sec. 


* This research was supported in part by ONR. 


1 A. M. Worthington and R. S. Cole, Trans. Roy. Soc. (London) 194A, 175 (1900); A. M. Worthington, A Study of Splashes (Long- 


mans, Green and Company, London, 1908). 
2 D. Gilbarg and R. A. Anderson, J. Appl. Phys. 19, 127 (1948). 


*G. Birkhoff, Hydrodynamics (Princeton University Press for the University of Cincinnati, 1950). 


4A. May, J. Appl. Phys. 22, 1219 (1951). 
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Fic. 2. Water entry of 1-inch steel sphere at 32 ft/sec. This is 
approximately the time of “‘apparent”’ surface seal. 


velocity of the leading edge of the splash is nearly 
constant. Subsequently the splash moves inward. In 
the fifth picture the splash walls are vertical, and in 
the last two the splash domes over to cause “‘surface 
closure”’ or ‘‘surface seal’’ of the cavity. This closure is 
one of the most important events in the development 
of the cavity and it has great influence on the later 
cavity growth. 

From the last three pictures of Fig. 1 it is seen that 
the splash, after reaching a vertical-walled condition, 
starts to lean inward but accomplishes the closure 
apparently by throwing over a dome at a considerable 
height above the water. Further, not all the water in the 
upper splash contributes to the closure, but much of 
the splash at greater heights comes together along the 
cavity axis only after the seal is complete. Some further 
details of this can be seen in Figs. 2 and 3 which are 
single-flash photographs of 1-inch spheres entering 
water at 32 ft/sec. In the fifth picture of Fig. 1, the 
dynamic pressure on the splash wall must be nearly 
the same over all the vertical part since the air is 
flowing through a tube of uniform cross section. The 
motion of the splash is small near the bottom probably 
due to a considerable thickening of the splash wall 
near the meniscus. It is not obvious why much of the 
splash is left behind at the top in the form of spray. 

It is improbable that surface tension influences the 
time of surface seal greatly in the shots reported in 
this paper. The pressure it causes on the curved surface 
of the splash is quite small,? but it may be expected to 
have a large effect on the formation of spray and of 
the splash wall. 
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Some understanding of the details of surface seal 
may be obtained in another manner. In Figs. 2~4 the 
separation of the water from the sphere is seen to occur 
along a jagged line.t This results in flutings on the 
cavity wall which were first discussed by Worthington.! 
As is evident in the photographs, these flutings appear 
in the meniscus above the water surface, and are also 
present on the splash wall. Moreover, on Fig. 2 these 
striae are seen above the level at which surface seal is 
taking place, as ribbons of spray. It appears probable 
that the striae, being lines of abnormal thickness, 
break off above the dome into ribbon-like filaments 
which further break into drops. It may be that these 
filaments and drops, having greater thickness than the 
splash wall, resist being entrained in the air entering the 
cavity, and, therefore, do not assist in surface seal. 

While surface seal is taking place, drops of water 
entrained in the inrushing air start to travel into the 
cavity. This may be seen as a column of spray which, 
in Fig. 3, has reached a point half-way across the 
meniscus. As it progresses farther it frequently strikes 
the cavity wall. Apparently the individual drops hitting 
the wall form air-filled pockets which, in Figs. 4 and 5, 
appear as bubbles on the cavity wall. 




















Fic. 3. Water entry of 1-inch steel sphere at 32 ft/sec. It is at 
this phase of the entry that surface seal is usually complete. 


t These photographs were taken with the camera at a rather 
small distance from the tank. Accordingly there is a distortion of 
the bottom of the cavity. In particular the separation line was 
a r near the nose of the projectile as might be judged from 

ig. 4. 








1364 ALBERT MAY 


Fic. 4. Entry of 1-inch 
steel sphere at 33 ft/sec. 
This picture was taken 
shortly after the cavity 
pulled away from the water 
surface. The position on the 
sphere of the line at which 
the water separates is fal- 
sified by the nearness of the 
camera to the tank. 











When surface seal occurs (Fig. 2 or Fig. 3), the cavity 
underneath is expanding. As a result of the flow 
pattern the expansion subsequently continues for a 
short time and the pressure in the cavity drops. The 
spray continues traveling down into the cavity until 
the top of the cavity almost reaches the water surface. 
Then the cavity wall at its top becomes thicker due 
to water which flows over the cavity. This is seen in 
Fig. 5 which shows the entry of a less dense (poly- 
styrene) sphere. When the upper wall has thickened 
sufficiently, the jet of spray changes into a true jet 
as is apparent in Fig. 5. Further, because of reduced 
pressure in the cavity, the atmospheric pressure above 
the water may push the top of the cavity below the 
surface level of the water as shown in Fig. 4. The flat 
cavity top in the photograph is characteristic of this 
phase of the development. 

As the cavity travels downward from the surface, 
hydrostatic pressure tends to push its walls together. 
The invariable ultimate result is what is called a 
‘deep closure”’ or ‘deep seal.’’ This closure is seen in the 
series of photographs in Fig. 6. In the second photograph 
the start of the spray jet can be seen, and in the third 
this has changed to a true jet. The last picture shows 
the formation of deep seal. 

The appearance of the cavity at the time of deep 
seal depends on the time at which surface seal occurs. 
Under some conditions the segmentation may occur 
very near the missile, while under others the deep seal 


is practically at the top of the cavity and no actual] 
segmentation occurs. The percentage rate of increase 
of cavity volume is greatest at first and continually 
decreases. Hence, the earlier that surface seal occurs 
the greater will be the drop of pressure in the cavity 
after surface seal. Such a decrease of pressure hastens 
deep seal and makes it occur nearer the surface. This 
may be understood qualitatively if one treats the 
situation as if it were a static one. The pressure causing 
deep seal is the sum of the hydrostatic pressure due to 
depth and the pressure deficiency in the cavity. If the 
pressure in the cavity were equal to the pressure above 
the water, depth alone would effect deep seal and the 
closure would tend to be deep where the pressure is 
greater. On the other hand, if the difference between 
cavity pressure and the pressure of the atmosphere is 
very great, depth no longer is dominant. Closure then 
becomes shallow because the portion of the cavity 
near the surface is generated earliest and the closing 
forces there have a longer time to act. 

The extreme case shown in Fig. 7 is seen especially 
after the entry of small spheres (less than 1 inch) at 
atmospheric pressure. In this closure the upper section 
of the cavity becomes narrow because of the pressures 














Fic. 5. Water entry of 1-inch polystyrene sphere. This cavity shape 
is characteristic of light spheres. Note the large downward jet. 
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acting, and is simultaneously traversed by a downward 
jet. The section of the cavity decreases in cross section 
while the jet increases, until they become equal. At 
this instant most of the upper section of the cavity 
suddenly disappears. In Fig. 7 a small piece has been 
left at the top and a trace of bubbles marks the place 
where the cavity was. It is not clear why this behavior 
has been observed only with the smaller spheres, but 
it may be ascribable to surface tension. 

In the closure type of Fig. 6 the seal occurs just before 
the jet arrives at the closure depth. Hence, while a 
well-formed deep seal may occur, the upper segment of 
the cavity is often so nearly filled by jet that only a 
cloud of small bubbles or a few moderately large ones 
remain. 

When the atmosphere above the water has a small 
density, as occurs with entry from air at reduced 
pressure, the under-pressure in the splash neck is 














Fic. 6. Entry of 13-inch steel sphere at 87 ft/sec. The frames 
were chosen to exemplify production of splash, surface seal, 
“pull-away,” and deep seal. 


small and surface seal is very slow. Hence, the cavity 
becomes large, and its top does not pull away appreci- 
ably, if at all, from the water surface. In such cases the 
cavity is quite long when deep seal occurs and the 
remarkably regular configuration of Fig. 8 is obtained. 
A much smaller fraction of the cavity’s total volume 
remains attached to the sphere after this type of 
deep seal. 


EMPIRICAL ANALYSIS OF DATA ON SURFACE SEAL 


Although surface seal is one of the most important 
events in the cavity development, the empirical 
determination of the time of its occurrence is difficult. 
It would be desirable to use the time at which the closure 
becomes complete but this final sealing cannot be 
observed. In view of this it has appeared most important 
to choose a configuration which can be identified easily 
and which will put the specification of the “time of 
surface seal” on a reasonably objective basis, even 

















Fic. 7. Deep seal of the cavity formed by a }-inch steel sphere. 
An upper piece of the cavity has collapsed with the loss of a 
small cavity segment. 


though the time specified is not precisely that of an 
important event. For this reason we have taken as 
the instant of surface seal that at which the jet of 
spray is first seen descending from the closure dome. 
The second photograph of Fig. 6 was taken very shortly 
after the instant of surface seal. Unfortunately, this jet 
cannot be seen when the closure is very slow. In such 
cases, surface seal is assumed to occur just after the 


dome appears complete (as in Fig. 2). 
et | 
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Fic. 8. Entry of a }-inch steel sphere at 77 ft/sec. The air 
pressure was } normal atmosphere. Note the symmetrical hour- 
glass configuration at deep seal. 
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Fic. 9. Dependence of time of surface seal on entry speed and air 
density for cavities formed by 4-inch steel spheres. 


Gilbarg® found empirically that, to a first approxima- 
tion, the product v7’, is constant, where za is the speed 
of the sphere at water impact and 7, is the time of 
surface seal measured from the instant when the sphere 
strikes the water. Gilbarg did not succeed in discovering 
empirically a simple law for the dependence of 7, on 
the density p of the air above the water. Birkhoff and 
Isaacs,® in obtaining a rough theoretical estimate of the 
value of 7, showed that pu7,/D (where D is the sphere 
diameter) should be approximately constant. Our 
measurements for steel spheres show that this is the 
case for vertical entry, and it is exemplified, for a 
single diameter, in Fig. 9, where puZ,/D is plotted 
against % for }-inch spheres. For convenience, the units 
used in the ordinate values of Fig. 9 are inches and 
milliseconds, with the air density in standard atmo- 
spheres. These units are assumed in this report unless 
others are indicated. 

Figure 9 shows that puZ,/D has a reasonably 
constant value for each air density. The value of 
pto?’,/D increases by a factor of 2.4 when the air 
density is made 16 times as great. The rather large 
scatter of the data on Fig. 9 is caused both by the 
difficulty in specifying the instant of surface seal and 
by the inaccuracy in its measurement. 

Table I lists mean values of pu7,/D for steel spheres 
from } inch to 1} inch in diameter and air densities 
from 3; to 1 atmosphere. The increase of pu7,/D as 
the air density increases appears real, and there is an 
increase with diameter at medium densities. The 
absence of data in Table I for large spheres at low 


5 G. Birkhoff and R. Isaacs, NavOrd Report 1490 (1951). 


densities is due to the absence of surface seal. A compari- 
son of entries at jg atmosphere shows that all }-inch 
sphere entries were accompanied by surface seal (32 
to 76 ft/sec) while no surface seal occurred with 1-inch 
spheres (20 to 78 ft/sec). Since surface seal occurs more 
readily at higher speeds this would indicate that 32 
ft/sec for a }-inch sphere corresponds to more than 78 
ft/sec for a 1-inch sphere, or that the scaling laws 
for surface seal are such that the velocity must be 
increased more rapidly than the square root of the 
diameter. 

A close approximation can be made to the dependence 
of surface seal on air density and entry speed by a 
simple picture based on the reduction of pressure in 
the splash neck.* Suppose that just after impact with 
the water (‘=0), the splash forms a uniform circular 
cylinder having the same diameter D as the sphere, 
and that it is moving outward with a horizontal compo- 
nent of speed which is a fixed fraction kv of the entry 
speed. Further, suppose that surface seal occurs when 
the splash wall reaches the flight axis, drawn inward by 
the constant pressure 3/2”. 

The radius of the splash cylinder is 


= —hal?+kott+r, 
2 


where the acceleration a is related to the air pressure 
and to the mass per unit area of the splash wall, m, by 
a= pv’/2m. If it is assumed that a sphere of radius r 
produces a splash wall of thickness 76, then m= pyri, 
where p is the density of water. When s=0, ‘=T7,, so 
that the equation for s becomes, at the time of surface 
seal, 
r= avo] ,”/4ri— kr7 ,, 


where @ is the specific gravity of the air relative to 
water. This can be written as quadratic in %7,/r and 
yields on solution 


ow] ,/D= kdl 1+ (1+ 0/k'5)* ]. 


Considering the obvious defects in the model used, the 
agreement between this formula and the dependence 
shown in Table I is satisfactory. The formula gives a 
dependence on density of proper sign, but gives no 
dependence on diameter of the sphere. 

Since the pull-away of the cavity from the water 
surface results from the drop in cavity pressure following 


TABLE I. Average values of pvo7°,/D for steel spheres. 





Sphere 
diameter Pressure of air in atmospheres 
(inches) 1 } } j fs 
3/2 4.6 3.2 a7 
1 4.5 4.1 3.8 4.2 
, 4.6 x 2.5 2.1 1.9 
} a 2.6 2.0 1.8 1.9 








* B. D. Blackwell, in an unpublished report, first suggested that 
surface seal is caused by the dynamic pressure resulting from air 
rushing into the cavity through the neck. 
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surface seal, this pull-away does not occur without 
surface seal nor when surface seal is very late. When the 
seal is late, the cavity is then large and growing slowly 
so that no appreciable precentage increase in cavity 
volume nor decrease in cavity pressure occurs after 
surface seal. 

Curves of time of pull-away 7, plotted against 
1/v% are given in Fig. 10 for }-inch steel spheres at air 
densities of 1, 3, and } atmospheres. Both time and 
velocity are ‘‘Froude-scaled” in Fig. 10 by dividing by 
the square root of the characteristic length, which is 
taken as the diameter of the sphere. Hence, the coor- 
dinates chosen for Fig. 10 (and for many other graphs 
in this report) are Froude-scaled but they are not 
dimensionless. They may easily be made dimensionless, 
however, by multiplying by constant parameters. 
At densities below { atmosphere no pull-away was 
obtained. Within the rather large scatter of the experi- 
mental data, the points of Fig. 10 can be represented 
by straight lines as can all similar data obtained for 
steel spheres. The straight graphs almost superpose 
if p'T,/D}, instead of T,/D', is plotted against D*/2». 


TABLE II. Ratio of time of pull-away to time of surface seal. 
Slope of graphs of 7/7, versus Froude number (Fr=10/ Dg) for 
steel sphere, and value of 7,/7, when Fr=50. 

















Sphere 
diameter Density of air in atmospheres 
(inches) 1 } a 
1} Fr=50 ~—2.50 
slope 0.009 
1 Fr=50 2.66 2.90 a 
slope 0.018 0.029 
$ Fr=50 2.12 2.40 2.67 
slope 0.006 0.003 0.018 
} Fr=50 1.19 2.31 2.38 2.45 
slope 0.000 0.001 0.004 —0.001 








All values of the ratio T,/7, observed for steel 
spheres lie in the range between 1.5 and 3.5. Table II 
shows the results obtained when 7,/7, was plotted 
against Froude number for spheres of various sizes at 
several pressures. The upper figures listed for each 
sphere size are the values of T/T, for a Froude number 
of 50. The values of this ratio increase as the sphere size 
increases and as the air pressure decreases. The data of 
Table I showed that 7,/D} has a similar dependence on 
D and p. It appears then that T,/D* and T,/D' depend 
similarly on D and p but that T,/D! depends more 
strongly on both. The lower figures listed for each 
sphere size in Table II are the slopes found for the 
graphs of 7,/7, against Froude number. The values 
increase as the sphere diameter increases. 


EMPIRICAL ANALYSIS OF DEEP SEAL 


Deep seal of the water-entry cavity is an event of 
considerable importance in the study of the cavity and 
its scaling laws, especially since it occurs for all entries. 
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Fic. 10. Dependence of time of pull-away of the cavity from the 
water surface on entry speed and air density for }-inch steel 
spheres. Air density is in atmospheres. 


Some authors have taken the view that deep seal is 
absent in those entries at atmospheric density where the 
upper section of the cavity becomes filled by the jet 
and disappears suddenly. Certainly it is difficult to 
specify the depth at which this type of closure occurs. 

Graphs of the Froude-scaled time of deep seal, 
Ta/D*, measured from the instant of water impact, 
plotted against the reciprocal of the scaled entry speed 
are given in Fig. 11 for 3-inch steel spheres. Some of the 
features of these curves were described by Gilbarg.? 
The maximum (scaled) time of deep seal is roughly the 
same for the various sphere sizes. It is obtained when 
the pressure in the cavity is substantially the same as 
that above the water, that is, when there is no early 
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Fig. 11. Time of deep seal of cavities formed by 4-inch steel 
spheres, showing dependence on entry speed and air density. Units 
are inches and milliseconds, with the air density in atmospheres. 
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Fic. 12. Relation between the times of deep seal and surface seal for cavities formed by steel spheres. All air 
pressures for which surface seal was obtained are included except one atmosphere. 


surface seal. The time of deep seal is then independent 
of entry velocity. 

Gilbarg presented a graph showing that Froude- 
scaled time of deep seal depends in value only on the 
scaled time of surface seal. The data presented on Fig. 
12 indicate a small effect of sphere size. Here data were 
included for all air densities at which surface seal 
occurs, except at normal atmospheric density, at which 
deep seal is a somewhat different phenomenon. 

Graphs showing the dependence of the depth of 
deep seal on the entry speed are shown in Fig. 13 for 
$-inch steel spheres. In general, the depth of deep seal 
increases with entry speed for a given sphere size and 
gas density. At low gas densities, since there is no surface 
seal and, hence, no change in cavity pressure, the depth 
reaches a limiting value and becomes independent 
of the value of gas density. For example, for 1-inch 
spheres the curve for a gas density of } atmosphere 
coincides with those at lower pressures for small entry 
speeds, since then surface seal is very late. At higher 
speeds surface seal assumes importance and these curves 
separate. For 3-inch spheres (Fig. 13) the graph for 
4-atmosphere density lies separate from those at lower 
pressures. Here densities of ;’g and 35 give the same 
curve, but for j-inch spheres, curves even for these 
two densities are still well separated. 


SCALING OF WATER ENTRY 


As is well known it is quite impossible to scale all 
forces which affect hydroballistic behavior, and it is 
consequently desirable that we seek the best approxima- 
tion that is practicable. The author has previously 
shown’ that there are indications that the drag coeffi- 
cient at water entry is somewhat influenced by viscosity, 
and hence depends on Reynolds number. He has 


7A. May and J. C. Woodhull, J. Appl. Phys. 19, 1109 (1948). 


investigated also‘ the effect of surface condition of the 
missile on water entry. 

Since Froude scaling should give a first approximation 
to true scaling when models enter water, a model whose 
linear dimensions are \ times those of the prototype, 
should have velocities and time durations \? times those 
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Fic. 13. Depth of deep seal as a function of entry speed and air 
density for }-inch steel spheres. The curves for lower densities 
show that without surface seal the dependence of depth of deep 
seal on air density disappears. 
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Fig. 14. Comparison of the time of deep seal for steel spheres 
with Froude scaling, and with pressure-density scaling added to 
Froude scaling (regarding the 1}-inch sphere as a prototype). 
The solid lines are for ordinary air, and the dotted lines show the 
slight improvement due to pressure-density scaling. 


of the prototype. When free surfaces are present it is 
well known that the pressure of the atmosphere above 
the water should be reduced to a value \ times that 
existing for the prototype. In applying this to water- 
entry work, Birkhoff first pointed out’ that the density 
of the atmosphere should be the same for model and 
prototype. For similar behavior in the vertical entry of 
bodies it is actually much more important to keep the 
atmosphere density unchanged than to scale its pres- 
sure. In oblique water entry, surface seal occurs later 
and the importance of preserving the density is lessened. 

This change of pressure without change of density 
cannot be obtained practically without changing the 
gas used. We have used Freon 114, which has a density 
about six times that of air at the same pressure and 
temperature, mixed with water vapor and perhaps 
with air. 

Experimental results obtained with the pressure- 
density Froude scaling of water-entry events will be 
discussed in the following paragraphs. 

Graphs of time of surface seal against entry speed for 
water entries of spheres from ordinary air, and from a 
mixture of Freon and water vapor having the same 
density but only one-sixth the pressure, were found to 
agree within experimental error. This indicates that the 
atmosphere influences surface seal primarily through 
its density, and not through its pressure. 

The data given in Table II on times of pull-away of 
the cavity from the water surface together with the 
data on time of surface seal in Table I show that for 
water-entry tests with spheres of various sizes, and with 
ordinary air above the water, the scaled pull-away 


times increase slightly with sphere size. Since this 
represents a scale effect for the use of ordinary air in 
model water-entry tests, data were taken with }-inch 
and j-inch spheres at atmospheric gas density but with 
pressures scaled (relative to 3/2-inch spheres as a 
prototype) to values of 4 and 3% atmosphere, respec- 
tively. The scaling errors were not removed by the 
pressure change. The times of pull-away were, in general, 
increased. This would be expected since, with reduced 
pressure above the water, the initial cavity pressure is 
low and the change of pressure in the cavity after 
surface seal is less. Hence, pull-away is later. The 
larger changes noted, which were for the }-inch spheres, 
were about 1.5 milliseconds. 

Figure 14 gives least-square straight graphs of the 
time of deep seal plotted against the reciprocal of entry 
speed for spheres of four sizes entering water from 
ordinary air. These are drawn as solid lines. One of 
these graphs was given with plotted points on Fig. 11. 
A scaling defect is indicated by the fact that the graphs 
are not superimposed. Data obtained from pressure- 
density scaled shots of }-inch and }-inch spheres are 
given also in Fig. 14, and it is seen that the (dotted) 
lines, plotted from these data, correct a part but far 
from all of the discrepancy. 

A similar comparison for the depth of deep seal is 
given in Fig. 15. One of the graphs in this figure (for 
ordinary atmospheric conditions) was given in Fig. 13. 
The points plotted on Fig. 15 for the pressure-density 
scaled shots of $-inch and }-inch spheres show little 
change from the graphs for ordinary Froude scaling. 

Thus far, no data have been given for measured 
cavity volumes. If surface seal occurs, the cavity will, 
at some time, reach a maximum size which can be 
measured with some accuracy on motion pictures. 
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Fic. 15. Graphs for depth of deep seal for steel spheres, with 
Froude. scaling. The superimposed points for pressure-density 
scaling to a 13-inch prototype sphere show no decrease of scaling 
defect. 
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Fic. 16. Maximum cavity volume for Froude scaling (solid 
lines and plotted points), and with pressure-density scaling to the 
14-inch sphere as a prototype (dotted lines). Pressure-density 
scaling decreases the scaling defect considerably. 


The maximum volumes attained by cavities are plotted 
against entry velocity in Fig. 16. Both coordinates 
are scaled ; the volume by dividing by the volume of the 
sphere. The solid lines and the points from which they 
were computed are for the four sphere sizes with 
ordinary air above the water. The three dashed lines 
(without plotted points) are for the three smaller sizes 
of spheres, pressure-density scaled up to the 13-inch 
sphere. Figure 16 shows that pressure-density scaling 
reduces the dependence of volume on sphere size 
considerably, but a large effect of size still remains. 


TIME HISTORY OF CAVITY VOLUME 


Much of value can be derived from a study of the 
volume of the cavity as a function of time, since it 
furnishes effectively an integration of events over the 
whole cavity history. A typical plot of cavity volume 
against time is given in Fig. 17, which is a record of the 
entry of a 1-inch sphere at 77 ft/sec from an atmosphere 
of }-atmosphere pressure and {-atmosphere density. 
The small sketches adjacent to the graph indicate the 
rate of cavity development, showing the configuration 
of the cavity walls at the time at which they are posi- 
tioned. Various data secured for this entry are as 
follows: 


T,=13ms, T,=49ms, Ta=66ms, Da=17 inches. 


It will be seen that the cavity continued to expand for 
a long time after surface seal had apparently taken 
place. As is usually the case, maximum cavity volume 
was reached at a time very close to the time of pull-away 
from the water surface. At that time the pressure in the 
cavity was below atmospheric. The pressure deficiency 
had stopped the cavity growth and subsequently 
caused it to contract. The cavity had reached a min- 
imum volume and apparently had just started on 
another expansion when deep seal occurred. After deep 
seal the upper segment of the cavity presumably 
continued the expansion which was started before deep 
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seal. Later the bubble which remained at the water 
surface oscillated in volume until it was punctured by 
the upward jet resulting from deep seal. 

The considerable expansion of the cavity following 
the apparent time of surface seal suggests that surface 
seal was not complete until somewhat later, and this 
suspicion was confirmed by detailed studies of cavity 
volume. ; 


MOTION OF THE CAVITY WALL 


Closely related to the study of cavity-volume changes 
is that of the motion of the cavity wall. Theories regard- 
ing the motion of the cavity wall after vertical entry 
generally assume that any point on the wall has 
negligible vertical motion. This is well substantiated by 
experiment. Birkhoff and Caywood* demonstrated this 
by use of Slichter’s multiflash “bubble technique,” 
and observation, in motion pictures, of irregularities 
on the cavity wall show that any vertical motion js 
very small. Measured curves of the cavity diameter 
at various depths, plotted against time, are given in 
Fig. 18 for the vertical entry of a 1-inch steel sphere 
at 73 ft/sec. Low air pressure (1/27 atmosphere) was 
used to prevent surface seal and the complicating effect 
of cavity-pressure change. 

At shallow depths the horizontal flow near the cavity 
is approximately that obtained by assuming that the 
divergence of the velocity (in plane polar coordinates) 
is equal to zero. Thus, D?=0.8/+1 is a very close 
approximation to the topmost curve in Fig. 18, which 
relates to the water surface. 

The cavity represented in Fig. 18 had a deep closure 
at a depth of about 24 inches. Figures 19 and 20 show 
the velocity and acceleration of the cavity wall at a 
depth of 22 inches obtained from Fig. 18 by graphical 
differentiation. The velocity is plotted against time, 
but the acceleration has been plotted against cavity 
radius since this permits comparison of the expanding 
and contracting branches of the graph. In Fig. 20 it is 
seen that the collapsing arm is considerably different 
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Fic. 17. Cavity volume as a function of time. The cavity was 
formed by the entry of a 1-inch steel sphere at 77 ft/sec from a 
gas whose density was one-fourth and whose pressure was one-sixth 
that of a normal atmosphere. 


8 G. Birkhoff and T. E. Caywood, J. Appl. Phys. 20, 646 (1949). 
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from the expanding one, the acceleration, and hence 
the velocity, on collapse being less than in the growth 
of the cavity. This asymmetry was discussed by Birkhoff 
and Isaacs.* 


DETERMINATION OF PRESSURE IN THE CAVITY 


The pressure in water-entry cavities is difficult to 
determine. Values for one measurement were reported 
by Richardson.*® An estimate of pressure changes can 
be obtained from measured volume changes such as 
those of Fig. 17. 

It is possible also to obtain information concerning 
the pressure in the cavity from the study of the motion 
of the cavity wall during the expansion and collapse 
after surface closure. In general, a lowered pressure in 
the cavity tends to shorten the expansion time and also 
the collapse time of the cavity at any depth. 
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Fic. 18. Variation of cavity diameter at various depths 
with time after entry. 


ENERGY EXPENDED IN CAVITY PRODUCTION 


In unpublished World War II research, Dr. J. H. 
McMillen suggested that, since the missile forms the 
cavity by imparting an approximately horizontal 
velocity to the water in its path, it may be surmised 
that the energy given up by the missile in any small 
element of path goes principally into the work of 
forming the part of the cavity along this element of 
path, against hydrostatic forces. This has been inves- 
tigated by comparing the space rate, dE/dh, at which 
the kinetic energy E of the missile decreases with 
depth 4, and the work pA required to create unit 
length of cavity of cross-sectional area, A, against 
hydrostatic pressure, p. 

Assuming that the deceleration of the missile is 


*E. G. Richardson, Proc. Phys. Soc. (London) 61, 352 (1948). 
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Fic. 19. Velocity of the cavity wall at a depth near deep seal, 
as a function of time. This curve was obtained from Fig. 18 by 
graphical differentiation. 


proportional to the square of the velocity, we may 
write —dv/di= av, where a is the retardation coeffi- 
cient. If the mass of the missile is m, then the drag force 
—dE/dh=mav". For the energy used in cavity produc- 
tion, pA = yhA, where y is the weight per unit volume 
of the water. 

Table III lists values of dE/dh and pA in poundals 
for five water entries of 4-inch-diameter missiles for 
which no surface seal occurred. These values were 
computed from motion-picture data for depths ranging 
from 4 to 24 inches. Steel spheres were used in two of 
the entries and cylinders in the other three. Each of 
the cylinders had a mass of 0.44 lb, about 2.4 times 
that of the spheres. One of the cylinders had a flat 
nose, one nose was a 90-degree cone, and one was a 
hemisphere. 

If the data in Table III were plotted as pA against 
mav’, the points would lie very close to a single straight 
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Fic. 20. Acceleration of the cavity wall as a function of cavity 
radius. This curve was obtained from Fig. 19 by graphical dif- 
ferentiation. 
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Fic. 21. Photographs showing the similarity between cavity 
profiles for water entry of cylindrical missiles which experience 
the same drag. Superimposed pictures of models have been 
enlarged to 3 times the size shown in the cavity. 


graph which almost passes through the origin. Average 
values of the ratio (dE/dh)/pA are found to be 0.8 at 
a 4-inch depth and 1.1 at 24 inches. These values 
represent the fraction of the energy taken from the 
missile, that is used in forming the cavity. In general, 
this fraction is found to be rather small near the water 
surface and to increase with depth until it becomes 
greater than unity. The fact that more energy appears 
to go into cavity production than is lost by the missile 
is explained by the fact that the water motion is not 
purely horizontal. 

A suggestion was made by Professor Garrett Birkhoff 
that missiles shot vertically from a low pressure 
atmosphere into water might produce nearly identical 
cavities if the missiles were so constructed that they 
nad the same value of ACp/m, where A and m are the 
cross-sectional area and mass of the missile, and Cp is 
its drag coefficient. The drag force is (})pv*ACp where 
p is the density of the water. Hence, missiles with the 
same value of ACp/m would have the same deceleration 
due to drag, at the same speed. In the proposed tests 
the masses should be the same so that gravity affects 
all in the same manner, and the ambient pressure should 
be low enough so that surface seal does not result in 
unequal cavity pressures. 


Taste III. Comparison of the energy given up by a missile in 
traversing unit length of path and the energy used in creating 
unit length of cavity.* 


4-inch cylinders 


Nose 90° cone hemisphere flat }-inch steel spheres 


Entry It 33 80 72 158 208 
speed sec 

Depth dE |, dE dE. dE , dE ; 
inches) dh pA dh pA dh pA dh pa pA 





4 104 93 68 51 98 76 156 139 351 277 
8 77 68 #=%S5S6 41 60 55 104 96 239 229 
12 56 53 46 38 36 39 57 43 148 121 
1 42 38 38 36 22 25 38 = 302938 73 
20 «630 34 «(631 COO id13's—s*18 28 26 59 47 
24 22 28 25 24 23 











* All values of energy-per-unit-length are in poundals. 
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A set of cylinders was designed to permit this 
suggestion to be tested, using several nose shapes so 
that the drag coefficients and cross-sectional areas 4 
would differ. A set of cylinders was constructed with 
flat, hemispherical, and 90° conical noses, the cross- 
sectional areas being inversely proportional to the 
expected drag coefficients. The cylinders (shown in 
Fig. 21) had equal masses, and the centers of mass 
were rather far forward to increase stability. Each had 
a mass of 0.6 lb, and their diameters ranged from 0.7 
to 1.1 inches. Table IV gives the drag coefficients 
found for the cylinders. All of the data relate to an 
entry speed of 37 ft/sec. Because of errors in design 
the retardation coefficient @ (whose value is proportional 
to the acceleration at a given velocity) varied among 
the cylinders by about 20 percent. The accelerations 
were so small that the determination of the drag 
coefficients required much more labor than might have 
resulted from a better design. 

Figure 21 shows that nearly identical cavities are 
obtained if the product ACp is maintained constant. 
The cavity size and shape are nearly identical. In all 
of these photographs the missiles were at a depth of 


TABLE IV. Acceleration data relating to test with 
equal-acceleration cylinders (at 37 ft/sec) 











Nose shape Cp a@ (ft7!) 
Hemisphere 0.30 0.103 
90° cone 0.53 0.117 
Flat 0.90 0.123 








23.5 inches after water entry at 36 ft/sec. The cavity 
formed by the flat-nosed cylinder suffered a late surface 
seal which caused the cavity to be very slightly narrower 
than the others. In the central photograph the marking 
on the cavity in the rear of the cylinder shows where the 
cylinder gouged the cavity wall due to yawing. This 
experiment was repeated with full atmospheric pressure 
above the water. Under these conditions the cavities 
were not alike. The differences and their causes have 
not been analyzed in detail but they are related to 
different times at which events occurred for the various 
cylinders. For the 90° cone the times of surface seal, 
deep seal, and pull-away were about 20 percent longer 
than for the hemispherical nose. The time of surface 
seal is probably affected by the nature of the splash, 
and it in turn changes the times of the later events. 

The author wishes specifically to express his apprecia- 
tion to a few of the many persons to whom he has 
become indebted during the carrying out of this work: 
to Dr. J. H. McMillen for many inspiring discussions, 
to Mrs. Jean Woodhull Sinden for her major contribu- 
tions to the research, to Mr. D. J. Milano for carrying 
out the experimental work, and to Professor Garrett 
Birkhoff for his interest and counsel. 
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Shock tube experiments have been conducted to determine the effect of surface roughness on shock waves 
in nitrogen passing over the surface. Shock retardation was measured for a series of two- and three-dimen- 
sionally rough surfaces at shock strengths from ¢= 0.1 to = 0.9. The first-order approximation was made 
that the volume between the positions of the shock wave, with and without the rough surface present, 
multiplied by the specific energy behind the undisturbed shock wave represented energy dissipated by the 
roughness. The space rate of energy dissipation is presented as a function of the average particle size of the 
rough surface. It is also shown that the curvature of the shock wave in the vicinity of the surface depends 
on the roughness of the surface, the length of roughness covered, and the strength of the shock wave. In 
addition, the hundreds of measurements of shock wave contours made in this investigation showed that 
there is a random fluctuation in the angle of incidence of the primary shock wave of 1/15°. This fluctuation 
is presumably caused by the details of the diaphragm rupture even though measurements were made 14 ft 
from the diaphragm in a shock tube with a 2X7 in. cross section. 





I. INTRODUCTION 


HIS investigation was undertaken in an effort to 

obtain quantitative information concerning the 
interaction of a shock wave and a rough surface. This 
type of shock wave interaction has not heretofore been 
investigated even though it is of importance in any 
treatment of shock wave attenuation. It is hoped that 
these experiments may suggest a model of this interac- 
tion which can be examined theoretically. 


II. EXPERIMENTAL PROCEDURE 


Since direct information about the interaction of a 
shock wave and a rough surface was desired, photo- 
graphic observation of the interaction was superior to 
any indirect measurement. As a quantitative measure 
of the effect of the interaction, an attempt was made 
to correlate the curvature of the shock observed in the 
vicinity of thesurface with shock strength and roughness. 
It was soon apparent, however, that shock curvature 
could not be described in terms of these variables alone. 
Therefore, the rate of energy dissipation by the surface 
was chosen as a measure of the effect of the interaction. 

To a first approximation, the energy subtracted from 
the one-dimensional flow behind a shock wave is equal 
to the volume between the positions of the shock wave, 
with and without the rough surface present, multiplied 
by the energy density behind the shock, which can be 
determined from the work done on the flow by the piston 
which produces the shock wave. This energy is not 
necessarily dissipated instantly into heat. Some of it 
will appear as potential or compressional energy result- 
ing from the high pressure regions in the vicinity of 
grains of roughness, and as kinetic energy of flow in a 
direction perpendicular to the motion of the primary 
shock. Nevertheless, this energy has been removed 
from the original flow field; and therefore, an attenua- 
tion of the primary shock wave must result. 

The effect of a rough surface on a shock wave was 
observed by photographing a shock wave after it had 


* Now at Los Alamos Scientific Laboratory, Los Alamos, New 
Mexico : 


passed over a limited length of controlled roughness. 
The shadowgraph method was used throughout this 
investigation. A representative photograph of this 
interaction is shown in Fig. 1. It was essential that a 
portion of the primary shock wave appearing in the 
photographs lie outside of the region of influence of the 
roughness in order to allow a comparison of disturbed 
and undisturbed shock waves. The theory and con- 
firming experiments for the rate of growth of the 
region of influence of the roughness are discussed in 
Appendix A. 

The rough surface itself was cemented to a sharpened 
plate bolted near the top of the shock tube. The plate 
was designed so that the transition from smooth plate 
to rough surface could be made as continuous as 
possible. A series of fine wires was fastened permanently 
within the field of view in order to provide reference 
lines for the determination of the position and shape of 
the primary shock wave. 

The maximum, minimum, and average grain size of 
the sandpapers used in this investigation are shown in 
Table I. Actually two dimensions of the grains are as 
shown while the third is approximately 50 percent larger. 
Part of each grain is buried in the adhesive. 

Sandpapert was used throughout this investigation 


TABLE I. Characteristics of various sandpapers used. 








Min. Size 





Max. Size Av. Size 

Designation X1073 in. 1073 in. 1073 in. 
24-3 45.5 32.1 26.0 
30-23 37.5 27.8 21.5 
36-2 30.5 23.2 16.5 
40-13 26.0 18.4 13.0 
50-1 21.5 14.1 9.5 
60-1/2 16.5 10.9 6.5 
80-1/0 13.0 re | 5.7 
150-4/0 5.7 3.9 ye 

400-10/0 2.0 0.93 0.10 








+t The sandpaper used in this investigation was Production 
Paper supplied by the Minnesota Mining and Manufacturing 
Company, St. Paul, Minnesota. The technical information con- 
tained in Table I was furnished by Mr. Sidney L. Weichman of 
the Abrasive Laboratory, Minnesota Mining and Manufacturing 
Company. 
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Fic. 1. A representative photograph of the interaction of a 
shock wave and a rough surface. The surface is a .100 in two- 
dimensional roughness, and the shock strength is §=0.7. 


to provide a controlled three-dimensional roughness 
because of the uniformity and range of roughness of the 
available papers. Two-dimensional roughness was ob- 
tained by milling symmetric 90° sawteeth into gauge 
stock. The heights of the resultant right-triangular 
obstacles were 0.010 in., 0.040 in., 0.070 in., and 0.100 in. 


Ill. MEASUREMENTS OF THE PHOTOGRAPHS 


As mentioned above, all of the photographs of the 
shock wave-roughness interaction were taken near 
enough to the leading edge of the roughness to insure 
that part of the shock wave was outside of the region 
of influence of the roughness. It was therefore possible 
to determine the area between shock waves of a par- 
ticular strength, one of which has passed over a rough 
surface and one of which has passed over a smooth 
plate, by superposing the undisturbed region of the 
two shocks. This superposition was made indirectly by 
measuring the distance between each of the shock waves 
and one of the bench wires at twenty-nine points five 
millimeters apart. These measurements were sufficient 
to determine the area “A” shown in Fig. 2. The differ- 
ence between the areas “A”’ for shocks that have passed 
over rough and smooth surfaces, multiplied by the 
specific energy behind the undisturbed shock represents 
the energy degraded by the roughness per unit depth 
of flow. 


IV. EFFECT OF EXPANSION CHAMBER PRESSURE 


Nine values of shock strength were used in this in- 
vestigation; & the initial pressure divided by the 
pressure behind the shock wave, was varied from 0.9 to 
0.1 in steps of 0.1. All of the shock waves were produced 
by using nitrogen in the expansion chamber and hy- 
drogen in the compression chamber. In order to cover 
this range of shock strengths conveniently, it was 
necessary to vary the initial expansion chamber pressure 
from one atmosphere to approximately 1/30 of an 
atmosphere as determined from the Taub equation,! 


1See F. W. Geiger and C. W. Mautz, The Shock Tube as an 
Instrument for the Investigation of Transonic and Supersonic Flow 
Patterns (Engineering Research Institute, University of Michigan, 
1949). 
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the fundamental shock tube equation relating initial 
pressure ratio across the diaphragm to the shock 
strength produced. When nitrogen and hydrogen are 
used in the chambers of a shock tube, the Taub equation 
becomes 


bo/po= {1—0.2727(1— (7TH). (1) 


The possibility that these variations in initial pres- 
sure, which caused a threefold variation in pressure 
behind the shock wave, might influence the results of the 
interaction was investigated by determining the area 
“A” for a shock strength §=0.1 and for a 0.100 in. two- 
dimensional roughness over a fourfold range of initial 
pressure. The results of this experiment are shown in 
Table II. It is apparent that this variation of initial 
pressure did not influence the interaction significantly. 
This result suggests that shock wave diffraction around 
the particles of the surface is more important in causing 
shock retardation than viscous dissipation in the flow 
behind the shock. This conclusion results from the 
following line of reasoning. 

Under the conditions of this experiment the tem- 
perature behind the shock wave was held constant 
while the pressure was varied. The coefficient of 
viscosity is independent of pressure at constant tem- 
perature. Also, the velocity field produced by a shock 
wave depends primarily on the pressure ratio across 
the shock wave and not on the absolute value of 
the pressure. As a result the work done or energy 
dissipated by the viscous forces which is propor- 
tional to the coefficient of viscosity, the velocity 
gradients, velocity, and time will be independent of 
initial pressure. However, the energy density behind 
a shock wave is directly proportional to the initial 


—— 


Boundary Of 
Region Of 
Influence 


oy 









Translated 


Bench Wire Bench Wire 


- 






Shock Wave . 
! 
| 





Rough Surface 


Fic. 2. Deformation of a shock wave caused by interaction 
with a rough surface. 
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pressure (see Eq. (2)). Therefore, if viscous forces were 
the primary cause of the energy dissipation observed, 
retardation area would be inversely proportional to the 
pressure. Since retardation area is independent of 
pressure, a different dissipation mechanism must be 
found. Multiple diffraction is a mechanism which is 
known to cause shock retardation and which should 
be dependent on shock pressure ratio and not on the 
absolute pressure. 


V. DISTANCE CORRECTION 


Small variations in initial expansion chamber pressure 
and room temperature combined with small uncertain- 
ties in the delay circuit and spark source timing insured 
that the shock wave did not appear in the same place 
relative to the roughness in every picture. In fact, there 
were twenty millimeters between the extreme accept- 
able locations. This distance was almost ten percent of 
the total useful length of the roughness. It was neces- 
sary, therefore, to apply a correction to the measured 
retardation area in order to make all measurements 
comparable. 


TABLE II. The effect of initial pressure on retardation area 
produced by a 0.100 in two-dimensional rough surface. Each 
area reported is the average of two determinations. 











Initial Retardation 
pressure Shock area 
(mm Hg) strength (sq mm) 

14.2 0.1 256 

24.0 0.1 272 

45.2 0.1 261 








The dependence of retardation on the length of 
roughness traversed was determined for number two 
sandpaper for three values of shock strength. A linear 
relation between net retardation area, the difference in 
area with and without the roughness present, and 
distance gives good agreement with the experimental 
data within the limited accuracy of the data as shown 
in Fig. 3. Therefore, a linear distance correction was 
applied to the experimentally determined net retarda- 
tion areas. Thus, the rate of dissipation of energy 
appears to be independent of the length of roughness 
covered. This result also suggests that the primary 
mechanism of shock retardation is multiple diffraction 
since the shock retardation produced by each of the 
diffraction processes would be additive and independent 
of the Jength of roughness covered. On the other hand, 
if viscous forces caused the dissipation, one would expect 
the retardation area to depend quadratically on length, 
because the rate of dissipation of energy would be 
proportional to the length of roughness which had been 
covered at any given time. 


VI. EXPERIMENTAL RESULTS 


Curves of retardation area as a function of shock 
strength for number 1/0 and 2 sandpaper and for a 
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Fic. 3. The dependence of net retardation area on the length 
of roughness covered by a shock wave. 


smooth plate are presented in Fig. 4. Note that the 
shock is retarded quite significantly by a smooth plate. 
Presumably this retardation arises from viscous dissipa- 
tion in the boundary layer behind the shock. All of the 
curves are forced to go to zero when = 1.0. This restric- 
tion follows from the fact that the region of influence of a 
rough surface vanishes for a sound wave as shown in 
Appendix A. Similar results for all values of three 
dimensional roughness Jisted in Table I are sum- 
marized in Fig. 5, in which the net retardation area 
is plotted as a function of average grain size for different 
values of shock strength. Finally, the net area is trans- 
lated into terms of the space rate of dissipation of energy 
by multiplying the area by the energy density behind 


240 -— 


(oq. im.) 


Retardation Area 
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Fic. 4. Retardation area as a function of shock strength for 
number 1/0 and 2 sandpapers and for a smooth plate. 
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Fic. 5. Net retardation area as a function of shock strength for the 
three-dimensional rough surfaces listed in Table I. 


the shock wave and dividing by the length of roughness 
covered. This energy density is? 


= po(u—1)(1—)LE(1+-ué) J. (2) 


Figure 6 shows the final results for three-dimensional 
roughness. Net retardation area as a function of grain 
size and energy dissipation as a function of shock 
strength for two-dimensional roughness are similarly 
presented in Figs. 7 and 8. 
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Fic. 6. The space rate of dissipation of energy per unit depth of 
flow for four values of three-dimensional roughness. 


2C. W. Lampson, Resumé of the Theory of Plane Shock and 
Adiabatic Waves with A pplications to the Theory of the Shock Tube, 
Ballistic Research Laboratory, BRL-TN-139. 
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Fic. 7. Net retardation area as a function of shock strength 
for two-dimensional rough surfaces. 


The curvature of a shock wave produced by a rough 
surface may be determined by measuring the distance 
between similar shocks photographed with and without 
roughness present. In this measurement special care 
must be used to correct for the random variation in the 
angle of incidence of the primary shock wave discussed 
in the next section. Figure 9 shows the shock curvature 
for shock strengths §=0.1, 0.5, and 0.9, and a number 
2 sandpaper roughness. In each case the shock wave 
has covered approximately twenty-two centimeters of 
the surface. Note that the length of the curved portion 
of the shock wave varies with shock strength as pre- 
dicted in Appendix A. The shock curvature for a 
strength of =0.2 and a roughness of number 2 sand- 
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Fic. 8. The space rate of dissipation of energy per unit depth of 
flow for two-dimensional rough surfaces. 
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Fic. 9. Shock curvature produced by a number 2 sandpaper 
roughness for shock strengths of §=0.1, 0.5, and 0.9. In each case 
the shock has passed over approximately 22 cm of roughness. 


paper is shown in Fig. 10. In this case the curvatures 
correspond to different lengths of roughness covered. 
Apparently the curvature of a shock wave produced 
by a rough surface is a function of shock strength, the 
grain size of the roughness, and the length of the 
roughness covered by the shock. 


VII. SOURCES OF EXPERIMENTAL ERROR 


The experimental results reported in the last section 
are subject to error from three sources. There are the 
usual uncertainties in measurement which influence the 
determination of the retardation area; there are 
electronic errors which influence the measurement of 
shock strength; and finally the shape of the primary 
tube shock was not reproducible from shot to shot. 
These factors shall be discussed in turn. 

As mentioned earlier each experimental point of the 
dissipation area curves was determined from a set of 
twenty-nine measurements of the distance between the 
shock wave and a bench wire. These measurements 
were made with a Bausch and Lomb X6 spectrographic 
magnifier. In thirty-five instances two independent 
measurements of dissipation area were made from the 
same photograph. The standard deviation of comparable 
measurements was 3.4 square millimeters. 
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The error in the determination of shock strength 
arising from systematic and random errors in the 
determination of shock transit time between two 
stations represents only a few parts per thousand and 
is therefore negligible with respect to other sources of 
error. 

The most serious source of uncertainty in this experi- 
ment arises from the lack of reproducibility of the 
primary tube shock. It has been found that shock waves 
produced in one shock tube with identical pressure 
ratios across the diaphragm are not necessarily identical. 
This fact was first noticed by Smith.* Likewise, in his 
investigation of Mach reflection, Bleakney‘ has noticed 
a random variation in the angle of incidence of the 
primary shock wave. Similar results have been ob- 
served in this investigation. The average variation in 
the angle of incidence of the primary shock was 1/15°. 
However, for strong shocks the variation of the angle 
of incidence was sometimes much greater. 

Presumably the details of the diaphragm rupture can 
influence the shape of the primary shock wave at an 
observation station separated from the diaphragm by a 
distance of more than twenty-four times the largest 
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Fic. 10. Shock curvature produced by a number 2 sandpaper 
roughness for a shock strength of §=0.2. The three curvatures 
shown correspond to different lengths of roughness covered. 


3L. G. Smith, Photographic Investigation of the Reflection of 
Plane Shocks in Air, OSRD-6271. 


* Walker Bleakney, private communication. 
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Fic. 11. The growth of the region of influence of an infinitesimal 
line disturbance behind a shock wave. 











dimension of the tube. The Michigan shock tube has a 
2X7 in. cross section and the test section is 14 ft from 
the diaphragm. This random variation in the shape of 
the primary shock should be considered in any in- 
vestigation requiring precise knowledge of the shock 
contour. 

A simple analysis shows that the error introduced 
into an area determination by an inclination of the 
primary shock is (a+5)a6/2, where a and b refer, re- 
spectively, to the distances inside and outside of the 
region of influence of the roughness and @ is the angle of 
inclination of the shock wave. This represents an un- 
certainty in the retardation area of 7 square millimeters 
in a representative case. From these considerations it 
follows that the uncertainty in the determination of a 
retardation area is approximately 8 square millimeters. 
Unfortunately, this uncertainty is relatively large com- 
pared to the net retardation area itself. Nevertheless, 
these experiments do demonstrate the essential features 
of the shock wave-roughness interaction. 


APPENDIX A. GROWTH OF THE REGION OF 
INFLUENCE OF AN INFINITESIMAL 
DISTURBANCE 


The rate of growth of the region of influence of an 
infinitesimal disturbance may be determined by the 
following analysis. Consider a plane shock wave incident 
upon a line disturbance, LZ, of Fig. 11. After a time /, 
the shock has reached the position U/. In the same time 
the gas particles initially at L have been swept down- 
stream a distance w/ to Q. Simultaneously, a sound wave 
with center at Q has propagated a distance a;/ out into 
the flow. Similarly sound waves have originated from 
the gas particles swept past L at later times. In the case 
of a supersonic flow behind the shock wave, the envelope 
of all these sound waves becomes the well-known Mach 
surface terminated in a section of a cylinder. For a 
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_Fic. 12. The ratio of the rate of growth of the region of influence 
of a line disturbance along a shock wave to the velocity of the 
shock wave as a function of shock strength. 


subsonic flow the envelope is simply the initial cylinder 
since the sound waves starting at later times can never 
catch up with the original wave. In both cases this 
envelope encloses the region of the flow field that has 
been affected by conditions at Z. The rate of growth of 
this region along the shock wave can be determined 
from the Pythagorean theorem. 

Let y be the velocity, perpendicular to the direction 
of motion, of the intersection of the initial sound wave 
and the shock wave: 


y= (a?—(U—u)*)!. 


By substituting values for the sound speed and shock 
and flow velocities in terms of shock strength, one ob- 
tains the following equation for the ratio of y to the 
shock velocity : 


) 


J 
7p beh me) (1 — 8) Mat 8). 


This relation is plotted in Fig. 12 for a diatomic gas 
with u=(y+1)/(y—1)=6. The velocity of the region 
of influence of the roughness relative to the velocity of 
the shock is a maximum for a shock strength slightly 
less than £=0.4. Thus, for this shock strength, the 
length of roughness that can be covered under the 
restriction that the intersection of the region of influence 
of the roughness and the shock wave be no more than 
12.5 cm from the rough surface is 23 cm. For experi- 
mental convenience all of the pictures of the shock 
wave-roughness interaction were taken approximately 
23 cm from the leading edge of the roughness. 

The simple theory for the rate of growth of an infini- 
tesimal disturbance has been verified directly. A one- 
eighth-inch square block was used to produce an ob- 
servable peturbation. Such a block may be considered 
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infinitesimal at distances large compared with its 
dimensions. Three pictures were taken with a shock 
strength of §=0.4 to determine the location of the region 
of influence along the shock wave at various times. In 
each case the predicted position agreed with that ob- 
served to within one millimeter. The region of influence 
of the block had moved up the primary shock wave 45, 
70, and 123 millimeters in these three cases. 


VIII. CONCLUSIONS 


In an investigation of the effect of a rough surface 
upon a shock wave passing over it, it has been found 
that the shock wave is retarded in the vicinity of the 
surface. The angle between the shock and the surface 
is definitely less than 90°, but a Mach configuration 
does not develop. A quantitative measure of the shock 
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wave-roughness interaction is provided by measure- 
ments of the space rate of dissipation of energy for nine 
values of shock strength ranging from §=0.1 to £=0.9 
and for thirteen different surfaces. It is also shown that 
the curvature of the shock wave near the roughness 
depends on the shock strength, average grain size of the 
surface, and length of the surface covered. 

This investigation brings to light the fact that the 
shape of the primary shock wave in a shock tube may 
vary measurably from shot to shot. 

The author is deeply grateful to Mr. Robert N. 
Hollyer, Jr., who assisted in designing and conducting 
these experiments, and to Mr. Robert Kaiser, who 
measured the hundreds of photographs taken in this 
investigation. Financial support for this work was 
provided by ONR. 
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Neutron Diffraction Studies of Cold-Worked Brass* 


R. J. Weiss, Watertown Arsenal, Watertown, Massachusetts, 
J. R. Crark, U.S. Naval Post Graduate School, Monterey, California, 


AND 


L. Coriss AND J. Hastincs, Brookhaven National Laboratory, Upton, New York 
(Received July 14, 1952) 


Powder diffraction data with neutrons have shown the integrated intensities to be identical in cold-worked 
(filed) and annealed brass with no trace of extinction effects. Long wavelength transmission studies have 
also shown that the diffuse scattering is increased by less than 0.4 percent upon severely cold rolling brass. 
A new technique of examining the Bragg discontinuities supports the hypothesis that the major part of the 
broadening is due to lattice distortion. Some remarks are presented concerning the analogy between long 
wavelength neutrons and conduction electrons with respect to scattering by dislocations. The effects of 
dislocations on coherent scattering are also considered. 


HE Debye-Scherrer patterns of cold-worked metals 
have been studied for over a decade by many 
authors, but the observations have been at variance 
even in very recent work. While line broadening and 
changes in the integrated intensities of some or all dif- 
fraction lines have always been observed in cold worked 
powders, points of disagreement still exist. They are: 


1. Is there any difference in the background of diffraction pat- 
terns of cold worked and annealed metals? 

2. Are the integrated intensity differences entirely attributable 
to extinction? 

3. Is the extinction primary or secondary? 

4. Is the broadening due to lattice distortion or to particle size? 


It is the purpose of this paper to present some 
neutron diffraction studies which attempt to answer 
questions 1, 2, and 4 by virtue of some unique properties 
of neutrons. We shall take up these questions in the 
order presented. 


* Work carried out under contract with AEC. 


1. DIFFUSE BACKGROUND 


Reliable studies of the diffuse background have 
been made recently with Geiger counters.’~ Hall and 
Williamson? have reported about a 15 percent increase 
in diffuse background over the entire diffraction pattern 
in filed aluminum powder, whereas Averbach and 
Warren'* find no difference to within ~2 percent 
between cold-worked and annealed samples of both 
brass and aluminum. In each case the diffuse back- 
ground was measured in the region far from the Bragg 
peaks so that their broadening did not interfere with 
the measurement. Wagner and Kochendérfert have 
found the diffuse background from highly deformed 
single crystals of Zn to be the same as that from un- 
deformed crystals. They also find no change in the 





'B. L. Averbach and B. E. Warren, J. Appl. Phys. 20, 1066 
(1949). 

* W. H. Hall and G. K. Williamson, Proc. Phys. Soc. (London) 
64B, 937 (1950). 


4 rn Averbach and Warren, Phys. Rev. 86, 656(A) 
(1952). 
*G. Wagner and A. Kochendérfer, Ann. Physik 6, 129 (1949). 
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diffuse scattering of cold-rolled and annealed poly- 
crystalline Al and Ag in further agreement with Aver- 
bach and Warren. 

Since available neutron intensities are less than those 
obtainable with x-rays, similar measurements could 
not be expected to be as accurate. Here, however, it is 
possible to make use of some of the unique features of 
neutron scattering. The elastic or coherent scattering 
accounts for a large part of the neutron interaction 
with most elements, whereas in the x-ray case the 
Compton scattering and fluorescence absorption in 
general accounts for greater than 95 percent of the 
interaction. Perfect crystals are very transparent to 
neutrons of wavelengths greater than twice the longest 
allowed d spacing, for then the Bragg conditions are 
satisfied only for zero scattering angle. Imperfections, 
however, are capable of acting as scattering centers. 
The procedure with neutrons is to compare the trans- 
mission of cold-worked and annealed samples for long 
wavelength neutrons for which Bragg reflection cannot 
occur. The entire long wavelength “tail” of the Max- 
wellian distribution from the reactor can thus be used 
to obtain high intensity beams (~ 100,000 neutrons/ 
min). 

















TABLE I. 

Intensity dI dI/I 
Annealed (1 cm thick) 4,688,320 
Cold rolled (lcm thick) 4,677,615 10,705 0.23 percent 


+0.07 percent 





Ordinary commercial yellow brass (65-35) was cold 
rolled to the fracture point (~60 percent reduction) 
and a speciman 1 cm thick machined from it. A piece 
from .the same stock was annealed at 400°C for 4 hours 
and an identical sample machined from it. At least } cm 
was removed from all sides of the annealed specimen in 
the machining, so dezincification was considered negli- 
gible. The line broadening of the cold-rolled sample was 
measured with x-rays and found to be only slightly less 
than in filed brass powder. The beam from the reactor 
(} in. wide, 2 in. high) was filtered through 16 in. BeO 
whose “cut-off” wavelength, 4.68A, is longer than that 
of the brass, 4.29A. The flux distribution, F(A), of the 
filtered beam can be given by 


F(A)d\=bdd/d* (A> 4.68A), (1) 


where ) is the neutron wavelength and 3 is a constant. 
The BeO filter Bragg scatters neutrons of wavelengths 
less than 4.68A out of the beam. From the measured 
cross sections of the BeO the contamination by neutrons 
of wavelength less than 4.3A is estimated to be less than 
0.0001. The intensity of the filtered beam after travers- 
ing the brass sample can be written 


T= [ge~N2eoteatei) (2) 
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where J is the incident intensity (~400,000/min), N is 
the number of nuclei per cc, x is the thickness (1 cm), 
a, is the combined nuclear capture and incoherent 
scattering cross section, o; is the inelastic scattering 
cross section due to thermal vibrations and ay is the 
diffuse scattering cross section due to lattice imperfec- 
tions. The counter geometry was such that all neutrons 
scattered through an angle greater than 1° were not 
detected. Since only oq changes appreciably with cold 
work, differentiation of (2) yields 


dI/I=—Nxdoa. (3) 
It is convenient to rewrite (3) as 
dI/I=—No,xdoa/ os, (4) 


where o, is the total nuclear scattering cross section. 
The result of a series of runs is given in Table I. It indi- 
cates that the difference in diffuse scattering, if any, is 
of the order of a few tenths of a percent. From Eq. (3) 
the value of og in the cold-worked brass is <0.03 barn 
averaged over all nuclei. However, the interpretation of 
a4 depends on the type of imperfection considered. For 
any lattice imperfection which gives rise to isotropic 
diffuse scattering such as random vacancies or in- 
terstitials, it can be shown that og is wavelength inde- 
pendent and, in fact, do.z/c, is just equal to the fraction 
of vacancies or interstitials. This can be seen by applying 
the Babinet principle thereby replacing the vacancies 
by atoms and the atoms by vacancies. Since, in the 
present experiments Vo,X=}, dI/I would equal one 
half the fraction of vacancies or interstitials. If, on the 
other hand, each atom is randomly displaced as in the 
now abandoned “frozen heat motion” theory the long 
wavelength neutrons would be relatively insensitive. 
Our present picture, though, of cold-worked crystals, 
is one of a high density of dislocations with vacancies 
not specifically excluded. However, density measure- 
ments® have indicated that vacancies can only be 
present to the extent of ~ 0.01 percent which is an order 
of magnitude smaller than observed in Table I. The 
magnitude of the contribution of dislocations to oq is 
not easily calculable, but we can say that the above 
results for brass appear to be in marked disagreement 
by a factor of 60 with the approximately isotropic 
diffuse scattering increase of about 15 percent reported 
by Hall and Williamson? for cold worked aluminum. 

An estimate of the diffuse scattering due to disloca- 
tions can be made by considering the analogy between 
the long-wave neutrons and conduction electrons in a 
metal. Both can be described as simple plane waves in a 
periodic potential. Lattice imperfections give rise to 
scattering of electrons and increase the resistivity. Since 
atomic scattering cross sections for electrons are larger 
than those for neutrons by a factor of 10°, scattering by 


_ imperfections is more marked in the case of electrons. 


The room temperature resistivity of brass increases 


§ Smart, Smith, and Phillips, Am. Inst. Mining Met. Engrs. 
143, 272 (1941). 
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NEUTRON 


from 7.0X 10-6 to 8.2 10-* ohm-cm upon extreme cold 
work. The resistivity caused by imperfections can be 
given by® 


p= (mv/ noe”) Na (disioc.); (S) 


where m9 is the density of conduction electrons, n is the 
density of imperfections and o(isicc.) is the scattering 
cross section of the imperfection. If, as estimated in 
highly cold-worked metals, the dislocations occur every 
30 atomic distances’ we have o qistoc.\==3X 10~'* cm? 
from (5). This is an average atomic scattering cross 
section of o¢@1.1 10-*° cm? or about 1/900 the total 
atomic cross sections (~ 10~!7 cm’). In the neutron case 
the average atomic cross section < 0.03 barn and is less 
than 1/250 the total atomic cross section (~7 barns). 
This agreement in dog/o, between neutrons and elec- 
trons is probably fortuitous, but does indicate the order 
of magnitude that may be expected. 


2. INTEGRATED INTENSITIES 


Averbach and Warren! find a 22 percent increase in 
intensity in the (111) peak in brass upon cold work. 
This percentage change decreases uniformly with Bragg 
angle and is reduced to 3 percent in the (400) peak. 
Such behavior is postulated to be due to primary 
extinction, and Averbach and Warren conclude that 
in the absence of extinction the intensities of all peaks 
would be the same. This result is consistent with their 
observation of an unchanged diffuse background since 
the two are complementary. Hall and Williamson? also 
report the presence of extinction but attribute it to 
secondary extinction. They conclude, after making an 
extinction correction, that the integrated intensities 
are uniformly reduced in the cold worked samples by 
about 7 percent. 

Neutrons in contrast to x-rays are not subject to 
extinction in metal powders, both cold worked and 
annealed, at wavelengths commonly used for diffraction 
(~1A). This is primarily due to the smaller scattering 
factors for neutrons. For example, in the case of brass 
the neutron scattering cross section is approximately 
1/100 of the x-ray cross section. 

Figure 1 is a neutron diffraction pattern taken in 
transmission at 1.13A showing the (111) and (200) 
peaks of cold-worked and annealed (70-30) brass 
powder. The integrated intensities are referred to an 
arbitrary scale. The cold-worked brass was made by 
filing and was sieved through a 325 mesh screen. The 
cross-sectional area of the neutron beam was 25 cm? 
and necessitated the use of several hundred g of sample. 
Good resolution was maintained by the use of Soller 
slits. (A description of the instrument will be published 
at a later date.) The agreement to within 1 percent in 
the integrated intensities supports the conclusions of 
Averbach and Warren.! 





*F. Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
pany, Inc., 1940), p. 541. 
™F. Seitz, Advances in Phys. 1, 43 (1952). 
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Fic. 1. Neutron powder diffraction peaks of cold-worked and 
annealed 70-30 brass taken in transmission at 1.13A. Integrated 
intensities are indicated on an arbitrary scale. 


3. EXTINCTION EFFECTS 


Averbach and Warren! have assumed that the extinc- 
tion they observed was primary, i.e., it all occurred 
within a single perfect crystallite. Hall and Williamson,” 
on the other hand, have attempted to show that the 
extinction was secondary, i.e., it all occurred within a 
single imperfect crystal. A criticism of these points has 
been made® from a theoretical viewpoint with the con- 
clusion that the nature of the extinction cannot be 
deduced from these experiments. 
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Fic. 2. Total transmission of cold-worked and annealed brass 
as a function of wavelength showing (111) and (200) cutoffs. The 
difference in the magnitude of the transmission is the result of 
different thicknesses. 


8 R. J. Weiss, Proc. Phys. Soc. (London) BLXV, 553 (1952). 
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4. NATURE OF LINE BROADENING 


Most work had indicated that the broadening is due 
to lattice distortion, i.e., to a variation in lattice 
spacing. The outstanding work is that of Warren and 
Averbach,’:'® who have made detailed Fourier analyses 
of their powder diffraction peaks. This method is capable 
of distinguishing between lattice distortion and particle 
size broadening. Their conclusion is that lattice dis- 
tortion accounts for the major part of the broadening. 
Some evidence is presented for the occurrence of 
particle sizes of about 1000A. A similar analysis of the 
neutron powder diffraction peaks would be no more 
accurate than the x-ray work. In the neutron case, 
however, transmission in the region below the last 
Bragg “cutoff”? (A<4.29A) can be used to assess the 
relative importance of distortion broadening and 
particle size broadening. As the wavelength in this 
region is varied the transmission exhibits sharp dis- 
continuities at wavelengths equal to twice the lattice 
spacing of allowed reflections. If, as a result of lattice 
distortion, there is a variation in lattice parameter then 
the crystalline ‘‘cutoff” should be smeared out. Particle 
size, however, would have only a negligible effect on 
this “cutoff”... Figure 2 shows the transmission as a 
function of wavelength in the range 3.6 to 5.0A. The 
specimens of cold-worked and annealed brass were the 
same as those used in obtaining Fig. 1. In the annealed 
brass the crystalline “cutoffs” of the (200) and (111) 
planes are clearly visible at 3.72 and 4.29A, respectively. 
Their finite slopes, as drawn, are due to the resolution of 
the instrument which consisted of a Pb single crystal 
for selecting monochromatic neutrons and a Be filter 
for eliminating the higher orders. In the cold-worked 
brass the (111) peak “‘cutoff’’ has the same slope as 
in the annealed brass whereas the (200) “cutoff” has 
been broadened considerably. This is consistent with the 
distortion broadening picture and the extent of broaden- 

*B. E. Warren and B. L. Averbach, J. Appl. Phys. 21, 595 
(1950). 

1B. E. Warren and B. L. Averbach, Phys. Rev. 86, 656(A) 


(1952). 
"R. J. Weiss, Phys. Rev. 86, 271 (1952). 
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ing observed in Fig. 1 where the effect of cold work js 
more marked in the (200) than in the (111) peak. The 
effect of cold work is to introduce isotropic stresses in the 
lattice and, hence, strains inversely proportional to the 
Young’s modulus.” This leads to greater broadening 
in the (200) peak. 

Warren and Averbach have made no assumption as 
to the basic cause of the broadening in their Fourier 
analyses of the Bragg peaks. It is felt, however, that 
some qualitative arguments can be made in interpreting 
the diffraction effects of cold work in terms of the dis- 
location picture. Wilson and Frank" have analyzed the 
diffraction due to a screw dislocation but the expressions 
are too complicated to put into usable form. They do 
point out, though, that screw dislocations do give rise 
to broadened lines. Diffraction by bent crystals have 
also been considered'*® and they, too, give rise to 
broadened lines. Wilson has further pointed out that 
such bending can reduce the size of the coherent regions 
even to the point of causing noticeable particle size 
broadening. One can say, in general, that any slow 
variation in lattice spacing, such as would be produced 
by dislocations, would broaden the Debye-Scherrer 
rings without appreciable loss of integrated intensity. 
If this variation, Ad/d, causes the Bragg conditions to be 
satisfied over an angular range larger than \/t, where / 
is the linear dimension of the coherent domain before 
cold work, then parts of the original domain will no 
longer cohere. In the x-ray case, this will cause a 
reduction in extinction which is consistent with the 
observations of Hall and Williamson* and Averbach and 
Warren.' The observation of some particle size broaden- 
ing!’ is also consistent with a reduction in size of the 
coherent regions (by a factor of approximately ten) due 
to large variations in d. 

We wish to express our thanks for helpful discussions 
with B. E. Warren, J. C. Slater, L. D. Jaffe, G. J. Dienes, 
and D. Kleinman. 

2 Warren and Averbach, “Plastic deformation of crystalline 
solids,” ONR publication NAVEXOS-p-834, p. 113. 

3 A. J. C. Wilson and F. C. Frank, Research 2, 541 (1949). 


4 A. J. C. Wilson, Research 3, 394 (1950). 
18M. Blachman, Proc. Phys. Soc. (London) 648, 625 (1951). 
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On the Magnetic Resonance Absorption in Conductors* 


N. BLOEMBERGEN 
Cruft Laboratory, Harvard University, Cambridge, Massachusetts 
(Received June 6, 1952) 


The electromagnetic losses in conductors are analyzed in terms of magnetic absorption and conduction 
losses. The quantities observed in a magnetic resonance experiment have a different meaning depending on 
whether the dimensions of the sample are large or small compared to the skin depth. Explicit formulas for 
electric and magnetic losses are given for the case of a plane sheet and a sphere. The influence of the con- 
ductivity on the line shape and saturation effects is discussed both for nuclear and ferromagnetic resonance. 





I. INTRODUCTION 


EVERAL experiments on magnetic resonance in 

metals have been reported in recent years.'? While 
the constant magnetic field will, of course, penetrate 
the whole conductor, the high frequency field will be 
restricted by the skin effect. In the papers on ferromag- 
netic resonance? an effective permeability was intro- 
duced to take the effect of conductivity into account, 
but in the publications on nuclear resonance no special 
attention was paid to the relation between magnetic 
and conduction losses. It will be shown that this is only 
justified when the characteristic dimensions of the 
sample are smal] compared to the skin depth. In this 
case the radiofrequency field penetrates the sample 
practically without attenuation or phase shift and the 
situation is not different from an insulator. In most 
experiments on nuclear resonance this condition has 
probably been approximately fulfilled, as the sample 
usually consists of a fine powder, covered with a thin 
oxide layer or dispersed in an insulating medium. Then 
the largest filling factor is obtained and the quality 
factor of the resonant circuit is not unduly lowered by 
conduction losses. In some cases—especially for metals 
at very low temperature, where the conductivity is 
large, and for alloys not readily available as fine 
powders—the assumption that the skin depth is large 
compared to the sample size may not be justified. A 





change in the susceptibility will be accompanied by a 
change in the skin depth and consequently the conducl 
_ tion losses are also changed. The total absorption is then 
| determined by a combination of both real and imaginary 
\ parts of the complex susceptibility. The magnetic reso- 
nance absorption line may become shifted and distorted 
as shown in Fig. 2. It seems worth while to give a general 
discussion of the electromagnetic losses without any 
restriction on the values of the conductivity and the 
complex dielectric and magnetic constants. With the 
only condition that the size of the sample be smal- 


* This work is supported in part by the ONR. 

'B. V. Rollin and J. Hatton, Phys. Rev. 74, 346 (1948); Proc. 
Roy. Soc. A199, 222 (1949); N. Bloembergen, Physica 15, 588 
(1949); N. J. Poulis, Physica 16, 373 (1950); R. E. Norberg, thesis, 
University of Illinois (1951); H. S. Gutowski, Phys. Rev. 83, 1073 
(1951); R. E. Norberg and C. P. Slichter, Phys. Rev. 83, 1074 
(1951); H. S. Gutowski, J. Chem. Phys. (to be published). 

°C. Kittel, Phys. Rev. 73, 155 (1948); N. Bloembergen, Phys. 
Rev. 78, 572 (1950). 





compared to the wavelength in vacuum, simple and 
useful expressions are presented for the absorption in a 
plane sheet and a sphere. The magnetic resonance 
absorption is discussed in terms of these results in Sec. 
II. 

In Sec. III the losses in an electric field are discussed. 
These results are of practical interest for the deter- 
mination of the dielectric constants of semiconductors. 
The influence of the permeability u on the electric losses 
is pointed out. 

The saturation effects of magnetic resonance in con- 
ductors are dealt with in the final section. The inhomo- 
geneous radiofrequency field will produce an inhomo- 
geneous absorption of energy by the magnetic spins. 
The spin temperature will not be uniform and under 
certain conditions the phenomenon of spin diffusion’ 
will become important. The determination of the spin- 
Jattice relaxation time in conductors is analyzed and 
differences from the case of insulators are pointed out 
for nuclear, paramagnetic and ferromagnetic resonance. 


II. MAGNETIC ABSORPTION IN A CONDUCTING 
PLANE AND SPHERE 


From Maxwell’s equations for a periodic electromag- 
netic field 


cVXH= (420+ iwe)E, 
cv XE= —iwuH, 


it follows that the magnetic field inside the sample 
satisfies the differential equation, 


V?Hine= K? Hint. (1) 
The propagation constant K is given by 
K?= (4ricwu— w* eu) /c?. (2) 


The dielectric constant e= e’—iée’ and the permea- 
bility w= yp’ —ip” =1+42x'—4rix”” may both be com- 
plex. If we assume that the characteristic dimension of 
the sample is small compared to the wavelength in 
vacuum, then we can put the sample in an external field 
Ho which may be regarded as homogeneous. We shall 
omit the time factor et everywhere in this paper. The 
field outside the sample then essentially satisfies the 


3N. Bloembergen, Physica 15, 386 (1949). 
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Fic. 1. The derivative of the absorption caused by the nuclear 
magnetic resonance of Cu® in a fine metallic powder. The deriva- 
tive is zero at a frequency of 6.9125 Mc/sec. (This recording and 
that of Fig. 2 were kindly obtained by Mr. T. Rowland.) 


magnetostatic equation 
VH.xt=0 (3) 


with the condition that H,.x+ approaches Ho far away 
from the sample. At its surface we have the boundary 
conditions 


(HA ang)int= CBcandeats 
(ul »)int= (uH n) ext. (4) 


The total power absorbed inside the sample is given by 


=1f f [0+ )BE*+ou"HH* MV 
c 

-— ff Re(EX H*)-dS, (5) 
T 


where the surface integral represents the electromagnet- 
ic energy flowing into the sample per unit time. 

We shall give the explicit solution of the general 
boundary value problem stated in the preceding para- 
graph for two simple cases. 


A. Plane Sheet 


First we consider an infinite plane sheet of thickness 
2d with the normal in the z direction. The external 
magnetic field is tangential to the surface and is homo- 
geneous over the area containing the sheet, H.=H) 
outside the metal. This case corresponds to the experi- 
mental situation when a metal foil is inserted in a radio- 
frequency coil to measure the nuclear magnetic reso- 
nance in the metal. The solution inside the metal is 


H,=H) coshKz/coshKd, 


tw 
Ey= ——H sinhKz/coshKd. 
Ke 


The power absorbed per unit area—the power is flowing 
in from both sides—is given by 


Iw 
W= Re( 
4nK 





Hy? tehké ) , (6) 
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We now consider two limiting cases of practical interest. 

(a) Thin foil |K|d<1. For metals the displacement 
currents can be neglected compared to the conduction 
currents, i.e., the term with ¢€ on the right-hand side of 
(2) can be dropped. The skin depth is usually defined 
as 6-'= ReK. In this case where the foil is thin compared 
to the skin depth we need retain only the first two terms 
in the expansion of the hyperbolic function 


W = 20x" He(2d)+jou"(u?— yp!) Pc. (7) 


The conduction losses’ per unit volume decrease as 
d*/& for the case of thin metal foils. The magnetic losses 
are the same as for an insulator. 

(b) Thick foil |K|d>>1. This situation will usually 
prevail in ferromagnetic metals, the skin depth at 
microwave frequencies in materials of high permeability 
being very small. In this case the hyperbolic function 
can be replaced by unity and the losses per unit area on 
one side of the metal are 


1 
W=—whe(Sro)M(u'ttu) +t. (8 


us 


The losses are now determined by an effective permea- 
bility wu” er=(u?+u'")'+y" and this quantity has 
been determined in ferromagnetic resonance. * There is 
a corresponding reactive part pw’ er=+{(u?+y"”)! 

»’’}. In the case of nuclear resonance we can simplify 
the expression somewhat by noting that the suscepti- 
bi'ity is always very small compared to unity and find 
that the losses are proportional to 1+22(x’+,”). 
The derivative of x’+ ” will be recorded by a Pound 
spectrometer.® If we assume a damped oscillator curve 
as represented in Fig. 3, the maximum of x’+ x’ will be 
shifted toward lower frequencies by an amount (— 1+-2!) 
/T:. The line becomes asymmetrical and in the deriva- 
tive curve the second zero corresponding to the flat 


minimum may remain unobserved. Under such circum-. 
stances a systematic error in the determination of the 


nuclear resonance shift in metals* would be made. 
The measured shift would be too small by a sizeable 





























Fic. 2. The derivative of the absorption caused by the nuclear 
magnetic resonance of Cu® in a foil of annealed copper which is 
0.004 cm thick, or about twice the skin depth. Other conditions 
are identical to those when the recording of Fig. 1 was made. 
Note the distortion of the curve and the shift of the zero deriva- 
tive to a frequency of 6.9103 Mc/sec. 


4W. A. Yager, Phys. Rev. 75, 316 (1949) ; N. Bloembergen, 
reference 2. 

5 R. V. Pound and W. D. Knight, Rev. Sci. Instr. 21, 219 (1950). 

6 W. D. Knight, Phys. Rev. 76, 1259 (1949). 
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MAGNETIC RESONANCE ABSORPTION IN 


fraction of the line width. This effect is indicated in the 
recording of Figs. 1 and 2. If a balanced radiofrequency 
bridge is used and the bridge is adjusted to give a sym- 
metrical output signal, we will measure x’’. This does 
not correspond, however, to pure absorption, but to a 
linear combination of the dissipative part 1+ 27(x’+ x”) 
and the reactive part 1+272(x’— x”). 


B. Sphere 


The solution for a conducting sphere of radius R has 
been described by Casimir.’? We shall extend his discus- 
sion to the case of small R and complex yu which are of 
experimental interest. The sphere is again assumed to be 
small compared to the vacuum wavelength R<cw™, 
and the sphere is put in a magnetic field Hp which was 
homogeneous before the insertion. The losses W can 
most simply be described in terms of an effective dipole 
moment 


M=————A,R’, (9) 


W =—}wH, ImM. (10) 

The solution has the same form as for the magneto- 
static case. Outside the sphere the field of a magnetic 
dipole is superposed on the external field, but the func- 
tion »(R), instead of being unity, is given by 


Rd 1 d sinhKR 
v(R)=14+— — jln— — —?- (11) 
2 dR RdR R 





Explicit formulas will again be presented for some limit- 
ing cases. 

(a) |K|R<1. The skin depth is large compared to the 
radius. The first nonvanishing term besides unity in 
the power series expansion for »(R) is {K?R?.For 
nuclear resonance, where yp is very close to unity, we 
may expand the expression for the losses in the sphere, 
and neglecting the displacement currents, obtain 





4 
When AA teen EERS. (2) 


Again the conduction losses per unit volume decrease as 
R*§~*, while the magnetic absorption is the same as for 
an insulating sphere. We can now expect this result to 
hold for a body of arbitrary shape, provided the radius 
of curvature is everywhere small compared to the skin 
depth. For ferromagnetic resonance, where yu” is often 
comparable or large compared to unity, we can neglect 
the conduction losses altogether, and the magnetic 
absorption is given by 


” 





W=+4o0Hl2R? (13) 
(u’+2)*+ p’”? 


7H. B. G. Casimir, Phil. Res. Rep. 2, 42 (1947). 
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Fic. 3. The effective absorption parameter x’+ "’ for a damped 
oscillator resonance. The derivative of this curve should be com- 
pared with the experimental results of Fic. 2. The small positive 
values of the derivative on the high frequency side do not show up 
in the recording. 


For Jarge values of the permeability the losses will 
decrease as |u|~'. A sphere of infinite permeability 
behaves like a perfect conductor. The losses as a func- 
tion of u” go through a maximum. It might seem that 
Eq. (13) should be applied to the ferromagnetic reso- 
nance absorption in spherical samples of ferrites,* where 
values of u’’ of 20 or more have been reported. However, 
the experimental results were evaluated with the aid of 
the expression W=+ 3w x’’H,?(41/3)R*. Nevertheless, 
the reported results are correct. The reason is that the 
magnetization of the sample in ferromagnetic reso- 
nance has been derived from first principles.? Then the 
permeability is put equal to w’’=4rIm(M)/Hpo. This 
is correct only for a flat specimen with the field Ho 
parallel to the surface. For a spherical specimen—or any 
other geometry—the relation between M and Hp is 
different. The reported values of uw” in ferromagnetic 
resonance are merely a coefficient of proportionality 
between the induced magnetic moment and the external 
field. When this is realized an equation of the form (12) 
rather than (13) should be used to calculate the absorbed 
power. If the sphere is inserted in a microwave cavity or 
guide, it is important to place it not too close to the 
wall. It has been assumed that the field at large dis- 
tances is not perturbed. Thus it is necessary that the 
field from the dipole moment induced in the sphere be 
very small at the cavity walls. In cases, where the 
ferrite sphere is placed right at the wall, boundary 
conditions are set up which would be difficult to analyze. 

For large values of | K|R, v(R) behaves asymptot- 
ically as 2/KR. We have to distinguish further between 
two subcases. 

(b) 1. Large sphere with not too large permeability, 

8H. G. Beljers, Physica 14, 629 (1949); Yager, Galt, Merritt, 


and Wood, Phys. Rev. 80, 744 (1950); D. W. Healy, Phys. Rev. 
86, 1009 (1952). 
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| K| R>>1, and also | K| R>>u. This is the most common 
subcase and will be true for all nonmagnetic metals. 
The lines of force are expelled from the sphere which 
acts like an almost perfect diamagnetic body. The 
asymptotic expression for the losses is 


W =fwhe(8ro) tH PR (u?+y')'+ yt. (14) 


The same effective permeability is measured as for a 
thick sheet. 

2. Large sphere with very large permeability 
| u|>>| K| R>>1. In this case the magnetic lines of force 
will behave as if the sphere was a static ferromagnetic 
body. The losses in this limiting case are given by 


W =3(22c)'cw!H?R! 
(WWW EW (15) 


The loss passes through a maximum if |u| is increased 
to make the transition from Eq. (14) to Eq. (15). 
The latter can only be realized in ferromagnetic bodies. 
But the formulas cannot be applied to the case of 
ferromagnetic resonance. The radiofrequency magneti- 
zation fields enter in a more intricate fashion in the case 
of ferromagnetic resonance, as was already noted above. 
Ferromagnetic resonance experiments should not be 
carried out in specimens which are large compared to 
the skin depth, unless they are plane. In other cases 
various parts of the specimen would have different res- 
onance conditions depending on the direction of the 
normal with respect to the external field. 


Ill. LOSSES IN AN ELECTRIC FIELD 


Since the electric field at the sample of finite size put 
in an alternating magnetic field will never completely 
vanish, it is of interest to examine the losses in an elec- 
tric field. They are important in their own right in the 
determination of dielectric constants, and the following 
discussion may, e.g., be applied to semiconducting 
materials. 


A. The Plane Sheet 


The plane sheet of thickness 2d with a prescribed 
value of the tangential component of £ on either side is 
of little importance for metallic conductors, since the 
conduction currents would be so strong and the absorp- 
tion so large that the generator would not be able to 
maintain the value of E at the surface. For semiconduc- 
tors, however, this situation may represent just a small 
perturbation and is of considerable practical interest. A 
semiconducting sheet of thickness 2d is placed perpen- 
dicular between the plates of a condenser. The field Ey 
is tangential to the sheet. Good electrical contact with 
the plates is essential in this case to avoid polarization 
effects discussed in the following paragraph. One finds 
for the power absorbed as the electrical analog of 
Eq. (6) 


c K 
W=-—Re(— tghKa). (16) 
dor iw 
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For a thin foil | K|d<1, we find the trivial answer for 
the absorbed power per unit area 


W =}3(0+ we’ /4r)E*(2d) (17) 


The absorbed power is equal to the sum of conduction 
and dielectric losses, when the field penetrates the 
whole sheet. For a thick sheet | K |d>>1, we substitute 
tgh| K|d=1 in Eq. (16). The losses are restricted to the 
skin depth and independent of d in this case. 


B. The Conducting Dielectric Sphere 


Clearly there is an electrical analog for every mag- 
netic case. If we assume again that the radius of the 
sphere is small compared to the wavelength in vacuum 
and that the external electric field may be considered as 
constant over a region larger than the sample, the elec- 
tric field satisfies the same differential Eqs. (1) and (3), 
and also the same boundary conditions (4), provided 
we replace un by —4mriow!+ e. Page, in a more elaborate 
treatment, has also noted this analogy,® although he 
does not consider the case of arbitrary «. We have an 
equation similar to Eq. (9) for the electric dipole mo- 
ment with the function v(R) again being given by Eq. 
(11). The general equivalent formulas of Eqs. (9) and 
(10) for the electric loss may be useful in the determina- 
tion of the properties of semiconductors where a large 
range of values of a, w, uw, and ¢€ can occur. We shall 
restrict the discussion here to some limiting cases. 

(a) |K|R<1, sphere small compared to the skin 
depth. The heat developed in the sample is given by 


We 3(o+we’) RIE (18) 
(ow !+ €’’)?+ (+2)? - 





In the limit of very large conductivity, the losses go to 
zero, and the sphere has a dipole moment which is in 
phase with the external field equal to the static value 
ER’. The conduction losses are relatively unimportant, 
if cw<e’’. In a semiconductor with a conductivity of 
10°2-'cm— and ¢” =3, this condition is satisfied at 10" 
cps. But at 10° cps the conduction losses would be more 
important. Clearly there are in principle only two phys- 
ical dielectric quantities, represented by the complex 
number —4maiw + e. The distinction between ¢ and 
the complex dielectric constant is that the conductivity 
is that fraction of the imaginary part which behaves as 
w! near zero frequency and is responsible for finite 
losses for w=0. It is caused by charges not bound to an 
equilibrium position. Since ¢ will usually be rather large 
compared to unity, the sphere is not a good shape to 
make an accurate determination of ¢ and ¢é”’. A geo- 
metrical arrangement where the lines of force are parallel 
to the boundary of the specimen must be preferred 
(compare Eqs. (17) and (18)). 

It is perhaps not superfluous to point out that the 


*L. Page, Phys. Rev. 60, 675 (1941). 
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MAGNETIC RESONANCE 


small sphere would be the right geometry to measure 
the polarizability a, at least for an insulating crystal 
with cubic symmetry. Since we have in this case the well- 
known relation 


4ma/3=(e—1)/(€+2), 


the losses would be directly proportional to the imagi- 
nary part of a, which is perhaps a physical quantity of 
more fundamental significance than the phenomenolog- 
ical e«. For conducting materials the difficulty arises, 
whether a correction for the Lorentz field should be 
made for the conductivity part of the dielectric constant. 
At not too high frequencies a negative answer seems 
correct, and the following procedure must be adopted 
to obtain the polarizability. First the phenomenological 
complex dielectric constant is determined. From this 
the conductivity part —4aiow™ is subtracted. From the 
difference the polarizability can be calculated by the 
above formula. 

(b) 1. A large sphere with a very large magnetic per- 
meability, |K|R>>1 and also | K| R>|—4miow+ e|. 
This last condition can only be satisfied when |! is 
very large, since the radius of the sphere has to remain 
small compared to the vacuum wavelength. In this 
peculiar case, the conducting sphere will behave like a 
body of zero dielectric constant and the electric lines 
of force will go around it rather than end normally on 
the conductor. The electric losses will decrease with 
increasing w and uw and decreasing @ in this paradoxical 
case and are proportional to the imaginary part of 
{(4ric—we)/wy}}. 

2. Large sphere with small permeability. In this more 
common case that | —4aiow—!+ e|>>| K| R>>1, the lines 
of force outside the sphere bend normally to the conduc- 
tor, but turn sharply inside the skin depth and become 
nearly parallel to the surface of the sphere. The losses in 
this asymptotic case, neglecting displacement currents, 
are given by 


W= 3 4y5/2(8 arg) “ic RIE (7 (uy?) y"} + (19) 


The losses of a conducting sphere in an electric field as a 
function of u go through a maximum. Although we have 
concentrated our discussion on absorption, it is clear 
that corresponding expressions involving the real part 
of the dipole moment will determine the change in stored 
energy. This is experimentally observed as a shift in 
resonance frequency. In principle ¢’ and e” can then be 
determined. The boundary value problem for magnetic 
spheroids has also been discussed by Casimir.’ Then the 
solution outside the conductor is not of the same form 
as for the corresponding static case. For spheroids in an 
electric field similar relations can be derived. In fact 
each expression in Casimir’s paper has an electrical 
counterpart. A special application would be to semi- 
conducting disks. Again the samples have to be suffi- 
ciently far away from the walls of the wave guide so 
that the electric field at these boundaries is not per- 
turbed. 


ABSORPTION 
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IV. RELAXATION EFFECTS 


The system of magnetic spins absorbs energy from 
the high frequency magnetic field. This will result in a 
rise of the spin temperature. At low intensities of the 
radiofrequency field the heat contact with the lattice is 
sufficient to keep the spin system at the lattice tempera- 
ture, but at high intensities the rise of the spin tempera- 
ture will be noticeable in a drop in the susceptibility. 
For samples which are small compared to the skin depth 
the radiofrequency field may be considered as uniform 
and the relaxation effects will resemble those in in- 
sulators. Experimental data, obtained by various 
authors,' have always been interpreted in this fashion. 
If the sample is comparable or large compared to the 
skin depth, this is no longer justified. The spin tempera- 
ture will be higher near the surface and will remain equal 
to the lattice temperature in the interior of the metal. 
This gradient of temperature implies that the suscep- 
tibility will not be constant throughout the sample, and 
the total magnetic absorption is described by the 
imaginary part of an effective susceptibility. Further- 
more, heat conduction may take place within the spin 
system. This phenomenon has been described previously 
as spin diffusion.* 

Let ” denote the difference in population between 
the magnetic energy levels of the spins. This surplus 
number is related to the spin temperature by n= Nhvo 
/kT ., where N is the total number of spins and 7 is the 
resonance frequency. The surplus number is determined 
by the balance of transitions induced by the external 
radiofrequency field H, the heat contact with the lattice 
and spin diffusion: 


on n—n 
——=DV'n+ y*H?T n+ 
ot T; 





~ (20) 


The field H in the metal is a function of the space 
coordinates; 7, is the spin lattice relaxation time, de- 
scribing the exponential approach to the equilibrium 
value mo, which would result if the spin temperature 
becomes equal to the lattice temperature. The diffusion 
constant D~a?/10T2, where a is the distance between 
neighboring spins and 7» is the spin-spin relaxation 
time. The complex susceptibility is proportional to n, 
which is in turn a function of the radiofrequency field 
H. The propagation constant K is therefore also a func- 
tion of H. The simultaneous set of two differential 
Eqs. (1) and (20) in » and H presents a formidable 
problem. We shall make some drastic simplifications, 
but retain the physically important aspects. We shall 
discuss only steady-state solutions and will put dn/dt=0 
in Eq. (20). 

We shall first consider the case that the diffusion is 
negligible compared to the heat contact with the lattice. 
Then Eq. (20) reduces simply to 


n=no(1+7H?T,T2)“, (21) 
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if we assume a damped oscillator curve for the mag- 
netic resonance 








P Xmax(AwT>2) 
x= ; (22) 
1+ (Aw7>2)*+7°H?T iT? 
- Xmax 
x (23) 


 14(AoT2)?+2HT iT 
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where Xmax is the value of the imaginary susceptibility 
at resonance in the unsaturated state. 
For conducting materials Eq. 1 becomes 


4X max(— i+ AwT 2) 
(24) 
1+ (AwT2)?+ y°H?*T iT? 


Now assume the sample to be a thick plane normal to 
the z direction with a prescribed value of H.=H at the 
boundary. A first integral of Eq. (24) is 


v’H= 








4rriow | 


C2 








0H\? AriowH? 
(2) tf 
Oz é 
The total power absorbed per unit area of the plane 


4X max(— pe AwT>) In(i+ (AwT2)?+ | 


yH°*T,T2 





c 
W=—E,H,= 
8x 


8r 4ro 


For paramagnetic resonance Xmax is small compared to 
unity. Taking the absorption at resonance where both 
Aw and x’ are zero, we find 


c w \! 
W= —(—) 
8x 8ro 


25 Xmax In(i+ °H?T \T 2) 
| 1+ | (26) 
VHT iT. 





which reduces properly to the case of no saturation in 
the limit H—0. Plotting x/xmax as a function of the 
intensity of the applied radiofrequency field, we obtain 
a somewhat different saturation curve from the curve 
which represents the function (1+ y?H?7,72)— valid for 
the case of an insulator, as shown in Fig. 4. The apparent 
susceptibility drops to 50 percent of its value at a power 
level which is about 3 times as high, corresponding to 
the fact that the effective power level inside the metal 
is lower than on the surface. In practice one usually 
observes the derivative of the total absorption. Then 
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Fic. 4. The saturation effect as a function of the parameter 
°H 27T,T>2 in a conductor thin (left curve) and thick (right curve) 
compared to the skin depth. 


c ] } 4 max —i T2) | T2)? 2H°T\T2)}3 
<werel(*) fu TXmax(—i-+AwT2) In(1+ (oT) + 7°27: ; 


(25) 
y’H?T iT. 





the expression (25) for the complete absorption line 
should be differentiated. When the shape of the un- 
saturated line is not given by a damped oscillator curve, 
integrations might be difficult to carry out, but in 
principle the effect of saturation could be calculated in 
the same manner. 

Some appreciable systematic error in the determina- 
tion of JT; could occur, if no attention to the size of the 
metallic particles is paid. In particular one should be 
careful in the determination of 7, as a function of 
temperature, as the skin depth may be small compared 
to the particle size at low temperature, while at high 
temperatures the reverse is true. 

Next we consider the case that the heat diffusion is 
dominant. Since the field inside the metal drops to the 
1/e of its value over a distance 6, the gradient in spin 
temperature will be appreciably different from zero over 
a distance comparable to 6. A distance 6 more to the 
interior of the metal the surplus number will be practi- 
cally unsaturated m=, while a distance 6 nearer to the 
surface n=0. So we can put DV’*n=Dé~*np and the 
diffusion process will be dominant when Dé?>Ty;". 
Then the time necessary for a surplus spin to diffuse 
through a skin depth layer is short compared to the 
time before it collides with the lattice phonons. In this 
case an apparent spin lattice relaxation time will be 
measured from the saturation effect, being equal to 
10726°/a*. The diffusion may become dominant at very 
low temperatures. At 1° K the relaxation time 7; is of 
the order of 10 to 10? seconds and increases inversely 
proportional to 7. The skin depth in pure metals at 10 
Mc/sec may be as small as 5.10-° cm. With T,=10~° 
sec and a=2X10-* cm the diffusion has a characteristic 
time of about 10° sec. Although this is of the same order 
as T';, it does not seem likely that the diffusion mecha- 
nism is responsible for the bending of 7; versus T curve 
in Li, observed by Poulis and Rollin.! If this is the 
explanation, then the relaxation time would be longer 
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for lower frequencies with a larger skin depth. It should 
be noted that the diffusion mechanism would not im- 
prove the conditions for nuclear adiabatic demagneti- 
zation. Here the whole nuclear spin system including the 
part in the interior of the metal has to cool off and there 
is no skin gradient in the spin temperature and 7, will 
be the characteristic time for the process. 

Turning now to ferromagnetic resonance, the spin 
diffusion will be very fast. First, the skin depth at micro- 
wave frequencies in materials of high u is very small, 
and secondly, the time for a flip-flop of neighboring spins 
is now determined by the exchange energy J, which is 
much larger than the dipolar energy. The time necessary 
to diffuse out of the skin depth is of the order hé*/a*J 
~10~* sec. Since the field changes in amplitude and in 
phase, there is a frequency shift of the same order of 
magnitude as the broadening. The width of the line 
in frequency due to this cause would be Aw~108 sec, 
The actual observed width in ferromagnetic metals at 
room temperature is 10° sec~'. But according to Kittel, 
who gave a description of this same phenomenon in 
terms of the perturbation of the energy caused by the 
gradient in magnetization,'® it could be the determining 
factor for the line width at very low temperatures. It 
seems likely that this fast diffusion process would deter- 
mine the apparent spin lattice relaxation time in 
samples large compared to the skin depth. Saturation 
effects have been observed in spherical samples of fer- 
rites,’ but unfortunately promise little hope for success 
in conductors. The reason is that the change of magneti- 
zation, which is the essential characteristic of the 
saturation effect, also produces a change in the ferro- 
magnetic resonance frequency. The condition for res- 
onance remains unchanged only for a homogeneously 
magnetized sphere. It does not seem fruitful to discuss 
the saturation effects in ferromagnetic materials of size 
large compared to the skin depth in more detail. 

Another type of motion through the skin depth layer 
must finally be considered, namely, material diffusion. 
At elevated temperatures the self-diffusion in metals 


10 C. Kittel and C. Herring, Phys. Rev. 77, 725 (1950). 
"N. Bloembergen and R. W. Damon, Phys. Rev. 85, 699 (1952). 
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becomes appreciable and the nuclei will diffuse in space. 
This process will always be faster near the melting 
point than spin diffusion. The onset of its preponderance 
is indicated by narrowing of the magnetic resonance 
line.” This effect would, of course, be largest in liquid 
metals. Taking a typical value D= 10-5 cm?/sec for the 
diffusion constant and 6=6X10~* cm for the skin depth 
of a liquid metal at 10’ cps we find that the time an 
individual nucleus spends in the skin layer is 3 sec. 
Since the relaxation time 7, in metals at temperatures 
near the melting points is of the order of 10~* sec, the 
ordinary diffusion can safely be neglected. It will have 
no appreciable influence on line width or relaxation time. 

This is not true for the case of conduction electrons 
in metals. At room temperature these have a mean free 
path of roughly 10~-* cm and a mean collision time of 
10-* sec. It would take a conduction electron 10~° sec 
to diffuse out of a skin layer of 10~* cm. Experiments 
designed to detect the paramagnetic resonance of the 
spins of the conduction electrons must therefore be 
carried out in samples small compared to the skin depth 
to avoid broadening of the line. So far attempts to 
detect this paramagnetic resonance of conduction 
electrons in metal films or powders have been unsuccess- 
ful. Presumably the real spin-lattice relaxation time is 
too short, although theoretical investigations indicate 
otherwise. Since the electrons in thin samples will collide 
with the boundaries of the specimen about every 10~'° 
sec, it is conceivable that surface conditions determine 
the life time of:the electron spin orientation. Another 
highly speculative guess would be that the presence of 
magnetic impurities is responsible for a short relaxation 
time. Clearly more careful investigation is necessary. 

In conclusion we can say that it is generally advisable 
in magnetic resonance work to use specimens of di- 
mensions very small compared to the skin depth. If this 
condition cannot be satisfied, corrections for line shape 
and relaxation times should be made accordingly. 

2 H. S. Gutowsky and B. R. McGarvey, J. Chem. Phys. 20, 
1472 (1952). 

+ Note added in proof:—Very recently, A. Kip has been able to 
detect this resonance in finely divided alkali metals (report at 


the Conference on Magnetism, held at the University of Maryland, 
September, 1952). 
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This paper is intended to set forth aerodynamic and thermodynamic calculations which are useful in the 
production of strong shock waves. The experimental production of strong shock waves is discussed. Com- 
parison of the experimental shock strengths with the theoretical calculations is made, and finally, some 
preliminary results of shock tube studies in high temperature gases (up to 18,000°K) are briefly surveyed. 





INTRODUCTION 


HE construction of a shock tube is illustrated 

schematically in Fig. 1(a). It consists essentially 
of a high pressure and a low pressure chamber separated 
by a thin diaphragm. The burst diaphragm flattens 
against the tube walls very rapidly when the material 
is highly stressed prior to rupture (see below). After the 
material bursts, a compression wave which rapidly 
steepens to form a shock moves into the low pressure 
gas. Simultaneously an expansion wave moves into the 
high pressure gas and broadens with time. The surface 
separating the two gases is called a contact discon- 
tinuity. Generally the ‘“‘contact discontinuity” broadens 
out into a region in which the gases are mixed by the 
turbulence produced during the diaphragm burst. The 
conventional method of representation of the flow is 
shown in the x—¢ (symbols and subscripts are listed at 
the end of the paper) diagram of Fig. 1(b). In this 
diagram the waves created by the diaphragm burst can 
be traced in time. Figure 1(c) shows a typical pressure 
distribution along the tube at the instant of bursting 
and at a time /; later. 
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Fic. 1. (a) Schematic drawing of a conventional shock tube. 
(b) x—?¢ diagram showing the progress of shock and expansion 
waves following the diaphragm burst. The gases which were 
originally in the high and low pressure portions of the shock tube 
. are separated by the contact discontinuity. (c) The pressure dis- 
tribution along the shock tube at times é and 4. Cf. Fig. 1(b). 


* This work was largely supported by the ONR. 


The shock tube'~* has demonstrated a remarkable 
versatility in aerodynamic research. The object of this 
paper is to report its application to the study of gases 
at high temperatures. 

It can be made clear from a rough calculation of the 
enthalpy of the gas [2 and 5 of Fig. 1(b) ] behind the 
incident and reflected shock waves that very high tem- 
perature gases can be produced in a shock tube. For 
simplicity the limiting case of infinite pressure ratio 
across the diaphragm will be considered first. It is 
known from the usual theoryf*° of one-dimensional 
wave propagation in perfect gases with constant heat 
capacity that the quantity P=(2/y—1)a+u is con- 
stant across the simple isentropic wave between regions 
4 and 3 in Fig. 1(b), where y is the ratio of the heat 
capacities, a is the speed of sound, and w is the particle 
velocity. If the ratio of the pressures /,/ 3; is sufficiently 
large, the ratio of the sound velocities 


“= (**)" “1/2 
a3 \ps 


will also be large, thus as the pressure ratio approaches 
infinity the velocity of the gas 3 approaches 2a4/(74—1). 
The velocity of the gas 2 is identical with that of gas 3, 


1W. Payman and W. C. F. Shepherd, Proc. Roy. Soc. (London) 
A186, 293 (1946). 

2 Bleakney, Weimer, and Fletcher, Rev. Sci. Instr. 20, 807 
(1949). 

3A. Hertzberg and A. Kantrowitz, J. Appl. Phys. 21, 9, 874 
(1950). 

t Applying Newton’s second law of motion / = mdu/dt to a one- 
dimensional fluid element of thickness dx under the action of a 
sound wave traveling at velocity a, we get 
oe __ 
(1 /a)dx 

The isentropic law can be written 

dp _CpdT _2Cp da. 

bp RT Ra’ 
by combining these equations with a?= p/p we get 
2C. 2 


Rp detdu = ~— 


—dp=pdx = padu. 


{24 +du =0, 


which integrates to (2/y— 1)a+u=constant= P. 

*R. Courant and K. O. Friedrichs, Pure and Applied Mathe- 
matics (Interscience Publishers, Inc., New York, 1948), Vol. I, 
Supersonic Flow and Shock Waves. 

6A. Kantrowitz, High Speed Aerodynamics and Jet Propulsion 
(Princeton University Press, Princeton), Vol. III, Section C (to be 
published). 
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HIGH 


while the velocity of the shock wave is a little larger 
than [(yi+1)2 times as large] the velocity of the gas 
behind it when the gas 1 ahead of the shock wave is at 
rest (see below). Thus, the shock velocity for infinite 
pressure ratio across the diaphragm will be 


: +1 
U,= a4. (1) 
ya—1 





‘The ratio of the shock velocity to the velocity of sound 
ahead of the shock will be 


U, yitl a 


=—= .— 
ay ya—1 a 








(2) 


Conservation of energy across the shock wave,{ in a 
coordinate system moving with the shock front so that 
the flow is reduced to a steady flow, gives 


U (U,—2)? 
H+ ; = 8et—————— 





(3) 


where H is the enthalpy per unit mass. For a very strong 
shock the enthalpy of the gas ahead of the shock is 
negligible and the term 3(U,—w2)? is small (about 5 
percent) compared to U,?/2. Thus, approximately for 
strong shocks, 

U, 


2 


Hox 





(4) 


By combining Eq. (4) with Eq. (1) the enthalpy of the 
gas in region 2 for the case when the diaphragm pressure 


ratio is infinite is 
yit1 2 
H.~} a4 js (5) 
ya—1 





If the gas 2 (which is the same as gas 1) is a perfect 
gas with constant heat capacities, the temperature 
ratio T'2/T, will be 





T2 alvi—1) (=) M1 


—, (6) 
T, 271 


ya—1 Ma 


where uw is the molecular weight. For example, if the 
gas 1 is argon and the gas 4 is hydrogen, one obtains 
T./T4~ 250 (ignoring the ionization energy). The gas 
in region 5 [Fig. 1(b)_] which has been traversed by 
both the incident and the reflected shock has an 
enthalpy more than twice as large as the gas in 
region 2. 

The above rough analysis is intended to show that 
the shock tube is a potentially useful tool for the pro- 





t For a steady flow, if no energy is transmitted across the walls 
of a stream tube, the total energy (internal energy E plus kinetic 
energy per unit mass 12/2) plus the work done by pressures pV 
must be the same at any cross section of the tube; that is, 


E+}+ pV =H+(}u’) =constant. 


TEMPERATURE GASES 
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duction and study of the aerodynamics of high tem- 
perature gases. We anticipate that the phenomena of 
most interest will be associated with ionization and the 
resultant appearance of a free electron gas. In the 
following principal, stress will therefore be placed on 
argon as a working fluid for three reasons. First, in 
monatomic gases, ionization phenomena can be studied 
in the absence of dissociation. Second, it is much easier 
to attain very high temperatures because the heat of 
dissociation need not be supplied. Third, a great deal 
of physical data is available on the atomic properties 
of argon. 


SHOCK TUBE THEORY 


If a more complete analysis than that presented above 
is used the strength of the shock wave produced in a 
shock tube will naturally depend on the pressure ratio 
as well as the speed-of-sound ratio initially across the 
diaphragm. In the following one-dimensional treatment 
it will be assumed that the gases in the shock tube are 
perfect gases with constant heat capacities, and viscous 
effects as well as turbulent mixing at the contact dis- 
continuity will be neglected. While these assumptions 
are not valid at high temperatures, nevertheless the 
theory is useful as a guide to show what parameters 
are important in the production of strong shock waves 
in a shock tube. 

Let the gas in regions 1-2 and 3-4 [Fig. 1(b) ] have a 
molecular weight wu; and ys, respectively. The conditions 
determining the strength of the shock wave are the 
following: the pressure p and the velocity u are con- 
tinuous across the contact discontinuity; since the gas 
remains at rest on either side of the diaphragm until 
either the shock or the expansion wave affects it 
u,=u,=0; the entropy 7 is constant through the ex- 
pansion fan connecting regions 3 and 4 and the charac- 
teristic quantity P= (2/7~—1)a+-u is conserved through 
the expansion wave. 

As above ps/ps= (a4/a3)274/(vs—-D and 


2 2 
P, hse a P; = 
v1 





QatUs3; 
ya—1 


but ps= p2 and u#3= 2, So 


a4 2ya/ (yal) 
r= ; 
a4— 5(¥a— 1) te 


The pressure ratio across the shock wave,® po/pu, if 
M,=U,/a, is 





2yiM 2— (yi—- 1) 








po/ pr ” 
yi+1 
so 
2y,M 2— (yi—1) a 2y74/(y4—-1) 
n-p| “| -— 
yi+1 a4—3(Ya—1) te 


6 See reference 4, p. 149. 
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Fic. 2. Relation between the shock Mach number and the 
diaphragm pressure ratio. Curves are plotted for various ratios 
of the velocity of sound in the high and low pressure gases. 


The continuity equation in a coordinate system fixed 
with respect to the shock wave is 


U.pi=(U.— U2) po, 


or since across the shock wave 


(mt+1)M?? 2 M,?-1 
p2/ p1. = ————————_,, #2 = ——_U ( ——), 
(yi— 1) M?+2 vit M? 
SO 
Ps ew ) 
pr yit+1 yit+1 
1 274/ (ya) 
eerie (7) 
ya—1 ay 1 
ee f) 
yit1 a4 M, 
and 
TES 2 1 
—_— =——— (14-—). (8) 
aq Yitl M, 


The pressure ratio across the diaphragm is infinite 


when 
Ya—1 ay 1 
Gentacneses ae (1.-—) =0, 
yit1 a4 M, 


or, if M, is large, 
Ya—1 ay 


1———— a «o =O, 


Yitl a 


where M, is the maximum possible shock Mach 
number for gases defined by yy, 4, a1, and a4. So 
Ma=(¥1+1/¥4—1)a4/a1, which is the same as Eq. (2). 


AND 
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Notice that to produce strong shock waves it is 
necessary that a4/a; be large and that regardless of the 
pressure ratio the shock strength is ultimately limited 
by the ratio a4/a;. It is necessary then to have as light 
a gas at as high a temperature as practical in region 4 
[Fig. 1(b)], if very strong shock waves are to be pro- 
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(c) 


Fic. 3. (a) Temperature, (b) density, and (c) degree of ioniza- 
tion, behind the incident shock wave in argon as functions of 
shock Mach number and initial density. Initial temperature 
7,=300°K. Assuming thermodynamic equilibrium, no heat loss, 
and no electronic excitation (see Appendix text). 
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Fic. 4. (a) Temperature, (b) density, (c) degree of ionization, and (d) shock velocity after reflection from the end of the shock tube, 
as functions of incident shock Mach number and initial density. Initial argon temperature 7;=300°K. Assuming thermodynamic 
equilibrium, no heat loss, and no electronic excitation (see Appendix text). 


duced in a shock tube. In Fig. 2, M, is plotted versus 
logiop4/p1 for various ratios a4/a; for yy=7/5, y:=5/3. 

The wall at the end of the shock tube in Fig. 1 re- 
flects the incident shock wave and the reflected shock 
wave further increases the gas temperature. To calcu- 
late the strength of the reflected shock wave it is only 
necessary to know the Mach number of the flow behind 
the incident shock wave. If Up is the velocity of the 
reflected shock wave, then in a coordinate system fixed 
with respect to the shock, the Mach number ahead of 
the shock is Mrp=(u2t+UpR)/a2 and behind the shock 
Mro= Up/ads, since u3=0; or 


Uo Ur as 
—=Mrp——=Mr—— Mrz. 
a2 ade d2 
The relations across a shock wave give 
(yi—1)M*r+2 
271M? r—(y1—1) 


M?r.= 





and 





? 


(“) = L2y:M?r—(y1—1) JL(m— 1) M?2re +2] 





a2 (yi+1)*M?p 
so 
Ue 2 1 
—s (3t2-— (9) 
a Yitl Mr 


Since the Mach number w2/a2 behind the incident 
shock wave approaches a constant value so does Mp. 
For large M,, 


u»/ay~%2M,/(¥1+1) or 
but 


u2/a2%(2M,/(yi+1) Jas/a2; 


ade 2¥1(¥1— 1) i 
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Fic. 5. Comparison of the shock Mach number obtained experi- 





mentally with the theoretical values plotted in Fig. 2. 


The Mach number of the reflected shock wave therefore 


approaches a limit given by 


1 (y1+1)? 
(at.-— -|——— 


Mr 2¥71(¥1—1) 
For y,:=1.4 
lim Mp=2.65, 
Mi-2 
and for y;= 1.67 
lim Mp=2.24, 
Mio 


across which the temperature ratios are 2.29 and 2.41, 


respectively. 


EFFECTS OF NONCONSTANT HEAT CAPACITIES, 


IONIZATION, ETC. 


The foregoing analysis can be worked out for special 
cases where the heat capacity varies with temperature. 
It is also possible to take into account the effect of 
ionization (and dissociation when the working fluid is 
polyatomic) behind the shock wave, but the analysis 
in these cases is much less general. A numerical example 
for argon as the working fluid has been worked out in 





Fic. 6. Oscillogram. Timing markers are 50 


microseconds apart. M,=6. 


the Appendix. The temperature, density, and degree 
of ionization behind a shock wave are presented in 
Fig. 3. 

The results show that the effect of ionization on the 
gasdynamical functions of the shock wave (i.e., the 
temperature ratio, pressure ratio, etc., across the shock 
front) is important, even in the range of shock strength 
within easy reach of our experiments. For example, at 
a shock Mach number of 15 in argon at 1 cm Hg initial 
pressure, the temperature behind the shock wave is 
about 40 percent lower, the pressure is about 10 percent 
higher, and the density is about 70 percent higher than 
for the case of no ionization. Under these conditions, 
about 11 percent of the original argon atoms are ionized. 

The effect of ionization on temperature, pressure, 
and density after reflection at the end of the shock 
tube is even greater, since the reflected shock wave 
tends to further compress the gas and raise its tempera- 
ture. Temperature, density, degree of ionization and 
reflected shock velocity results are presented in Fig. 4. 

In the case of the driver gas departures from con- 
stant heat capacity will also occur. Room temperature 
hydrogen driver in some of our experiments is cooled 
to below 120°K and thus it would show a considerable 
departure from results calculated for y=7/5 because 
of reduced rotational heat capacity. In the case where 
the hydrogen is heated by combustion there would also 
be considerable departures at the higher temperatures 
from which the expansion starts. These effects will 
produce some discrepancy between measured and pre- 
dicted shock speeds. In view of the fact that in our 
experiments the shock velocity is always measured 
directly, it was not considered worth while to make the 
numerical calculations necessary to evaluate these 
effects quantitatively. 


EXPERIMENTAL PRODUCTION OF STRONG SHOCKS 


The equation relating p/p; and M, was checked 
experimentally for a hydrogen-argon combination of 
gases. The results are given in Fig. 5. For large Mach 
numbers the thermal ionization of the argon behind the 
initial shock wave is sufficient to allow velocity meas- 
urements to be made electrically by making use of the 
resultant electrical conductivity of the gas. The shock 
velocities in Fig. 5 were measured by discharging con- 
densers through the ionized gas following the shock 
wave at various measured stations along the shock tube 
and recording the time between such discharges on an 
oscilloscope. A typical oscillogram is shown in Fig. 6. 

The diaphragms used in the shock tube were either 
cellulose acetate 0.010 in. and 0.020 in. thick or copper 
0.023 in. thick. The shock tube was a 13-in. i.d. steel or 
brass tube. It was undesirable to have the metal 
diaphragm material traveling down the tube and de- 
stroying test apparatus in the shock tube. All attempts 
to catch the diaphragm were unsuccessful. A piece of 
quarter-inch drill rod inserted in the tube 3 in. down- 
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stream of the copper diaphragm merely cut the dia- 
phragm in half so that it went down the tube in two 
pieces. The drill rod was also bent by the impact. The 
most feasible arrangement was to round the edges of 
the shock tube where the diaphragm was supported so 
the diaphragm did not shear at the edges and to weaken 
the diaphragm with a glass cutter by scribing a cross 
on its face. The result was that the diaphragm failed 
along the scribed lines and the quadrants flattened 
themselves out against the sides of the tube folding 
around the rounded edges of the tube. This arrangement 
proved fairly satisfactory. 

It should be noted that the variation of the Mach 
number with the molecular weight of the driving gas 
simplifies greatly the shock tube experimental pro- 
cedure. A particular diaphragm can be designed to 
break in a desirable way at a given pressure and the 
scribing procedure and diaphragm thickness stand- 
ardized. The tube can then be operated at a fixed 
pressure ratio across the diaphragm, different Mach 
numbers being attained by varying the molecular 
weight of the gas on the high pressure side of the 
diaphragm. For example, hydrogen can be used as the 
driver and the molecular weight varied by adding 
various amounts of nitrogen to the hydrogen. No break- 
ing mechanism is required to break the diaphragm, it 
being burst by pressure alone, thus, it was hoped, 
assuring the most rapid rupturing of the diaphragm. 
The standardization of the diaphragm and the absence 
of breaking mechanisms proves to be a great simplifi- 
cation in the experimental procedure. 


MEANS OF INCREASING THE DRIVER SOUND SPEED 


To produce strong shock waves in a shock tube we 
have shown in the above analysis that the initial sound 
speed ratio should be made as large as possible. Aside 
from the technique of using a light driver gas and a 
heavy driven gas, the sound speed ratio can also be 
increased by raising the temperature 7's. 

While there aie many conceivable ways of trans- 
ferring heat into the driver gas, we shall mention only 
the following four, which are relatively easy to perform 
in a laboratory: 


(1) External heating. This includes various ways of 
“cooking” the driver gas from outside with a flame, an 
electric heater, or any other source of heat. Since this 
method depends on heat conduction through the walls 
of the high pressure chamber, the amount of heating 
that can be effected by this method is limited. 

(2) Internal heating by solid heating elements. This 
refers to methods of heating the driver gas by solid 
heating elements, such as electrical heating filaments, 
located inside the high pressure chamber. If the heating 
elements are properly designed so that the driver gas 
can be heated up rapidly, this method is better than 
external heating in that the tube walls can be kept 
cooler than the driver gas. It is also possible to line 
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Fic. 7. Theoretical increase in the sound speed obtainable by 
combustion with oxygen. Curves A, B, and C are for initial con- 
centrations of 0.1, 1, and 10 moles per liter. The experimental 
point has been reduced to sound speed ratio with the aid of Fig. 2, 
allowing for experimental losses comparable to those shown in 
Fig. 5. 


the tube walls with heat-insulating material, or even a 
cooling system to minimize the undesirable heating of 
the shock tube wall. But the added complication re- 
quired by this method makes it much less attractive 
than the two other heating methods to be described 
below. 

(3) Internal heating by electrical discharge. The driver 
gas can be heated up to a high temperature rapidly by 
directly passing an electric current through it. This 
method can be used to heat up the driver gas in a 
shock tube. 

Recently, considerable amount of experimental in- 
vestigation on pulse gas discharge has been done by 
Fowler and collaborators.’ By treating the “luminous 
front” observed by Fowler as a shock wave, and taking 
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Fic. 8. The gain in the effective pressure ratio shown using a 
contraction at the diaphragm through an area ratio D?. 





7 Fowler, Goldstein, and Clotfelter, Phys. Rev. 82, 879 (1951). 
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Fic. 9. Schematic diagram showing wave pattern upon reflection 
of a shock at a sudden change of cross-sectional area. 


the measured front velocity as the shock velocity, 
a rough calculation indicates that a large fraction of 
the electrical energy originally stored in the capacitor 
must have gone into heating the gas in the main dis- 
charge tube, which means that this method of heating 
the driver gas is very efficient. 

Recent experiments at Cornell University on a pulsed 
discharge shock tube, with equipment similar to that 
used by Fowler and collaborators, has confirmed the 
observed results of the latter. Drum camera pictures of 
the discharge show that the “luminous front” as ob- 
served by Fowler is in fact a shock wave. 

This pulsed discharge heating technique can be used 
to produce very strong shock waves in the laboratory 
when it is used together with other shock tube tech- 
niques such as using a high initial pressure ratio across 
the diaphragm and employing a light driver gas and a 
heavy driven gas. 

(4) Heating by internal combustion. If the driver gas 
itself is a combustible mixture, considerable tempera- 
ture and pressure rise can be obtained by exploding the 
mixture inside the high pressure chamber. Though the 
temperature and pressure gain may be high, this 
method suffers the disadvantage that the resultant 
molecular weight of the product of combustion will 
inevitably be somewhat higher than that of pure 
hydrogen, which can be used in any other method of 
heating. This method does, however, offer a moderate 
over-all gain quite conveniently. The operating range 
of a shock tube, originally designed and built for using 
room temperature gases, can be extended appreciably 
without much modification of the high pressure cham- 
ber. The only modification required is the addition of a 
spark plug or a glow plug to ignite the gas mixture. 


OXYGEN-HYDROGEN COMBUSTION 


Among the many different combustible mixtures that 
can be used in the combustion heating technique, the 
oxygen-hydrogen mixture seems most satisfactory be- 
cause of its comparatively light products of combustion 
and its considerable heat of reaction. The good avail- 
ability, the ease of handling, and the mild corrosion 
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characteristics of this mixture also make it a good 
choice. 

The temperature and pressure gain by combustion 
heating of the driver gas may be estimated by assuming 
uniform constant volume adiabatic combustion inside 
the high pressure chamber. By using standard methods,’ 
the equilibrium temperature, pressure, and gas com- 
position at the end of combustion have been calculated 
for the oxygen-hydrogen mixture (at three different 
initial molal densities, namely, 0.1, 1.0, and 10 moles 
per liter), as functions of initial oxygen-hydrogen molal 
ratio. The value of a, was then calculated and is plotted 
in Fig. 7, for three molal densities. We notice that the 
maximum gain in d, is obtained at an initial oxygen- 
hydrogen molal ratio of about 0.12, where the value 
of a4 is approximately 67 percent higher than that of a 
pure hydrogen driver at room temperature. In experi- 
ments, the value of a, obtained by shock velocity 
measurements is always somewhat lower than the 
theoretical predicted value. That is, the shock strength 
observed in experiments is always lower than that 
predicted by the theoretical a4. 

However, the discrepancy between experiment and 
theory for combustion heating is actually no greater 
than that in the room temperature experiments. By 
using this combustion technique it was possible to 
extend the upper limit of our operating range in one of 
our shock tubes from a shock Mach number of about 12 
to a new value of 17. 


MODIFICATION OF SHOCK TUBE GEOMETRY 


It is possible to produce somewhat stronger shocks by 
employing a larger diameter driver section. Two such 
modifications will be discussed. 

Since a steady expansion gives a more efficient con- 
version of thermal to kinetic energy of the gas than an 
unsteady expansion, up to Mach number one it is con- 
venient to design the shock tube to take advantage of 
this fact. Through an unsteady expansion the quantity 
P=[(2/(y—1) Ja+u is constant so du/da= —2/(y—1), 
while for a steady expansion the energy equation gives 
[2/(y—1) ]a?+1?= constant so 


du 2 1 


eel Be 


dd steady 
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Fic. 10. A “telescoping” shock tube. 














8 B. Lewis and G. von Elbe, Combustion, Flames and Explosions 
of Gases (Academic Press, Inc., New York, 1951). 
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or for M <1, 


du du 


> 











| dd steady ddunsteady 


Consider a shock tube designed as in Fig. 8. There is 
steady flow in the region 3a to 3b and unsteady flow in 
the other regions. Initially u4=0 so 








2 2 
Py=P3a= a= Asat Ua. 
ee 1 
Thus 
a4 
a3a= 

1+3(v1—-1)M 30 

and 
a4 
U3za=M 3a 





14+-3(v—- 1)M3. 


Since in the steady flow region the stagnation pressure 
is conserve, 





P3a | 1+-3(y4- — 
Psp 1+3(%— 1)M*3q 
and since 74= 72a, 

a 34 a’, 


— ’ 
Psa Y/ palts-V Iv 


1+-3(v—- 1)M?*3, ys—1 2 val (41) 5 
p= pa ~ (1+ Min) 
1+23(y1—1)M" 30 2 








if the diameter ratio D=1, M;,= My then 


vs—1 2-4774/ (4-1) 
poo-1= Po (14a) ; 


Let g= Pap_i/ Pap or g is the gain in effective pressure by 
using a steady flow transition section and reduces the 
tube depicted in Fig. 8 to an equivalent straight shock 
tube: 





je 1)M*3a |= 2(Ya— ~—] ee 
14-3 (ye—1)M% L143 (ys—-1)M 0 . 


In Fig. 8 g versus D is plotted for the case where My,= 1. 
Another advantage inherent in this particular geometry 
is that it takes the expansion wave longer to overtake 
the shock after it reflects from the wall in the high 
pressure end than if D=1 for the same shock Mach 
number. Then for this geometry if one knows 4/1 
and D (or g) the shock tube problem reduces to a 
straight shock tube problem with an initial pressure 
ratio g p/p: and an initial sound speed ratio 
(a4/a,)g°7—/*7 and then Fig. 2 can be used to find M;. 
It is also possible to increase the shock Mach number 
by “telescoping” (reducing the area downstream of the 
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diaphragm) the shock tube. Consider the case depicted 
in Fig. 9. 
The transition from m5 to u¢ is steady and isentropic 
Mr=(Urtte)/ad2, Mr =(Urp+us)/as. 


Again for strong shocks, Mg=1, and m2 is found from 
the strength of the incident shock M,: 


M r2'= (Up:/as)+ M; 


so 


and Up =MpRd2— to, 


Mr2= M pr: (a2/as) oa (u2/a5)+M;, 
or 


M2=M p+ (a;/a2)(Ms— Mrz’). 


If the diameter ratio D’ is known, then knowing M,=1 
one can find M5; M2 is determined from the original 
shock M,, and a;/da2 is a function of Mp as is Mr2’, so 
one can solve for Mz. For large diameter ratios D’ the 
error is small if you assume M;~0 in which case the 
shock is essentially reflected and the expansion starts 
from rest. 

For example, consider a shock tube as depicted in 
Fig. 10. Across the first diaphragm a4/a,;= 2.24 so M, 
is found to be 3.53 and for M;~0, Mr=2.22 so 
a5/a,:=2.51 and p;/p;’= 803.2. Across the second dia- 
phragm (H., A), taking account of g (for D’>>1), the 
effective sound speed ratio is 11.3 and the pressure 
ratio is 1520 in the equivalent straight shock tube, 
so M,= 15.5 from Fig. 2. For the case of a straight tube 
with one diagram separating the argon and the hot 
hydrogen with the same total pressure ratio, namely 
10°, the Mach number would be 12.7. By using this 
particular geometry the Mach number has been in- 
creased 22 percent and since the temperature ratio 
across the shock goes as the Mach number squared, 
the temperature ratio is increased by 49 percent. 

By combining the above-mentioned techniques it is 
possible to obtain shock Mach numbers in the neighbor- 
hood of 25 with reasonable pressures and shock tube 
sizes. It must be remembered that the basis for these 
conclusions depends on the gas remaining a perfect gas, 
with constant heat capacities, and being frictionless. 
Even so the above considerations indicate that it is 
possible to produce shock waves strong enough that 
the gas behind them will be largely dissociated and/or 
ionized. 


SURVEY OF PRELIMINARY RESULTS 


This section is intended to illustrate the kind of high 
temperature work which can be done in shock tubes. 
It is our intention to publish papers about these topics 
shortly so that only brief mention of some of our results 
will be made at this time. 


Shock Luminosity 


It has been found that there is a highly luminous 
region associated with the shock front in argon and 
in air. Measurements with a photomultiplier and a fast 
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oscilloscope have shown that the thickness of this 
region in argon is less than 100 mean free paths (mean 
free path based on the gas ahead of the shock). Meas- 
urements with probes have also indicated that the shock 
front itself is a highly conducting region. Under con- 
ditions where special attention has not been given to 
cleaning the tube to avoid dust on the walls, a lumi- 
nosity apparently due to dust particles develops some 
distance behind the shock. This luminosity does not 
appear when the tube has been carefully cleaned. Work 
on the luminous shock front has largely been done by 
Mr. Harry Petschek. 


Spectra 


Spectrograph studies of the gas produced by shock 
waves have been begun. We have not as yet been able 
to make spectrographs of the luminous front itself 
because the exposure time is so short for this case. 
However, some spectroscopic studies have been made 
of the light produced by the gas (argon) which has 
been heated by the incident and reflected shocks 
(region 5 of Fig. 1). The spectra was found to have a 
number of prominent lines due to impurities as is to be 
expected in view of the fact that most impurities such 
as calcium, sodium, and iron have much lower ioniza- 
tion potentials than argon and thus would be much 
more highly ionized and excited. It was found also that 
hydrogen lines, in particular Hg and H,, appear quite 
strongly probably due to the mixing of the hydrogen 
with the argon near the contact discontinuity. It was 
found furthermore that these hydrogen lines were 
highly (of the order of 50A) broadened. Acting on a 
suggestion from Dr. R. Ladenburg, we considered the 
possibility that broadening was due to stark effect due 
to the high degree of ionization in these gases. Calcu- 
lations indicated that this was in agreement with 
theoretical expectations of ionization from statistical 
mechanics. We also observed a strong continuous back- 
ground for high Mach number shocks. Prominent re- 
versed lines presumably due to the cool boundary layer 
near the window were detected. 


Electrical Conductivity 


We have expended a considerable amount of effort in 
studying the electrical conductivity of the ionized gas 
produced by strong shock waves, since it is the most 
easily measured transport phenomenon in these gases 
and presumably if the electrical conductivity is under- 
stood, considerable light will be shed on the role played 
by electrons and associated fields in other transport 
phenomena, such as viscosity, heat conduction, etc. As 
more results were obtained, it became clear that the 
electrical conductivity of a highly ionized gas is com- 
plicated, and various methods of measuring the con- 
ductivity, e.g., by probes and various kinds of magnetic 
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techniques, have given results which cannot always be 
correlated.*:!° 

The authors wish to acknowledge the capable assist- 
ance of Mrs. Anne B. Kane who carried out most of 
the computations and reduced the data. 


APPENDIX. GASDYNAMICAL FUNCTIONS FOR 
STRONG NORMAL SHOCK WAVES IN ARGON 


The gasdynamical functions such as pressure, tem- 
perature, density, flow velocity, etc., behind the shock 
front can be calculated from the Rankine-Hugoniot 
equations. Neglecting heat loss and wall friction at the 
shock front, these conservation equations may be ex- 
pressed as follows: 


Mass flow, piU s= po(Us— um). 


Momentum, ~:+.U s?= p+ po(Us— mu)”. 
M+3U ¢=H2+h(Us—w)?. 


Let a be the fraction of the original monatomic 
gas which is ionized at a given temperature and pres- 
sure (assuming that the temperature is not too high 
so that only the once-ionized gas needs be considered), 
and qo be the ionization potential per atom. Then, 
according to statistical mechanics, the specific enthalpy 
H is given by 


Energy, 


Jo 


5 
H=-(1+a)RoT+a 
2 Mo 


where Rp is the gas constant per unit mass, and mp is 
the pass per atom of the original gas. (For argon, 
go= 2.514X 10" erg; Ro=2.081X 10° ergs/g; m= 6.684 
X 10~*g.) Note that here we have neglected the excita- 
tion of electronic states of the ion and the neutral 
atom. A rough check using spectroscopic data on elec- 
tronic levels for argon [9] reveals that at 16,000°K 
(which corresponds approximately to the temperature 
behind a shock wave of Mach number 20 before reflec- 
tion) the additional specific enthalpy resulting from 


, excitation of electronic states amounts to only about 


1.7 percent of that given by the foregoing expression 
and therefore can be neglected at lower temperatures. 
However, at higher temperatures, the electronic excita- 
tion should be properly calculated (e.g., the methods 
used by Bethe" and Fuchs et al.” for air may be applied). 

To calculate the fractional ionization a, one has to 
assume that the free electrons and argon ions are in 
thermal equilibrium with the argon atoms behind the 
shock wave in order that the simple result from statis- 
tical mechanics (i.e., the Mass-action Law) can be 

°E. L. Resler, “High temperature gases produced by strong 
shock waves,” thesis, Cornell University, 1951. 

0S. C. Lin, “Electrical conductivity of an ionized gas produced 
by strong shock waves,” thesis, Cornell University, 1952. 

" H. A. Bethe, “Specific heat of air up to 25,000°C,” Depart- 
ment of Commerce Report, PB-27307, or O.S.R.D. Report No. 
369, February 9, 1942. 


” Fuchs, Kynch, and Peierls, “The equation of state of air at 
high temperatures,” Los Alamos Report, BM-83, December, 1942. 
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applied: 
p 1.821 10° Wie 
a= (2.510x 1e— e(——— + 1) : 
7 T 


where is the pressure in atmospheres, and T is the 
temperature in °K. In the foregoing expression, the 
effect of electronic excitation has again been neglected. 

It should be mentioned here that, for a rapid process 
like a gas passing through a strong shock wave, the 
question of whether the gas will actually attain thermal 
equilibrium or not immediately after passing through 
the shock front is an interesting problem, which re- 
quires further investigation. However, the use of the 
foregoing equation together with other shock wave 
equations will at least yield approximate solutions 
applicable to some region behind the shock front where 
thermal equilibrium has been approached. 

When the ionized gas is in thermal equilibrium, the 
free electrons and the argon ions as well as the argon 
atoms may be considered as perfect gases when the 
density is not too large. Therefore, the equation of 
state may be expressed as 


b/p= (1+a)RoT. 


From the foregoing six equations we may solve for 
the six unknowns fy, po, v2, He, T2, and a2 as functions 
of the shock velocity Us when the condition of the 
gas in front of the shock wave is specified. 

Numerical solutions have been worked out for argon 
under the initial conditions (i.e., conditions in front of 
the incident shock wave) of 300°K temperature at three 
different pressures, namely, 1, 5, and 15 cm of Hg, up 
to shock Mach number M=18. These results are 
plotted in Fig. 3, together with the no-ionization solu- 
tion for comparison. It is seen that for shock Mach 


- number below 8, the effect of ionization on the gas- 


dynamical functions of the shock wave is practically 
negligible, but for higher Mach numbers the effect 
becomes important. 

The condition behind the reflected shock wave (i.e., 
region 5 in the x-t diagram in Fig. 1) can be solved by 
writing down the Mass, Momentum, and Energy 
equations across the shock front. If we let Up be the 
propagation velocity of the reflected shock wave (rela- 
tive to the shock tube, in the negative x direction), 
and considering the boundary condition that the gas 
must be brought to rest by the reflected shock wave 
(i.e., #5=0), these equations are: 


p2(to+ Ur) = psU rp. 
Momentum, pot p2(Uo+ Ur)’= Pst psU R’. 
H+} (ue+ Ur)’= H;+3U0 Rr’. 


Using these three equations, together with the equa- 
tions for enthalpy, ionization, and the perfect gas law, 
we may solve for the six unknowns ps, ps, Ur, Hs, Ts, 
and a;, after the conditions behind the incident shock 


Mass flow, 


Energy, 
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wave (i.e., in region 2) have been found. Numerical 
solutions have been worked out for the same initial 
conditions and the same incident shock Mach number 
range as before and are plotted in Fig. 4. However, it 
should be pointed out that the high Mach number ends 
of these curves (where the temperature is higher than 
16,000°K) are not accurate since the effects of excitation 
of the electronic levels have not been taken into account. 


SYMBOLS AND SUBSCRIPTS 


Symbols 


a=speed of sound. 
C,=specific heat at constant pressure. 
Cy=specific heat at constant volume. 
D= diameter ratio. 
E=internal energy per unit mass. 
F=force on fluid element. 
g=effective pressure gain factor. 
=specific heat ratio. 
H=enthalpy per unit mass. 
m=mass of fluid element. 

M,=shock Mach number, i.e., ratio of the propagating 
speed of the shock wave to the speed of sound of 
the undisturbed gas ahead of the shock. 

Mr=Mach number in front of the reflected shock 
wave, in a coordinate system moving with the 
reflected shock. 

Mr2= Mach number behind the reflected shock wave, 
in a coordinate system moving with the re- 
flected shock. 

M..=shock Mach number corresponding to infinite 
pressure ratio across the diaphragm. 

u=molecular weight. 
n= entropy. 
p=pressure. 
P=characteristic quantity in one-dimensional flow 
theory = (2/7—1)a+u. 
R= gas constant. 
p=mass density. 
!=time after the diaphragm burst. 
T=absolute temperature. 
u=flow velocity, in the positive x direction. 
U,= propagating speed of the shock wave, relative to 
the shock tube. 

Ur=propagating speed of the reflected shock wave, 

relative to the shock tube. 
’=volume per unit mass. ; 
«= distance along the shock tube, directed from the 
high pressure side to the low pressure side. 


Subscripts 


1, 2, 3, 4, 5, 6 for flow regions indicated in Fig. 1(b) and 
Fig. 7. 

3a, 3b for the steady flow regions indicated in Fig. 8. 

R’ for the reflected shock wave from a “telescoping”’ 
end. 
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On Solutions to the Wave Equation in 
Hyperbolic Space 


Joun W. MILEs 
Department of Engineering, University of California, 
Los Angeles, California 
(Received September 12, 1952) 


HE idea of studying the wave equation by introducing as a 
fundamental solution some power (or logarithm) of the 
pap distance (c#?—x?—y?—z?)! in the hyperbolic space 
(ct, x, y, z) has been developed in some generality by Hadamard." ? 
How ever, separation of variables in hyperbolic space appears to 
have received but little attention, and the purpose of the present 
communication is to emphasize the point that new coordinate 
systems and solutions can be developed in this manner, proceeding 
by analogy with Laplace’s equation in four-dimensional (three- 
dimensional in the case of the two-dimensional wave equation) 
space, a suggestion made originally by Bateman.’ 
Consider, e.g., the solution of 


Ci¢=(1/c?)¢u—o2z2—b2zy=0 (1) 


in the hyperbolic coordinates (7, =, y), defined by the trans- 
formation 


ct=rcosht, x=rsinhtcosy, y=rsinhé sing. (2) 


The new coordinates are analogous to spherical polars in Euclidean 
space. In particular, r is the geodesic distance in the hyperbolic 
space (ct, x, y), viz., 

r= (c%f2—x2— y*)8, (3) 


If we restrict r and £ to be positive and real, only points in the 
range of influence [ct>(x?+-y*)!] of the origin of (ct, x, y) space 
are included in the transformation. Negative values of r corre- 
spond to points in the domain of dependence [ct < — (x?+-y?)4] of 
the origin, while points outside of these domains cannot be 
included in the transformation in so far as r and é are required to 
be real. 

A general solution to (1) is given by 


¢=r’B,*(cosht)e?, (4) 


where B,* is a generalized Legendre function, and yu and » are 
arbitrary parameters. Pursuing the analogy with potential theory, 
P,*(cosht)e“? might be designated as a “hyperbolic harmonic.” 

Similarly, new coordinate systems and solutions for (1) may 
be developed by analogy with each of the coordinate systems in 
which the three-dimensional Laplace’s equation is separable.‘ 

In general, if the hyperbolic (differential) metric transforms 
orthogonally, according to 


(ds)? = (cdt)*— (dx)*— (dy)? = (Inndv1)*— (Jtadv2)*— (adv), (5) 


the two-dimensional wave equation transforms according to 


hohs hs3h, hihe 
= toby (Fon), From), -CGeren),,] 
Lie (ns - ts) hy Our "1 (6. 


in analogy with the Lamé transformation of Laplace’s equation. 
The transformation of the three-dimensional wave equation 
follows by an obvious extension. 

As a second example, we consider the transformation 


a= (£?—1)4(n?—1)4 cosy, 
y=(t—1)4(n?—1)# sing, (7) 
“aye 


Tan )? 
— (#—1)(n?—1)(dy)?, (8) 


where (£, 7, ¢) are analogous to the prolate spheroidal coordinates 
of classical potential theory. If we require — and 7 to be real and 
impose the restriction 1<n<&, only points in the range of in- 








c=tn—1, 





(as)=(5—" 
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fluence of the origin in (ct, x, y) are included in the transformation, 
The solutions in £ and » are Legendre functions, just as in the 
classical analog. 

Coordinate systems such as the foregoing have proved useful 
in supersonic aerodynamic studies,*® and they may find appli- 
cation in such fields as diffraction. 


1 J. Hadamard, Lectures on Cauchy's theorem (Yale University Press, New 
Haven, 1923). 

?R. Courant and D. Hilbert, Methoden der Mathematischen Physik 
(Springer-Verlag, Berlin, 1937), Vol. 2, pp. 430 ff. 

*H. Bateman, Partial Differential Equations (Dover Publications, New 
York, 1944), p. 384. 

4 Levinson, Bogert, and Redheffer, Quart. Age. Math. 7, 241 (1949), 

5 A. Robinson, J. Roy. Aero. Soc. 52, 735 (194 
( 6 Haskind and Falkovich, Nauk. S.S.S.R. Prikl. Mat. Mech. 11, 371 
1947). 





Cold Work Studies on Copper at Low Temperatures* 


R. R. EGGLESTON 


Atomic Energy Research Department, North American Aviation, Inc., 
Downey, California 


(Received July 11, 1952) 


T has been previously reported by Molenaar and Aarts! and 
by Blewitt? that when copper is cold-worked at sufficiently 
low temperatures, annealing resistivity-wise can occur at room 
temperatures or below, being quite rapid even at temperatures 
as low as —80°C. It has been found in this laboratory, and also 
by Marx,’ that considerable annealing may occur below room 
temperature for copper irradiated by cyclotron bombardment at 
low temperatures. In fact, as much as 50 percent of the induced 
damage by the irradiation was found to disappear on annealing 
at room temperatures. 

It is the purpose of this letter to describe the results of pre- 
liminary experiments on the annealing of copper cold-worked at 
the liquid helium temperature, which suggests that two annealing 
states exist in the temperature range between — 140°C and 20°C, 
and to give results of an analysis of the curves for activation 
energies by assuming a simple rate process for the annealing 
mechanism. Similar experiments are under way to study the 
annealing of copper irradiated at low temperature. It is hoped 
that a quantitative comparison of the results on irradiated and 
cold-worked copper will make it possible to better understand 
both processes by pointing out the similarities and differences 
that exist in their annealing behavior. 

The cold work was induced by twisting a 0.010-inch diameter 
copper wire approximately 6 inches long in liquid helium. The 
initial annealed resistivity of the specimen at the helium point 
was 1.37 10-8 ohm cm. This technique was found to give uni- 
formly deformed specimens in which the electrical resistance at 
4.2°K increased by a factor of 10 as a result of the cold work. 
The annealing was followed by making resistance measurements 
in liquid helium after each thermal treatment of the specimen.‘ 
Thermal treatments initially were of the tempering type, that is, 
the specimens were held at a sequence of successively higher 
temperatures in the range from —180°C to 100°C in 10°C in- 
crements for fixed intervals of 2 minutes. The amount of cold 
work initially given to each annealed specimen was the same 
(67 turns per inch). The tempering curves showed some scatter of 
unaccounted origin, below — 140°C, but were reproducible above 
that temperature. Examination of the tempering curves below 
room temperature indicate that there are two annealing processes 
to be accounted for in this temperature range, since the slope of 
the curves has a double maximum separated by a slight minimum 
in slope at —70°C. Similar conclusions have been reported for 
cold-worked copper by Manintveld,' for a different tempering 
history. Range I will refer to the range of temperature below 
— 70°C, and Range II will refer to temperatures between —70°C 
and room temperatures. Within each of the two ranges five iso- 
thermal curves were obtained by using a pulse technique. That is, 
between each measurement at the liquid helium temperature, the 
specimen is brought rapidly to the isothermal annealing tempera- 
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ture in a constant temperature bath for the desired time and then 
rapidly cooled by immersion in either liquid nitrogen or helium 
so that the times involved in warming and cooling are small 
compared to the time the specimen is held at the annealing tem- 
perature. It was pointed out above that the tempering curves 
were reproducible above — 140°C; therefore, in order to obtain a 
consistent set of isothermals that could be normalized initially, 
a pulse at some temperature of — 140°C or higher for 2 minutes 
was necessary. For the five isothermals in Range I this initial 
pulse was — 140°C for 2 minutes before annealing; in Range II it 
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Fic. 1. Isothermal annealing of resistance measured at 4.2°K (range of 
annealing temperature from —90°C to —130°C). 


was —70°C for 2 minutes, which had the additional function of 
removing the mechanism of annealing active in Range I and thus 
facilitating the study within Range II. The normalized isothermal 
curves are shown in Figs. 1 and 2 for the two ranges of tem- 
perature. 

If one accepts the assumption that the annealing is a rate 
process, the activation energies can be readily obtained from the 
isothermal curves. When the logarithms of the times to reach a 
chosen value of the helium point resistance along several iso- 
thermal curves is plotted against the corresponding reciprocal 
temperature of the isothermal in degrees Kelvin, the points 
define a line whose slope is the activation energy of the process. 
The activation energies determined in this way have a mean 
value of 10.2 kcal/mole and a spread from 8.7 to 11.6 kcal/mole in 
Range I. In Range II the mean value is 15.5 kcal/mole, and the 
spread is from 13.6 to 17.6 kcal/mole. In spite of our efforts to 
prevent an undue influence on the annealing curves within any 
one annealing range, it was evident that this was indeed the case. 
That is, the effects on the isothermal annealing curves at higher 
temperatures, particularly for longer times of anneal, in Range I 
and Range II were being effected by the annealing processes 
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Fic. 2. Isothermal annealing of resistance measured at 4.2°K (range of 
annealing temperature from —10°C to —50°C). 


active in Range II and at room temperatures and higher, re- 
spectively. Therefore, the activation energies determined at these 
higher temperatures and long times were not used in the com- 
putation of the activation energies given above. 

The range of activation energies in Range I and Range II 
determined by a simple rate process assumption do not overlap; 
however, the spread of energies within each range is large. The 
energy spread in each range was found to vary randomly as 
successive cuts were taken; therefore, the spread is believed to be 
due to experimental uncertainties rather than a failure of the 
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simple rate process theory. It is believed that the difference in 
activation energies associated with Range I and Range II is real 
and that there are indeed two annealing states for cold-worked 
copper in the ranges of temperature discussed above. Determina- 
tion of the order of reaction according to the formalism outlined 
by Bowen‘ has not yielded information that aids in the under- 
standing of the actual physical processes that are active during 
the annealing. 


* Work supported by the AEC under Contract AT-11-1-GEN-8. 

1 J. Molenaar and W. H. Aarts, Nature 166, 690 (1950). 

2 Blewitt, Taylor, and Coltman, Phys. Rev. 82, 769 (1951). 

— Cooper, and Henderson, private communication (unpublished 
results). 

4 For details on the measurement techniques, pulse annealing, and infor- 
mation used, see paper by Bowen, Eggleston, and Kropschot, J. Appl. 
Phys. 23, 630 (1952). 

& J. A. Manintveld, Nature 169, 623 (1952). 





Mechanism of Growth of Whiskers on Cadmium 


MILTON O. PEACH 
University of Notre Dame, Notre Dame, Indiana 
(Received September 11, 1952) 


HIS note attempts a qualitative explanation for the cause 

and mechanism of growth of whiskers recently observed on 

cadmium and tin. Our aim is to explain, or at least to not con- 

tradict, the following experimental facts: (1) The whiskers are 

remarkably uniform in size. (2) They may be as long as a quarter- 

or half-inch. (3) Their cross section is about a micron in diameter. 
(4) They have been found on cadmium and tin. 

We accept the idea! that each whisker contains a screw dis- 
location running along its axis. This is consistent with the ideas 
of Frank et al. on the growth? of imperfect crystals. Consider then 
a crystal block (Fig. 1) with faces J, JJ, and III (and opposite 





aA a’ 





. l 
H 1 





bt ab vfite 
Bi____bey___ op’ Tl 
B4--- ee 


’ 
‘ 
‘ 
. ‘ 
. ‘ 
e ‘ 
“4 ‘ 
‘ aa 











Fic. 1. 


faces J’, II’, III’) containing a dislocation line ABB’A’ termi- 
nating on the surface JJ7 at points A and A’. The assumed 
direction of dislocation line is shown by arrows marked y and 
the Burgers vector by arrows marked b. Thus, ABB’A’ are screw 
dislocations, with steps in the crystal surface Aa and A’a’, the 
high sides of the steps being shaded. The segment BB’ is edge 
dislocation, the extra layer of atoms being (essentially) the plane 
BBB’s’B (although of course there is no discontinuity of structure 
along BB and B’8’). 
® \We assume that, for unspecified reasons, the segment BB’ is in 
equilibrium as regards motion in the slip plane. 

We assume that BB’ is not in equilibrium as regards motion 
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normal to the slip plane, but is acted upon by an attractive force 
(roughly speaking, the force exerted on it by its “image” in the 
surface 7) tending to pull it towards surface 7. The segment BB’ 
will move one atom distance nearer to J provided two conditions 
are satisfied: (1) that the work done by the image force in this 
displacement is equal or greater than the energy required to 


create two dislocation segments BB, and B’B,’ each one atom 
long, and (2) a row of vacancies of length BB’ be available in 
the neighborhood of BB’ to annihilate the last row of atoms in 
the extra layer of atoms associated with BB’. 


We assume that there is a relatively inexhaustible supply of 
such vacancies by reason of the following mechanism. The core 
of a dislocation is in a state characterized by high atomic dis- 
order and high energy, thus approximating the molten state of 
the metal. Accordingly, vacancies (or atoms) can diffuse along the 
core with great facility. Thus vacancies start at the surface 7// 
at points A and A’ and diffuse down along the cores of the dis- 
location until they arrive at positions along BB’. In other words, 
the extra atoms at the edge of the extra layer are detached from 
the extra layer, enter the dislocation core, and diffuse along it 
till they reach the surface at points A and A’. Here they diffuse 
out over the crystal surface, most of them proceeding along the 
steps Aa and A’a’, thus building a new layer of crystal in a 
manner described by Frank,? but with a certain essential differ- 
ence. Whereas in normal growth of an imperfect crystal from its 


vapor the portions of the growth spirals farthest from the dis- 
location core grow the fastest, thus causing it to wind around the 
core in the manner shown in Fig. 2 (the high side of the step is 
shaded), in our case the situation is reversed owing to the fact 
that all the atoms emanate from the dislocation core, instead of 
being randomly distributed over the crystal surface. Thus the 
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parts of the spiral near the core are very favorably situated for 
receiving atoms; and, in fact, after a few turns they completely 
shield the outer parts of the step from the source so that it ceases 
to grow at all. We have the situation shown in Fig. 3 and, a little 
later, in Fig. 4. In Fig. 4 the inner turn has overtaken the outer 
one, thus pinching off the spiral. From this point on only the 
portion within the circle will grow, thus forming a whisker. 

For a rough calculation to see whether the energy condition 
can be satisfied consider the completed process where BB’ has 
moved out to the crystal surface. Taking a blanket figure of 1 ev 
per atomic plane for the energy of a dislocation regardless of 
position we see that an amount of energy equal to BB’ (measured 
in atomic parameters) ev has disappeared while an amount equal 
to B8+B’s’ has appeared. Thus if the length of the edge segment 
is more than twice its distance from the surface the process is 
energetically possible. This consideration does not imply that in 
the central region of the crystal face no whiskers could grow, for 
the initial position of the dislocation may be such that A is in 
the center of the face //7 while some portion of it having edge 
character is relatively close to face 7. However, on an average, the 
whiskers should be more numerous near the outer portion of the 
surface than near the center. 

Let us consider the experimental facts listed above. 


The explanation of (1) depends upon the fact that the energy © 
of an atom arriving at A or A’ is independent of the magnitude . 


of the image force. An increase of image force makes atoms 
arrive there more frequently but not with any greater energy. 
The energies of these atoms are subject to random fluctuations; 
but if we consider the fact that by the time the spiral pinches off 
forming a circle whose size determines the diameter of the whisker, 
at least 108 atoms have arrived, we see that the statistical chance 
of a large variation in whisker size is quite small. 

As to (2) and (3) let us calculate the number of atoms in a 
whisker 1 micron square and 1 cm high. Taking the atomic 
parameter as 1A we have 10‘ 10*X 108=10" atoms. We obtain 
these from a layer 1 atom thick and 108A or 1 cm square. Thus in 
Fig. 1 if 8B=p’ B’=1 cm and BB’=2 cm we could grow two 
whiskers, one at A and the other at A’, each 1 cm long. We may 
conclude that the theory is in reasonable agreement with (2) 
and (3). (The argument is modified, but not essentially, if we take 
into account the additional length of dislocation in the whisker 
itself. Because to the small diameter of the whisker the energy 
per unit length of dislocation is quite small.) 

As regards (4), if it should be found that some metals do not 
grow whiskers an explanation could be sought in three directions: 
(a) Perhaps the diffusion constant for the core is so small that 
the process proceeds infinitely slowly, e.g., at. low temperatures 
(or at room temperatures with materials having small atomic 
radii and high melting points). (b) Perhaps the motion of BB’ 
out towards the surface is impeded by some internal imperfections 
of appropriate nature. (c) Perhaps the coefficient of surface 
fixity @ has a value (say 0.5) corresponding to neutral fixity. 
We define ¢ to be a parameter ranging from 0 for a completely 
free, unrestrained surface (stress-free), to 1 for a completely 
fixed, immovable surface (displacement-free). In the foregoing 
discussion we have implicitly considered surface J to be stress- 
free, so that the image of BB’ gives rise to an attractive force. 
If, however, J were a displacement-free surface, the image of BB’ 
would be (roughly) an edge segment of same sign as BB’, giving 
rise to a repulsive force. These ideas may be understood qualita- 
tively by observing that it would be impossible to push a dis- 
location segment out through a surface if the atoms in the surface 
were rigidly fixed in perfect lattice positions. Energy could be 
reduced only by having the dislocation recede from the surface. 
Probably ¢ never actually assumes the values 0 and 1 but covers 
an intermediate range of values.* 

Distribution of positions, sizes, and rates of growth:—As already 
indicated, the density of whiskers should be greater near the 
outer edges of the face than near the center. Also, in the final 
equilibrium state there should be a greater relative percentage of 
short whiskers near the edges, as compared with the central 
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regions. This should not be observed in the early stages of growth 
since the effect will be masked by the fact that the outside ones 
grow very much faster than the inside ones. For each individual 
whisker its growth rate should accelerate towards the end of its 
period of growth. 

Inhibition of whisker growth:—Three methods are available for 
retarding or preventing whisker growth. 

(1) By plating the surface of the metal with a relatively thin 
layer of another metal of greater stiffness, the value of ¢ could be 
increased. 

(2) If we examine segments BB,, B,B,’, and B,’B’ in Fig. 1 
we observe that the driving force for whisker growth is in every 
instance in the direction vx b. Thus growth will be prevented if 
we can impose a stress field producing a force of sufficient magni- 
tude in the direction bX v. It can be shown‘ that a uniform tension 
in the direction BA will do this. 

(3) In an h.c.p. crystal all slip directions, hence all screw 
dislocations, lie in basal planes. Hence, if a single crystal is used, 
no whiskers could grow on a surface parallel to a basal plane. 

Critical experiment:—Suppose a reference mark be placed at a 
point on the whisker (e.g., by painting with appropriate sub- 
stance) at an early stage of whisker growth. The above theory 
implies that the reference mark would remain a constant distance 
from the base of the whisker as growth proceeds. If the reference 
mark remains a fixed distance from the tip of the whisker, the 
above theory would be proved false. 

1 This was suggested to me by J. : Fisher. 


2 Advances in Physics, Vol. 1, No. 


8 A research currently under way w hill, if successful, enable us to compute 
the image force as a function of 


4M. O. Peach and J. S. Koehle Pr, Phys. Rev. 80, 436 (1950). 





Diffraction of Electromagnetic Waves by an 
Aperture in an Infinite Screen* 


G. BEKEFI 


The Eaton Electronics Research Laboratory, McGill University, 
Montreal, Canada 


(Received August 26, 1952) 


N approximate solution has been derived for the problem of 
diffraction of a plane electromagnetic wave incident normally 
upon an aperture in a perfectly conducting screen. The approxi- 
mation is such that it allows the solution to be applied to apertures 
which are large compared to the wavelength of the incident 
radiation. Under these conditions the total field can be expressed 
in terms of a single component of the Hertz vector II, thereby 
reducing the discussion to a scalar boundary-value problem. 

If the electric vector of the incident plane wave lies parallel to 
the x axis (the screen lying in the x, y plane) of a rectangular 
coordinate system, then the diffraction problem can be expressed 
by the scalar wave equation 


V7. +k7i1,=0, (1) 


which is to be solved subject to these boundary conditions: 
Within the diffracting aperture the normal derivative of I, must 
be identified with the normai derivative of Il, which is associated 
with the incident wave; on the surface of the screen, II, is zero. 


That is, 
(i) Ae ) 


The superscript “%’”’ denotes the incident field. The field com- 
ponents E, H are then to be evaluated from the general relations 


E=7ll+yy-I, 








in aperture, (2a) 


on screen. (2b) 


eee. (3) 
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The form of the scalar boundary-value problem given by (1) and 
(2) is well known and has been solved by Bouwkamp! for the 
circular aperture over a considerable frequency range. 

It is further shown that in the limit of infinite frequencies the 
boundary condition (2b) can be replaced by 


ol 
(2s) =(Q on screen, 
Oz J z=0 


so that the wave function II,(x’, y’, 2’) at any point in the half- 
space away from the source is given by 


H.(2, ¥,2)=—— f (22) 2 Pras, (4) 


2r« Oz r 


where the integration extends over the area of the aperture and 
where 7 is the distance from the field point to an element 4S of the 
aperture. A transformation of the surface integral in (4) into an 
integral over the aperture edge leads directly to Neugebauer’s? 
formula, which was derived by an independent method. Equa- 
tion (4) [in conjunction with (3)], when applied to the special 
case of a circular aperture, has been found to predict results which 
are in good agreement with measurements made within and 
behind the aperture. 

* This work was supported by the United States Air Force through its 
Cambridge Research Center. 

1C, J. Bouwkamp, dissertation, University of Groningen, 1941 


2H. E. J. Neugebauer, private communication; also see J. Appl. Phys. 
23, 1406 (1952). 





Reflection of Electromagnetic Waves Obliquely 
from An Inhomogeneous Medium 
JAMES R. WAIT 


Department of Electrical Engineering, University of Toronto, Canada 
(Received August 18, 1952) 


EFLECTION of radio waves from the troposphere is mainly 

the result of changes in the permittivity of the region. The 

analysis of such reflections from varying media require the solu- 

tions of Maxwell’s equations for a specified variation of the 

permittivity with height. Forsterling,! Epstein,? Rawer,? and 

others have considered various special types of the permittivity 
function for cases of normal incidence. 

The case of reflections obliquely from a medium with an ex- 
ponential transition has apparently not been discussed in the 
literature. The solution will be given for this problem where the 
electric vector of the incident wave is to be taken perpendicular 
to the plane of incidence. 

A plane wave is incident obliquely from a homogeneous medium 
of permittivity €9 on to the plane surface of a semi-infinite medium 
with a permittivity ¢ that varies in a direction perpendicular to 
the surface. The magnetic permeability of the whole space is yu. 
A rectangular system of coordinates is chosen. The interface 
between the media is the x, y plane. The z axis which is per- 
pendicular to the interface is positive for points in the homo- 
geneous medium and negative for points in the inhomogeneous 
medium. 

The electric vector of the incident wave is parallel to the surface 
and varies as e“’* with an amplitude Eo. The angle of incidence 
is 6. The resultant electric field in the homogeneous medium has 
only a y component and can be written generally as follows: 


Evy = Eq(e** °°? 4 Reto £0882) exn(—iky sinOx+iwt), (1) 
where ko=(e€ou)*w. The coefficient R is a reflection factor which is 
to be determined by the properties of the inhomogeneous region. 

The electric vector in the inhomogeneous medium will also 


have only a y component Z,. It must also vary with x and ¢ in 
the same manner as Eo,; therefore, 


E,=E(z)e~* sindrt+iwt (2) 


Maxwell’s equations in the inhomogeneous medium are then 
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written 
OE 
ipwH , = —-— 
_ Oz 
ipwH,=—iko sindE, (3) 


OH:,.. . 
— twe(s)Ey= —— +iko sindH,. 
Cc 


These equations can be readily combined to give 


eVE, 
: a + Lhe) — ko? sin*9 JE, =0, (4) 


where k?(z) = e(z) uw? 

A complete solution for this equation will be carried out for 
the case of an exponential! variation of permittivity from a value ¢ 
at the surface to a final value of e for large negative values of z, 
such that 


e(z)=(a—e)e*+e,, 2<0, (5) 
where 8>0. The governing equation for E(z) becomes 
d? - 
2 — ko*)e* + ko? — ko? sin®?@ JE(z) =0. (6) 








where &,?= ¢,uw? and ky? = euw*. If the substitution 
v= (2/B)e5#/?(k,2— y?)8 


is made, Eq. (6) becomes 


@E dE 
= ot to + Le? + (2/8) (ks? — ho? sin*@) JE. (7) 


The solution of this equation that is suitable for this problem is 
E(z)=E.TJ,(2), (8) 


where »=[ho? sin?0—,? (2/8) and T is an arbitrary constant. 
The Bessel function of the second type Y,(v) is not permitted 
since E(z) must be finite as z approaches — ©. 

The unknown coefficients R and T can now be found from the 
conditions that Eo, and E,, and Ho, and H,; are, respectively, 
continuous at the interface z=0. The final result is 


2iko cosOJ , (v0) 
J (2) iko cosO+- (ki?— ky? )hJ »'(v0)’ 


where v= 2(k,2—k,?)!/8, and the prime on the Bessel function 
indicates a differentiation with respect to its argument. 

As a check on this result it can be seen that for a rapidly varying 

transition such that 8>>(k,?—/,")!, the equation for R becomes 

2ko cosé 

1+R= + - ; (10 

ky cos8+- (ko?— ko? sin?9)! ) 

This is the well-known Fresnel equation‘ for reflection between 

two semi-infinite media of homogeneous permittivities €) and e 

for the case of the electric vector parallel to the interface and with 

an angle of incidence @. 





1+R=TJ,(v) = (9) 





1K. Forsterling, Ann. Physik 11, 1 (1931). 

2 P. S. Epstein, Proc. Natl. Acad. Sci. 16, 627 (1930). 

3K. Rawer, Ann. Physik 35, 385 (1939). 

4J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book Company, 
Inc., New York, 1941), p. 493. 





A Combination of Electron Microscopy and Optical 
Phase-Contrast Microscopy 


SHIGETO YAMAGUCHI 


Scientific Research Institute, Lid., ~~ ¥ - Tokyo, Japan 
(Received Septe mber 15, 1952) 


CCORDING to the paper by Heidenreich and Nesbitt,' 
“The oxide replicas from Alnico 5 are more than simply 
topographical reproductions of the etched surface. This is be- 
cause of differential oxidation rates resulting from local variation 
in concentration of one or more alloying elements.” This suggests 
that the oxide replica of etched surface of alloys is liable to be 


THE EDITOR 




















Fic. 1, (a) The positive obtained by magnifying the electronic negative 
with an ordinary optic: al microscope (magnification: 35 times). There are 
scattered stains of oxide particles in the field of (a). (b) The positive ob- 
tained by magnifying the electronic negative with dark-field illumination 
of phase-contrast microscopy (magnification: 35 times). In (b) the octa- 
hedral figures characteristic of the etched surface are revealed, since the 
stains of oxide have been filtered out. 


marred by the presence of rough grains of oxide. In the present 
study, an attempt was made to eliminate these grains of oxide 
crystallites by an optical method and thereby to rectify the re- 
printed figures in image field. 

The negative plate of electron micrograph is usually magnified 
optically in order to obtain a positive photograph of large mag- 
nification. This optical magnification was performed with a 
phase-contrast optical microscope in the present study. The 
scattered stains of oxide grains seen in the negative plate appeared 
to be filtered out by the phase-contrast microscope, so that true 
topography of the etched surface of alloy is obtainable in the 
magnified positive photograph. 

The negative plate (magnification: 2000 times) was taken 
electron-optically from the oxide film formed on Permalloy 
(Ni: 81.5 percent) single crystal by oxidation in a bath of eutectic 
sodium and potassium nitrates.” The test piece was etched with an 
ethanol bromine (10:1 by volume) solution before oxidation. The 
negative was further magnified 35 times with an ordinary optical 
microscope to obtain the positive of Fig. 1(a) (magnification: 
70,000 times). Figure 1(a) shows oxide crystallites scattered in 
the replica film of the etched surface. Such oxide grains are 
formed in the case where the test piece is oxidized without special 
caution. Figure 1(b) was obtained by magnifying the negative 35 
times with a phase-contrast microscope, using dark-field illumi- 
nation. In Fig. 1(b) octahedral figures characteristic of the etched 
surface? are revealed, since the granularity of oxide grains recog- 
nizable in Fig. 1(a) have been eliminated. 

In the dark-field illumination of phase-contrast microscopy, the 
moderately opaque particles found in the negative plate appear 
comparatively bright on the screen, while the transparent domains 
of the negative appear comparatively dark. Therefore, by appro- 
priate adjustment of the dark-field illumination, one can render 
the dark and bright fields of the negative uniform with semi- 
transparent field [see Figs. 2(a) and 2(b)]. The extremely dark 
portions exhibiting the reprinted crystal edges of the etched 
surface are little affected by filtering action of phase-contrast 
microscopy (see Fig. 2). Figure 1(b) seems to result from a more 
complicated process than the simple process illustrated above, 
because Fig. 1(b) was neither obtained by dark-field illumination 
of ordinary microscopy nor by bright-field illumination of phase- 
contrast microscopy. The combination of phase-contrast, dark- 
field, and schlieren methods probably gives rise to Fig. 1(b). 

It is difficult to apply the phase-contrast method directly to 
electron microscopy.’ This difficulty may be lightened by the 


combination of electron microscopy and optical phase-contrast 
This method is similar to stereophotography of 


microscopy. 
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Fic. 2. (a) Image contrast obtained on screen when the electronic nega- 
tive is magnified with ordinary microscope. (b) Darkness obtained on 
screen when the negative is magnified with dark-field illumination of a 
phase-contrast microscope. Figures 2 (a) and (b) correspond to Figures 1 
(a) and (b), respectively. 


electron micrographs, since in these two methods electronic 
photographs are always treated with optical instruments. 

The Permalloy single crystal used here was prepared by Dr. R. 
M. Bozorth and his co-workers‘ and given to the author with 
permission to publish the results obtained. The author wishes to 
thank Dr. Bozorth for his cooperation. 

1R. D. Heidenreich and E. A. Nesbitt, J. Appl. Phys. 23, 352 (1952). 

2S. Yamaguchi, J. Appl. Phys. 23, 445 (1952). 

3V. E. Cosslett, Practical Electron Microscopy (Butterworths Scientific 


Publications, Ltd., London, 1951), p. 257. 
4 Walker, Williams, and Bozorth, Rev. Sci. Instr. 20, 947 (1949). 





The Diffusion of Antimony in Silver 
Single Crystals* 
L. Stirxin, D. Lazarus, AND T. TOMIZUKA 


Department of Physics, University of Illinois, Urbana, Iilinois 
(Received September 24, 1952) 


EFORE the ready availability of artificial radioactive isotopes 

Seith and Peretti! measured the diffusion of Cd, Cu, In, Sb, 
and Sn in polycrystalline silver. The diffusion of Pd in silver was 
investigated by Jost.? In all of these cases the values of Do [in the 
diffusion equation D= Dp, exp(—Q/RT)] obtained were in the 
range 0.6-8X10- cm?/sec and the Q’s varied only from 20 to 
25 kcal/mole. More recently, using radioactive tracers, the 
diffusion of gold in a gold-silver alloy* and self-diffusion in single 
and polycrystalline silver* have been studied. These investigations 
gave Dy’s equal to 0.1 and 0.7 cm?/sec and values of Q equal to 
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Fic. 1. Diffusion penetration plots. The variable x denotes distance in 
from the surface. The upper scale for x? refers to the upper two plots; the 
lower scale to the lower two plots. 
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44.1 and 45.5 kcal/mole, respectively. From theoretical con- 
siderations,’ one expects Do to be of the order of 1 cm?/sec for 
homogeneous diffusion, in agreement with the later results 
quoted above. 

Because the results obtained by the tracer method appeared to 
differ so greatly from the older data, it seemed worth while to re- 
determine these diffusion coefficients using modern techniques. 
This note describes the initial results obtained for the diffusion 
of Sb! in silver single crystals at extremely low tracer con- 
centrations. 

The experimental method employed was similar to that de- 
scribed elsewhere,‘ using j-in. diameter single crystalline speci- 
mens. After one end of the specimen was polished and etched, 
the specimen was annealed and etched again to insure that re- 
crystallization had not occurred. A thin layer (<100A) of Sb! 
was then plated onto the polished face. Following the diffusion 
anneal the specimen was sectioned on a lathe, after the removal 
of a circumferential layer to eliminate effects of surface diffusion. 

The results obtained thus far are shown in Figs. 1 and 2. The 
data of Fig. 2 are fitted by the equation D=0.29 exp(—39,400/RT). 
These values of Do and Q are more in agreement with the results 
of other radioactive tracer experiments and differ considerably 
from the data of Seith and Peretti. The reasons for the dis- 
crepancy are not known and further work, including studies 
using polycrystals, is in progress. 

* This work was supported in part by the AEC. 

1W. Seith and E. Peretti, Z. Elektrochem 42, 570 (1936). See also 
Smithells, Metals Reference Book (London, 1949). 

2 W. Jost, Z. physik. Chem. B21, 158 (1933). 

3 W. A. Johnson, Trans. Am. Inst. Mining Met. Engrs. 147, 331 (1942). 

4W. A. Johnson, Trans. Am. Inst. Mining Met. Engrs. 143, 107 (1941); 
R. E. Hoffman and D. Turnbull, J. Appl. Phys. 22, 634 (1951); Slifkin, 
Lazarus, and Tomizuka, J. Appl. Phys. 23, 1032 (1952). 


5 C. Zener, J. Appl. Phys. 22, 372 (1951); A. S. Nowick, J. Appl. Phys. 
22, 1182 (1951). 





Diffraction Field of a Circular Aperture 


G. A. WoonTon 


Eaton Electronics Research Laboratory, Department of Physics, 
McGill University, Montreal, Quebec 


(Received August 26, 1952) 


SURVEY of the literature pertaining to the diffraction of a 

normally incident, plane electromagnetic wave by a circular 
aperture in a thin, plane, perfectly reflecting screen has indicated 
that the solution of the problem must satisfy the following five 
conditions. The first two of these arise from theoretical con- 
siderations and the last three are the result of experiment. 
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(1) The normal component of the electric field in the aperture 
is the same as the normal component of the incident electric 
field. 

(2) The tangential component of the magnetic field in the 
aperture is the same as the tangential component of the incident 
magnetic field.* 

(3) At a great distance from the aperture and at a not too 
great angle from its central axis, the component of the diffracted 
electric field that is polarized parallel to the incident wave is the 
same as that computed from Kirchhoff’s classical equation.? 

(4) At all points along the central axis, the diffracted electric 
field component polarized parallel to the incident field is the same 
as that computed from Kirchhoff’s equations.* 

(5) The electric field in the aperture is that given by Andrew’s 
equations.* 

The equation which is given below has been found to predict 
that component of the diffracted electric field which is parallel to 
the incident field in and behind a circular aperture in agreement 
with the measured values of the field. Experimental verification 
of the equation has been obtained by measurements extending 
from the central axis out to the radius of the aperture and from 
the aperture plane to the distant field region; measurements have 
been made on apertures seven, seven and one-half, and eight 
wavelengths in diameter when illuminated by plane electromag- 
netic waves 3.2 cm long. Measurements have not been made with 
the dipole in any orientation other than that described. 

The equation is of the form given by Stratton,‘ but it has been 
modified to bring it into agreement with the five conditions given 
above; in the process it was found necessary to introduce one 
empirical term: 


V(x’, Me i 


wf {pat y2h4, 


; 
__ V" SF. (0; , r,)WH,- ds 
1 
ae $.0(m X 11-0) E:- ds. 


In this equation V(x’y’z’) is the emf generated at the terminals 
of a short dipole of length d. The dipole is orientated with its 
long axis (this direction is given by the unit vector 9,) parallel 
to the incident electric field E; and perpendicular to the incident 
magnetic field H;. The unit vector m, is normal to the plane 
diffraction screen and points into the region containing P(x’, y’, z’), 
while r; is a unit vector pointing from (x’, y’, 2’) to an aperture 
point (x,y,z). The symbol y denotes the Green’s function 
exp[:— jkr ]/r. The surface integral is to be taken only over the 
circular opening in the screen and the contour integrals around 
the rim. 

This research was supported by the United States Air Force 
through the Air Force Cambridge Research Laboratories. 

1S, Silver, University of California Antenna Lab. Report No. 163. 

? Woonton, Hay, and Vogan, J. Appl. Phys. 20, 71 (1949). 

*C. L. Andrews, J. Appl. Phys. 21, 761 (1950). 


‘J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book Company, 
Inc., New York, 1941), first edition, p. 464. 





A New Method of Solving Diffraction Problems* 


Hans E. J. NEUGEBAUER 


Eaton Electronics Research Laboratory, McGill University, 
Montreal, Canada 


(Received August 26, 1952) 


HE new approximation method is characterized by the 
following: 


1. As first approximation, the electromagnetic field is used as 
it would exist throughout the whole of space if the laws of geo- 
metrical optics were valid. 

2. The field is represented by the Hertzian vector II, the 
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electric vector E being computed from E=?II+ 9 (9 - II) after 
the second approximation of II has been found. 

3. In the case of the problems .1 and 2 mentioned below the 
mathematics is similar to that used by Franz.? 


The method has been used to solve the following diffraction 
problems: 


1. Aperture in a plane screen illuminated by a plane or spherical 
wave. 

2. Semi-infinite screen illuminated by a plane wave. 

3. Aberrations of lenses and mirrors. 


In the case of a circular aperture illuminated by a wave 
polarized parallel to x, the first approximation is represented by 
the incident wave, including the part that passes through the 
aperture, and by the reflected wave. For a plane wave the second 
approximation is 


k?x,=first approximation 
¥ 2x R— 
2 m-+a1 —m)=| f° . . Rae cost exp[ — jk(L?+-2’)4 ]do, 
2x A 


R=radius of aperture; (2m— 1)?= reflection coefficient of screen; 
x’, y’, 2’=coordinates of field point; z’=0 is the plane of the 
screen; p’=(x’2+y’2)!; L?= R*+ p’*—2Rp’ cosd; A =(R?+2’2)!, 

Approximate solutions of the integral can be found with the 
help of Bessel functions in the neighborhood of the axis, p’=0, 
and for large distances from the aperture. They are in good agree- 
ment with measurements of Bekefi and Woonton.? The theory 
explains, without any artificial assumptions, the intensity varia- 
tions in the aperture discovered by Andrews.* 

* This research forms part of a project on microwave optics that is sup- 
posted at McGill University by the United States Air Force through its 

Cambridge Research Center. 

1 W. Franz, Proc. Phys. Soc. (London) A63, 925 (1950). 

2G. Bekefi and G. A. Woonton | me communication); see also G. 


ary J. Appl. Phys. 23, 1403 (195 
. Andrews, J. Appl. Phys. ay "761 (1950). 





Amplitude Pulsations in the Vibrational Strain 
Pattern of Metal Single Crystals 


J. W. Marx 


Department of Mining and Metallurgical Engineering, 
University of Illinois, Urbana, Illinois 


(Received October 6, 1952) 


N a recent publication, Takahashi' refers to a “gasping” 

phenomenon which he has observed in the vibrational strain 
amplitude pattern of zinc single crystals. The specimens, of high 
purity zinc, were driven in transverse vibration at audiofre- 
quencies in the neighborhood of a resonant mode. When the 
driving stress exceeded a certain value, the vibrational strain 
pattern consisted of a series of large amplitude pulses, which 
endured for times of the order of seconds. Takahashi associates 
this behavior with asymmetric resonance peaks of the type pre- 
viously reported by Marx and Koehler,? and suggests that the 
pulses are induced by discontinuous changes in the elastic con- 
stants, changes induced by the formation of individual slip lines. 
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Fic. 1. Gasping pattern produced by a continuous amplitude 
dependence of the elastic moduli. 
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The writer wishes to point out that a continuous amplitude 
dependence of the elastic moduli would also be expected to pro- 
duce a gasping pattern of the sort reported. With reference to 
Fig. 1, the effective elastic modulus is presumed to decrease with 
increasing strain amplitude, i.e., the restoring force F is a non- 
linear function of the displacement x, of the form —F=Ex—ex’. 
At very low vibrational strains, the resonance peak is symmetrical 
and the maximum occurs at fo, as indicated. 

Starting at fo and low strain ao, the amplitude of the vibration 
is increased to the value adm, and the driving frequency corre- 
spondingly decreased to fm. As the strain amplitude increases, 
the resonant frequency f, of the specimen itself begins to decrease 
continuously, passing through the value fm. If the resonance peak 
is sharp, as it would be for well-annealed zinc crystals, f, may 
reach a point of instability (A) lower than fm. The amplitude of 
the oscillations should then rapidly drop off to point B. At this 
lower amplitude f, begins to increase again, and the cycle ABCD 
is repeated, 

It is merely intended here to show that the assumption of dis- 
continuity in the amplitude dependence of the elastic moduli is 
not required to interpret the data phenomenologically. Of course, 
discontinuous changes could also produce the gasping effect. The 
fact that f, passes through the value fm, instead of oscillating 
about it on the upper portion of the resonance curve, may favor 
the discontinuous change viewpoint of Takahashi. 

1S. Takahashi, J. Appl. Phys. 23, 866 (1952). 


2 J. Marx and J. S. Koehler, Carnegie Institute of Technology Symposium 
on the Plastic Deformation of Crystalline Solids, ONR (1950). 





Polygonization during Diffusion 


R. W. BALLUFFI 


Atomic Energy Division, Sylvania Electric Products, Inc., 
Bayside, New York 


(Received September 19, 1952) 


ARNES' has recently found by x-ray means that polygoniza- 
tion occurs in the diffusion zone of sandwich type copper- 
nickel couples and in thin nickel foils into which copper is diffused 
from the vapor. During an investigation of copper-nickel and 
gold-silver couples the present writer has found direct metallo- 
graphic evidence of polygonization during diffusion. The phe- 
nomenon may best be explained on the basis of nonhomogeneous 
plastic strain introduced by dimensional changes normal to the 
diffusion direction.? 

A sandwich type couple was made by pressure welding together 
¥e-inch thick disks of copper and nickel. The sandwich was then 
cut in half normally to the welded interface and one exposed 
section was metallographically polished. This specimen was then 
annealed and the section after diffusion is shown in Fig. 1 
(without any subsequent treatment). Considerable evaporation 
occurred from the copper side, and surface rumpling indicated the 
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Fic. 1. Surface of copper-nickel couple diffused 88 hr 
at 1060°C in hydrogen. 30 X. 
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presence of plastic strain near the diffusion interface. Extensive 
subgrain formation is evident in the nickel side of the couple. 
The subgrain size appeared finest near the diffusion interface and 
became coarser with distance from the interface. 




















Fic. 2. Surface of nickel disk heated in copper vapor 
90 hr at 1060°C. 80 X. 


One surface of a ;%s-inch thick disk of nickel was next metallo- 
graphically polished and then exposed to copper vapor from an 
adjacent and parallel copper disk in vacuum at 1060°C. Subgrains 
are again evident in Fig. 2 which shows the specimen surface after 
diffusion (without any subsequent treatment). Slip lines are 
present due to slight straining after diffusion and these reveal a 

















Fic. 3. Section through diffusion zone of sandwich type 
copper-nickel couple. Vacuum etched. 265 X. 


very slight angular tilt between adjacent subgrains. Each large 
Laue spot of an x-ray pattern of the surface volume consisted of 
a number of finer spots characteristic of a polygonized structure. 
Evidence that the observed polygonization was a result of diffusion 
was obtained by annealing identical nickel disks in the absence of 
copper vapo-. No sub-boundary structure was observed after such 
treatment. 
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Since some of the subgrains evident in Fig. 1 may have resulted 
from copper transport across the surface followed by diffusion 
inward, a metallographic section was taken through the interior of 
a copper-nickel couple after diffusion. A subgrain structure inside 
the couple was found by using a vacuum etching technique. The 
section was first metallographically polished and then given a 
heavy chemical etch in order to remove any strained layer. 
A vacuum anneal (short enough to eliminate any copper transport) 
revealed the subboundary structure shown in Fig. 3. This struc- 
ture was very faintly visible using standard metallographic pro- 
cedures. A subgrain structure was also found in the gold side of a 
gold-silver sandwich type couple using the same vacuum etching 
technique. No x-ray work was done to investigate these structures 
further. In a previous paper? it has been shown that large dimen- 
sional changes normal to the diffusion direction tend to occur 
during diffusion. However, in massive couples such as used here 
the nondiffused portions of the couple tend to restrict the dimen- 
sional changes normal to the direction of diffusion. During this 
process nonhomogeneous deformation must occur in the diffusion 
zone, and portions of the lattice become bent resulting in prefer- 
ential alignment of dislocations and subsequent polygonization at 
diffusion temperatures. 


1R. S. Barnes, Proc. Phys Soc. (London) 65B, 512 (1952). 
?R. W. Balluffi and B. H. Alexander, J. Appl. Phys. 23, 1237 (1952). 





Alpha-Radiation Damage in Zircon* 


Patrick M. HuRLEY AND HAROLD W. FAIRBAIRN 
Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received September 8, 1952) 


HE mineral zircon (ZrSiO,) may contain uranium as a sub- 

stitution solid solution up to about 0.1 percent, and a 
similar amount of thorium. Several times as much uranium and 
thorium may be contained by the zircon in the form of small 
crystal inclusions. The age of individual samples may be estimated 
from their geological occurrence or measured directly by decay 
product ratios.’ All natural zircons show some degree of radiation 
damage. The determination of the total alpha-bombardment by 
measurement of present alpha-activity and age may be corre- 
lated with the amount of damage and provide information on the 
damage process. 

Samples were obtained with ages from 3 to 1500 million years, 
that had suffered alpha-particle irradiations up to 10" alphas/mg. 
It was found that the intensity of x-ray diffraction by the zircon 
decreased progressively with total alpha-irradiation, becoming 
immeasurable above background after dosages of about 610" 
alphas/mg. A more accurately measurable criterion of damage to 
the structure was found to be the diffraction angle from the (112) 
plane, which could be measured to 0.01° by x-ray spectrometer in 
homogeneous samples. Results are given in Fig. 1, showing the 
correlation between alpha-bombardment and average distention 
of the lattice. Most of the scatter is probably due to inaccurate 
knowledge of the age of the individual samples. 

Samples showing greater damage than those included in Fig. 1 
were inhomogeneous due to radioactive crystal inclusions, but it 
was found that the (112) diffraction angle (20) approached 35.1° 
as the diffraction decreased to zero. Using this limiting angle for 
maximum structural disorder, and 35.635° for completely un- 
damaged material as indicated by extrapolation to zero irradiation, 
the process appears to be defined by the expression and constants 
indicated in Fig. 1. The data indicate that the annealing or re- 
crystallization rate is negligible compared to the damage rate, 
since young samples of high activity fit the same curve as old 
samples of low activity. (Other tests have shown that the dis- 
ordered constituents probably return to the more stable ZrO, 
baddeleyite structure at earth surface temperatures, so that the 
zircon recrystallization rate is zero.) 

From these data the ratio of the number of atoms displaced 
per alpha-disintegration to the number of displaced atoms per 
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Fic. 1. Zircon diffraction angle from (112) plane by copper ka radiation 
vs total number of alpha-disintegrations per milligram. 


mg at maximum disorder, is 2.3 10~'*. If eventually all of the 
atoms are displaced from the zircon lattice (i.e., 2 10'*/mg), 
then the value for the number of atoms displaced per alpha- 
disintegration is 4.510%. This number is compatible with the 
amount of energy (about 40,000 ev) left in an alpha-particle 
after it has decreased in velocity below that required for electron 
displacements and must lose its remaining energy by atomic 
collision, plus the energy imparted in recoil to the parent atom 
(10° ev) which does not reach a velocity sufficient to displace 
electrons. This process of disordering by knock-on atoms at the 
end of the alpha-track and by the recoiled parent, rather than by 
disturbances of the electronic structure during the ionizing part 
of the track, is supported by the fact that the visible damage in 
such minerals as biotite is in the form of rings about radioactive 
inclusions, and not in the region within the rings. Since only one 
helium atom per 1000 atoms in the structure has been introduced 
by the time the mineral is damaged to the extent of no measurable 
x-ray diffraction, it appears that the damage process is not due 
to the accumulation of helium. 

Utilizing the constants indicated in Fig. 1, the measurement of 
x-ray diffraction angle and alpha-activity in an unknown zircon 
sample will provide a knowledge of its age if the sample is homo- 
geneous and not too badly disordered. 

Of interest in studies of earth heat is the fact that zircon be- 
comes “half-metamict” after a radioactive energy release of 
685,000 cal/g, indicating that a maximum of only a fraction of a 
percent of the energy can be stored in the structure as disordered 
atoms, the remainder being lost as heat. Furthermore, a study of 
the radiation damage in common silicate minerals has indicated 
that the recrystallization rate in most rock-forming minerals is so 
much greater than the damage rate due to their natural radio- 
activities that these minerals reach an equilibrium at levels of 
disorder that are low enough so that, in thermodynamical calcu- 
lations related to petrogenesis and volcanism, the increase in 
energy of the aggregate due to the disorder is negligible. 


* Assisted by the ONR under Contracts NS5ori-07857 and NS5ori-07829. 
1P, M. Hurley, Trans. Am. Geophys. Union 33, 174 (1952). 





Atomic Clocks and Frequency Stabilization 


C. R. S. INCE 


Research Division, Marconi’s Wireless Telegraph Company Limited, 
Chelmsford, England 


(Received October 9, 1952) 


N a recent paper! published in the Journal of Applied Physics, 
C. H. Townes has derived expressions for the fundamental 
limits in the fractional frequency errors to be expected from 
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systems in which a macroscopic electronic oscillation is syn- 
chronized by utilizing either the absorption or dispersion of 
microwaves in an ammonia-cell. 

This otherwise excellent paper appears to contain a few minor 
errors, and two errors of a more serious nature which might prove 
misleading if allowed to pass uncorrected. 

The minor errors are: 


(1) the omission of a factor Av in the numerator of the last 
equation on p. 1369; i.e., the factor outside the brackets should be 


A 
2e—; 
v 


(2) the omission of a factor w in the numerator of the square- 
root factor in Eqs. (16) and (17), i.e., kTAf should be replaced 
by kT Af; and 

(3) the exponential term in Eq. (21) and the expression 
for S which follows it, should be exp[—(a+-)//2] instead of 
exp{ —[a+~(//2) ]} as shown. 


The two more serious errors are discussed below. 
(1) Equation (18) is arithmetically incorrect and should be 


e/v=1.5X10-%, 


The inclusion of the factor 7 referred to in (2) does not, of course, 
account for the large discrepancy between this value of e/y and 
that given by Townes, which was 30 times too optimistic. 

(2) A comparison of Eqs. (14) and (23) shows that for ammonia 
(for which y max>a and a=+1) the fractional frequency error 
for absorption is 47v2 (i.e., about 18) times that for dispersion. 
This is not a small factor and shows that, theoretically, dispersion 
should give better frequency stabilization than absorption. Ob- 
viously, the actual accuracy obtained by either method will, as 
Townes points out, be limited by technical difficulties of a less 
fundamental nature than thermal noise. 


1C, H. Townes, J. Appl. Phys. 22, 1365 (1951). 





An Integral in the Theory of Wave-Guide-Fed Slots 


HENRY E, Fettis 


Flight Research Laboratory, Wright Patterson Air Force Base, 
Dayton, Ohio 


(Received August 20, 1952) 


a” a recent article! there occurs the integral defined as 


- cos*| 5(1 — £2)4 sind] 
+l —-a-wae 


For £0, this integral can be expressed in terms of integrals 
discussed and tabulated by L. Schwartz,? while for £=0, the 
integral is expressible in terms of the Bessel function J}. 

It is clear that 











™/2 1+cos[r(1— £2) sind] 
20(t) = d (1 
Ot) J, 1—(1—£?) sin? ? 
Let us temporarily consider a more general integral 
7/2 1+-cos(zk sin@) 
I(z, k)= d 
@, #) J, 1—k? sin?é 2) 


It is then seen that 
Q(t) = 47m, (1—&)4]. (3) 
Regarding /(z, k) as a function of z only. Then, provided k#1, 
ii 7/2 cos(zk at) 
"(2 k)=— fo  # sintedo 
2 (4) 
- f” cos[zk sind Jdé—I(z, k)-+41(0, &), 
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where primes indicate differentiation with respect to z. Now’ 
/2 
J" cos(sk siné)de= sJoleh), (5) 
so that 
1"(g, B)+T(s, k) =FJo(ak) + 10, k). (6) 
The general solution of the differential Eq. (6) is 
T(z, k) =47(0, k)[1+cosz]+/’(0, k) sinz 


+5 fi * Jo(kt) sin(z—d)dt. (7) 
Also, 


1(0, k)= 2 f° 


so that 


=n(1—k?)-#; 1'(0,k)=0, (8) 


“ine 


I(z, k) = Ssetoenin f- J o(kt) costdt 


—cosz ry J o(kt) sind]. (9) 
Following the notation adopted by Schwartz,? this can be written 
I(z, k)= AG — k*)-4[1+cosz ]+sinzJ,(k, 2) —coszJ,(k, 2), (10) 
where 
Jem J* Jolkt) costdt; In= f° Jo(kt) sinedt. 


As a special case, we obtain 


Q(t) =4/L or, (1—#)'J= FL), r], (11) 


and this result is regular when ¢=0, so that 
Q(0) =7J.(1, =) 


- 
=GJilx) =0.7023 (12) 
since 
z 
JAA, z =f Jo(t) sintdt=2[Jo(z) sinz—J;(z) cosz ]. 
This value agrees well with the value obtained by the author! by 
numerical methods. 
1H. Gruenberg, J. Appl. Phys. 23, 733-37 (1952). 
2 L. Schwartz, Luftfahrt-Forschung 20, Sec. 12, 341-72 (1944). 


3 E, Janke and F. Emde, Tables of Functions (Dover Publications, New 
York, 1945), Art. VIII, Sec. 8-a. 





Effect of Impurities on the Self-Diffusion 
of Silver* 
R. E. HOFFMAN AND D. TURNBULL 


General Electric Research Laboratory, The Knolls, Schenectady, New York 
(Received August 22, 1952) 


NFORMATION on the effect of small impurity additions on 

the ionic conductivity has played a prominent role in the 
development of theories for transport processes in ionic crystals. 
Similar information should also be helpful in deducing the mecha- 
nism of diffusion in metals. Therefore, we have measured the 
self-diffusion coefficient of silver in a series of dilute silver-lead 
alloys. The experimental technique was identical to that used for 
the high temperature work on pure silver! except that the material 
into which the radioactive silver diffused contained small amounts 
of lead. 

The logarithms of the measured self-diffusion coefficients are 
plotted as a function of reciprocal absolute temperature in Fig. 1. 
(The curve for pure silver was taken from previous work." ?) It is 
apparent from the figure that the lead has little, if any, effect on 
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Fic. 1. Temperature dependence of the self-diffusion coefficient of silver 
in a series of silver-lead alloys and in pure silver. 


the activation energy, Q. The values of Q calculated by least 
squares are 42.8, 44.6, and 42.7 kcal/g-atom for the alloys of 
increasing lead content, as compared to 45.9 kcal/g-atom for pure 
silver. The effect of the lead on the magnitude of the self-diffusion 
coefficient D may be seen more clearly from Fig. 2, where D at 
750°C is plotted as a function of lead concentration. Similar 
curves are obtained at any other temperature in the range in- 
vestigated. Hence, at constant temperature, the self-diffusion 
coefficient in these alloys may be expressed in the form 


D=D+<xD’, (1) 


where D® is the self-diffusion coefficient in pure silver, x is the 
mole fraction of lead, and D’ is a temperature dependent parameter 
described by the relation 


D’=7.6 exp(—40,500/RT) cm? sec™!. (2) 


For cubic metals, the free energy of activation for self-diffusion, 
AF 4, is approximately one-half the heat of sublimation Lo# 
[AF is defined by the equation D=d*(kT/h) exp[—AF4/RT] 
where d is the atomic spacing ]. This correlation is expected on the 
basis of the vacancy mechanism for self-diffusion. Therefore, we 
consider the possibility that the marked increase of D with x may 
be due to the decrease in the heat of sublimation of silver as a 
result of alloying. On the basis of the above correlation, it would 
be expected that [(AF4)o—(AF 4), ]/[Lo— Lz ]J=p™0.5, where 
the subscripts refer to the mole fraction of lead. However, from 
the values of AF, calculated from the diffusion data together with 
thermodynamic estimates of Lz, it is found that p>7 for any value 
of x in the range investigated. Hence, it is unlikely that the de- 
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Fic. 2. The self-diffusion coefficient of silver at 750°C as 
a function of lead concentration. 
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crease of the cohesion of silver in the alloy can account for the 
increase of D with x. 

On the other hand, the results can be explained on the basis 
of the hypothesis that lead atoms directly catalyze the transport 
of silver atoms. Thus two different mechanisms may contribute to 
the over-all self-diffusion rate in silver-lead alloys. The first 
mechanism, which contributes the D® term of Eq. (1), is that 
which prevails in the self-diffusion of pure silver, and about which 
nothing can be inferred from the present measurements. The 
second mechanism is the lead-catalyzed transport of silver which 
contributes the second term of Eq. (1). This second process may 
be interchange of lead and silver, perhaps aided by vacancies 
trapped with the lead. Seith and Keil‘ have already shown that an 
interchange mechanism leads to an equation that is identical with 
Eq. (1) at low solute concentrations. If this interpretation is 
correct, then it follows that the self-diffusion coefficient of lead 
in these same alloys must be equal to or greater than the value 
of D’. Experiments designed to test this prediction are in progress, 

* Work supported by AEC under Contract No. W-31-109-Eng-52. 

1R. E. Hoffman and D. Turnbull, J. Appl. Phys. 22, 634 (1951). 

2 W. A. Johnson, Trans. Am. Inst. Mining Met. Engrs. 143, 107 (1941). 

8 This correlation between AF, and Lo is as successful as the more 
familiar correlation between the activation energy Q and Lo. (Steigman, 


Shockley, and Nix, Phys. Rev. 56, 13 (1939)). 
4W. Seith and A. Keil, Z. physik. Chem. B22, 350 (1933). 





On the Flicker Noise Caused by an 
Interface Layer* 


W. W. LINDEMANN AND A. VAN DER ZIEL 


Department of Electrical Engineering, University of Minnesota, 
Minneapolis, Minnesota 


(Received August 11, 1952) 


HEN some tube types are aged while only a small anode 

current is drawn, a high resistance interface layer de- 

velops, the resistance of which increases further with life;! it may 

be reduced by drawing large amounts of current for a certain time 
interval. ; 

We have found that such an interface layer causes a considerable 
increase in flicker noise. In our experiments 6SJ7 tubes were 
aged at Vy=7 volts and 7,=1 ma and the low frequency noise 
resistance of the tube was measured? repeatedly during the life 
‘test at an anode current of 1 ma. The results are shown in Fig. 1. 
During life the noise resistance first decreases, passes through a 
minimum, and starts to increase rapidly after 450 hours. After 
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Fic. 1. Low frequency noise resistance in ohms of a 6SJ7 pentode as a 
function of frequency with time of aging as a parameter. The aging took 
place at Vs =7 volts and J, =1 ma. 
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Fic. 2. Effect of interface on current dependence of the low 
frequency noise in two 6SJ7 pentodes. 


1050 hours the interface resistance had grown to 275 ohms and 
the noise resistance had increased by a factor of 1000. 

Figure 2 shows the noise resistance of the same tube at 100 
cycles/sec as a function of the anode current. The noise resistance 
R,, first decreases with-current, passes through a minimum, and 
then increases rapidly with current. At high currents R,, is pro- 
portional to J,”. As a comparison Fig. 2 also shows the same curve 
for a new tube with no measurable interface resistance; this shows 
the enormous influence of the interface layer upon the magnitude 
of Flicker noise. 

The fact that RX, is proportional to J,? at the high currents 
suggests that the phenomenon may be explained by a spontaneous 
fluctuation of the resistance of the interface layer. If AR is the 
fluctuation in resistance, then the dc anode current J, causes a 
fluctuating emf 7,AR across the interface layer which is equivalent 
to a fluctuating emf AE=—J/,AR at the input. Hence, if the 
fluctuation AR is independent of the current, the noise power is 
proportional to J, and consequently the noise resistance R, 
should be proportional to J,? too. 

* Work supported by United States Signal Corps. 


1See A. S. Eisenstein, Advances in Electronics (Academic Press Inc., New 
York, 1948), Vol. I, pp. 1-64. 

2 A. van der Ziel, Electronics 25, 136 (1952). This method allows the meas- 
urements of noise resistances up to a few megohms. The highest values in 
Fig. 2 were measured with a General Radio 1390-A noise generator which 
was calibrated in terms of noise resistance. 





Large Current Amplifications in 
Filamentary Transistors 
W. VAN ROOSBROECK 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received September 29, 1952) 


T may be concluded on theoretical grounds that, by use of 
semiconductor material of substantially intrinsic conductivity, 
large current amplifications are obtainable in transistors in which 
the current amplification mechanism is conductivity modulation. 
This possibility is found to be related to the circumstance that in 
an intrinsic semiconductor the conductivity modulation resulting 
from added current carriers is as if these carriers merely diffused, 
with only those normally present drifting under the applied field.’ 
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In the filamentary transistor, increasing this field then increases 
zero-frequency current multiplication to values which may be 
much larger than (6+1), where 0 is the electron-hole mobility 
ratio, without affecting cut-off frequency,? which may be com- 
paratively small.* Cut-off frequency may be exchanged for current 
amplification by increasing the ratio of minority to majority 
carrier concentration at thermal equilibrium. 

The current multiplication factor a may be calculated from 
the appropriate general equations‘ made linear through the 
assumption that the added hole concentration Ap is small in 
amplitude compared with (bmo+ po)/(b+1), where mo and po are 
the electron and hole concentrations at thetmal equilibrium. It is 
then the relative decrease in potential across the filament resulting 
from the ac component of emitter current density, divided by 
this component expressed in units of the bias current density. 
For the differential equation in Ap, two boundary conditions, 
respectively, specify that Ap vanish at the collector electrode 
and give the hole current at the emitter. The latter consists of 
the fraction yo=fo/(bmo+ po) of the dc bias current, corre- 
sponding to no added carriers, and a certain fraction y>vo of 
the total emitter current, which contains a small signal-modulated 
ac component.’ With the ac component of Ap determined, the 


expression for the local field may be integrated to give the poten- 
tial, whence 


r 1 .—7r_ | 
e= (b+1)(y— yo)————_] 1- 
ae= (b+1)(y— 70 t al r,. exp(—r_)—r_ exp(—r,4) (1) 
in the usual symbolic notation. Here t=x,/Ez, is the transit time 
for holes over the filament length x., corresponding to the drift 
velocity for mobility « under the bias field E.; 7 is the lifetime 


for added hole concentration; w is the angular frequency of the 
signal; and 








+ a1 Co ry srg 44nr(1+2P0)(1-+iwr)/Co®P Mxe/L>) 


~ 214+2P,% 
1 (2) 
= lem /or) (A414 4(1+iwr) (v/v)? }!](a/L), 
where 
Po= po/(no-- po), Mo=(bno+ po)/b(no— po) =1+-(6+1)Po/b, 
Ca=Ea/Eo, Ey=kT/eLy, Lp=(D5r)', (3) 


vm =pEo/Mo, vL=D)/L, L=(Dor)}, 


with D,=kTy/e, Dia=bD,, and Do=(not po)/(no/Dpt+ po/Dn) 
the diffusion constants for holes, for electrons, and for added 
carrier concentration. It is assumed that® ((b+1)eE,.2/(b—1)kT)? 
> |1+iwL?/Do!, where £ is either LZ or x,/2, whichever is smaller. 

The significance of this result is readily made apparent by cer- 
tain limiting cases. If? (vs¢/0z)*>>|1+-iw7r|, then 


—exp[—(A+76) ] 
\+70 ; 
where 6=ot’ and A\=?'/r, with t/=Mot the actual transit time 
for the drift of added carrier concentration.® For t’r, or negligible 
recombination, &,, the zero frequency a, is Mo(b+1)(y— vo). It 
increases with Po essentially in proportion to Mo, provided y re- 
mains appreciably larger than yo, whose limiting value is (6+1)7?. 
At the same time, since frequency cutoff occurs for some par- 
ticular value of the transit angle® 6, the cut-off frequency f de- 
creases as M,"', so that &f is approximately constant with 
respect to changes in Po. 
For intrinsic semiconductor material, or Po infinite,'® 


_— 2 4 
ae=[6+1)7-1}- sech(l tian) (x-/L) 


and! Dy= D;=2D,D,/(D,+Dn). For given Ea, & has a maxi- 
mum!! for x./L=1.49, namely, 0.38[(6+1)y—1]uE.D,—'r4, which 
is proportional to E,; and since ¢ does not affect the frequency 
dependence of a, it is clear that for given x,, increasing bias 
potential V.= Ex, increases &, without affecting f. If recombina- 


au= Molb+1)(y—0)- 





(4) 





(S) 
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tion is negligible,'? 
&_.=((b+1)/4b][(6+1)y—1]eV./kT, (6) 


which is proportional to V.. 

Attainable values of & are presumably limited only by a de- 
crease of emitter y with operating temperature so that y—~o 
becomes small." Controllable increases in & and corresponding 
decreases in f should be obtainable by conductivity biasing: the 
use of an additional emitter, or flooding of the filament with 
optical or other suitable radiation, through which the level of 
carrier concentration is increased. 


1W. van Roosbroeck, Bell System Tech. J. 29 (4), 560-607 (1950); 
Bell Telephone System Monograph 1813, pp. 5, 18-19. The actual local 
field is less than the applied field, or the field for the given total current 
density in the absence of added carriers. 

2 Defined as the frequency for which the square of the amplitude of ae 
is half the zero-frequency value. 

+ If the conductivity is large compared with intrinsic conductivity, then 
zero-frequency current multiplication is (6+1) and cut-off frequency is 
proportional to applied bias field: Shockley, Pearson, Sparks, and Brattain, 
Phys. Rev. 76 (3), 459 (1949); Shockley, Pearson, and Haynes, Bell 
System Tech. J. 28 (3), 344-366 (1949). 

4 Equations (17) and (18) of reference 1. 

’ The emitter current is considered to include a (small) de component 
such that it is always non-negative. 

* This condition holds for circumstances of practical interest, being met 
at low frequencies if the drift velocity wEa for holes is large compared with 
the hole diffusion velocity (Dp/L)}. 

7 This condition is essentially that the added carrier concentration pri- 
marily drifts, with velocity vss large compared with the larger of the 
diffusion velocities Vz and (wDo)?. 

8 The quantity Mo is the ratio of actual conductivity to the contribution 
bue(no—po) of the electron excess. The relative amplitude of ae and its 
phase angle (which is negative) may be expressed as functions of @ with A 
as parameter. They vary monotonically up to values of @ which are at 
least roughly 27. For Po~O and Mo~1, Eq. (4) reduces to a result given 
in the paper of reference 3. 

* This value is 2.79 radians, or 160°. 

10 The condition for the validity of Eq. (4) is unattainable in practice 
with material of too large a Po because of the increase in Po and Mo which 
an Ez satisfying the condition for this initial Po will produce through joule 
heating. An indefinite increase in Ea. will through heating ultimately de- 
crease f for material of any Po. 

1! A maximum which is fairly broad, @&. being within 10 percent of it for 
0. 95 <xe/L <2.4 

12 For this case, and with a filament length of 0.05 cm, an Q@ of a few 
hundred for Eg =300 volt cm should be possible, with f ~106 cycle sec™. 
This f corresponds to the value 1.10 of the independent variable for the 
ety fo dependence, (w/2Di) xe, which for germanium at 300°K equals 
0.23 Xe. 

13 A signal-modulated light-beam emitter ideally meets the requirement 
that y appreciably exceed yo as the equivalent in this respect of a current- 
carrying emitter which supplies minority carriers at the same rate as the 
light beam and for which y is unity. 





Electron Diffraction Investigation 
of Polished Surfaces 


T. S. RENZEMA 
Clarkson College of Technology, Potsdam, New York 
(Received September 2, 1952) 


HERE is agreement among investigators that polished 
surfaces of metals and of certain other materials give 
electron-diffraction (reflection) patterns consisting of a pair of 
very diffuse rings or halos whose sin@/n values are the same (or 
very nearly so) for all materials. These patterns (often called 
polish patterns) have been variously interpreted as indicating 
that the polish layer is (a) amorphous, (b) composed of extremely 
small crystallites, and (c) composed of very flat, normal-sized 
crystallites. Influenced by some similarity between the polish pat- 
tern and x-ray diffraction patterns obtained from liquids, the 
majority of investigators have favored interpretation (a). 
Polished surfaces of silicon, germanium, boron, and beryllium 
have been studied by electron diffraction.! Silicon and germanium 
are good elements for such investigations because a broadening 
and fusing of the normal crystal reflections due to extremely 
small particle size would not give the halos of the polish pattern. 
The electron-diffraction patterns, produced by the polished surfaces 
of the four materials studied, all consisted of a pair of diffuse 
halos with sin@/n values corresponding to those obtained from 
polished metal surfaces. 
Positive evidence has been found! that many polished surfaces 
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of silicon and germanium contain crystallites, some fairly large, 
of the base material and of the abrasives used in the polishing 
process plus some unidentifiable crystalline debris. 

X-ray diffraction studies of liquid metals? clearly exhibit a 
dependence of pattern on atomic radius. The observation that 
polished boron and beryllium produced the same electron diffrac- 
tion pattern given by other metals shows that interpreting the 
polish patterns as indicative of an amorphous condition of the 
surface is open to criticism. The atomic radius of boron is not 
yet known, but a plot of atomic radii versus atomic numbers for 
all elements suggests that it will be found to be considerably 
lower than the radii of commonly polished materials such as 
gold, copper, nickel, and iron. 

A comparison of the electron-diffraction pattern from polished 
silicon with that from amorphous silicon dioxide indicates that, 
on silicon, the surface giving rise to the polish pattern is not 
amorphous silica. 

Etching, optical,? and resistance‘ measurements showed that 
silicon surfaces which had been polished were different from those 
which had been polished and then heated in air at 1100°C. Yet 
these surfaces yielded the same electron-diffraction patterns. 

The absence of a dependence on the material polished suggests 
that the polish pattern may be due to a film of some substance 
which is adsorbed readily on many materials. Considerable 
evidence, including the failure of even the best cleaning methods 
consistently to eliminate traces of hydrocarbon residues from some 
polished surfaces and the similarity of the polish pattern to that 
obtained from several oils, seems to point to a hydrocarbon 
contaminating film as the source of the polish pattern. 

The present studies do not exclude the possibility that polished 
surfaces on some materials and under some conditions may be 
amorphous. They indicate, however, that the commonly observed 
polish pattern is probably produced by adsorbed hydrocarbon 
films, which become important because the relatively long 
exposures necessary to obtain reflection patterns from polished 
surfaces are favorable to the occurrence of patterns from relatively 
weak scatterers. 

!T. S. Renzema, Ph.D. thesis, Purdue University, 1948. 

2N.S. Gingrich, Revs. Modern Phys. 15, 90 (1943). 


3K. Lark-Horovitz and K. W. Meissner, unpublished work. 
*R. Bray, Ph.D. thesis, Purdue University, 1950 





Errata 








Direct Determination of the Flow Curves 


of Non-Newtonian Fluids 
{[J. Appl. Phys. 23, 147 (1952)] 
Irvin M. KRIEGER AND SAMUEL H. MARON 
Department of mane 5 and Chemical Engineering, Case Institute of 
Technology, Cleveland, Ohio 
EVERAL significant errors which appeared in the first paper 
have been discovered. In Eq. (9) dv/dy, which equals g(F), 
is introduced with reversed sign. The sign error in g(F) persists 
throughout remainder of paper, except Eq. (24). The captions of 
Figs. 1 and 2 are reversed, and the dimension on the ordinate 
should be sec. 





Interferometric Analysis of Airflow about 
Projectiles in Free Flight 
[J. Appl. Phys. 23, 453-469 (1952)] 


F. D. BENNETT, W. C. CARTER, AND V. E. BERGDOLT 
Ballistic Research Laboratories, Aberdeen Proving Ground, Maryland 


HE legend for Fig. 10 should read: “Fig. 10. Isopycnal chart 
for cal 0.25 sphere of Fig. 9.” 
The cut now Fig. 13 should be Fig. 12. The cut now Fig. 14 
should be Fig. 13. The cut now Fig. 12 should be Fig. 14. 
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BOOKS REVIEWED 


Computation of Dielectric Constants 
{J. Appl. Phys. 23, 505 (1952)] 
R. M. REDHEFFER, R. C. WILDMAN, AND V. O’'GORMAN 
Research Division, United Shoe Machinery Corporation, 
Beverly, Massachusetts 
Eq. (2), third part, should be: [1/a}= —[a}. 
Eq. (18) should be: e={RF(1—p)(1+A,[R]}'/2") +p. 
In the paragraph following Eq. (18), write [R} and [R}’ for 
R and R’. 





Electromagnetic Levitation of Solid 
and Molten Metals 
[J. Appl. Phys. 23, 545-552 (1952)] 

E. C. OKRESS AND D. M. WrouGHTON 
Westinghouse Electric Corporation, Bloomfield, New Jersey 
AND 
G. CoMENETz, P. H. Brace, AND J. C. R. KELLY 
Westinghouse Electric Corporation, East Pittsburgh, Pennsylvania 


HE statement on p. 549 that heating varies with frequency 
in the same way as lift does, is not correct. The reference to 
Smythe shows that power absorbed per unit area of the sphere 
equals 
3p1*H (x)B(y)/16R:?Ro, 
where 
H(x)+1=x(sinh2x+sin2x) /(cosh2x—cos2x) 
and 


B(y)=1/(1+y?)*. 


For x>1, H equals approximately x—1; H/G equals 0.28 fo: 
x<1.5, then decreases as x increases. 

P. H. Brace recently designed a coil which stably levitated 80 
grams of bright molten aluminum in a vacuum of 7X 10~* mm for 
some minutes. 

E. C. Okress observes that the average force tending to increase 
the coordinate z as expressed by (2), p. 546, may be modified in 
terms of |/,| sin2xvt and the equivalent secondary loop resistance 
ro to read 


F=—([2xr|11| 222M 2/(1ro?/v? +40? Le?) dM 12/dz, 


and that this and the other expressions in the article involving » 
are not valid when wavelength becomes comparable to circuit 
dimensions. 

Further, on page 548, first column, equation for y: change 
2/Ri1 to Z/R,. 

Line 7 from top of page 548 should read: y(dimensionless) 


=Z/R:. 





Books Reviewed 








Tensor Analysis, Theory and Applications 


By I. S. Soxoinrkorr. Pp. 335+-ix, Figs. 43. John Wiley & 
Sons, Inc., New York, 1951. Price $6.00. 


According to the author’s preface, the present book is intended 
as a text of the subject that does not depend either on geometry 
or on relativity as a vehicle but is self-contained. In addition to 
presenting the abstract theory of tensors, Sokolnikoff treats 
applications of tensor calculus to geometry, analytical mechanics, 
relativistic mechanics, and the mechanics of continuous media. 
The abstract theory itself is dealt with in the first two chapters, 
comprising (1) the theory of linear vector spaces and matrices 
and (2) tensor theory proper, i.e., their algebra and analysis. 
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Actually, the assertion that tensor analysis is being developed 
without reference to geometry is not to be taken verbatim. Not 
only are tensors introduced in a space, but the whole development 
is confined to Riemannian space. As is customary, the author 
deals at some length with Christoffel symbols and with the 
curvature tensor, but does not, for instance, indicate the possibility 
of introducing components of an affine connection without the 
availability of a metric tensor. Thus, the text does not provide 
sufficient mathematical background to study any of the proposed 
unitary field theories using non-Riemannian geometry, such as 
Weyl’s theory or the more recent theories by Einstein and 
Schrédinger. 

In the chapter entitled “Geometry,” the author treats all 
those geometric concepts ordinarily encountered which had not 
been introduced previously, but strictly within the framework of 
Riemannian spaces. These include a discussion of intrinsic versus 
extrinsic geometric formations, a discussion of space curves, 
the angles between as geodesics, and principles of curvatures 
of surfaces. 

“Analyical Mechanics” would have provided a unique opopr- 
tunity for developing tensor calculus in a non-Riemannian space, 
the phase space, which possesses no metric but a skew-symmetric 
constant tensor of rank 2 which is invariant under canonical 
transformations. Actually, this chapter deals primarily with 
time-independent general coordinate transformations in configura- 
tion space and shows that the resulting expressions for the motion 
of the system contain the well-known covariant expressions for 
the force and for the negative gradient of the potential energy. 
While the canonical equations of motion are presented, there 
is no discussion of canonical (contact) transformations or of 
Hamilton-Jacobi theory. 

‘“‘Relativistic Mechanics,” in not quite thirty pages. deals with 
both the special and the general theory of relativity. This space is 
not as inadequate as it may appear, as the principal mathematical 
features of the Riemann-Christoffel, Recci, and Einstein tensors 
are dealt with in the chapter on tensor calculus. The major 
portion of this chapter is devoted to the discussion of planetary 
orbits, which follows the original approach by Einstein and fails 
to mention the more recent work by Einstein, Infeld, and others, 
in which the mass of the planet need not be considered negligibly 
small. 

The mechanics of continuous media is, of course, the classical] 
area of application of tensor analysis par excellence, and it is 
fitting that the presentation of that theory should be the conclud- 
ing chapter of the book. The presentation covers familar grounds, . 
deriving the properties of the stress and the strain tensor and 
discussing the differential equations of motion. For the solid 
body, it is shown that the strain tensor must satisfy certain 
compatibility relations if it is to be derivable from the unstrained 
state by elastic (i.e., reversible) deformations. These compatibility 
conditions involve no more nor less than the condition that the line 
element corresponding to the relaxed state should be Euclidean, 
or that the curvature tensor formed with its help must vanish. 
Recently, C. Eckart has used this circumstance as a point of 
departure for considering materials with unrelievable strains; 
their conditions can be described most adequately and conven- 
iently with the help of the Riemann-Christoffel curvature tensor. 

In conclusion, this reviewer was impressed with the smoothness 
and relative informality of the presentation, which is probably 
more than adequate for the student who prepares himself for a 
career in applied mathematics. To the pure mathematician, the 
text will probably appear somewhat pedestrian as it excludes all 
consideration of non-Riemannian spaces and does not touch on 
topological questions. For the student of theoretical physics, the 
presentation often lacks physical motivation and, in some in- 
stances, disregards important recent work. But, for what it sets 
out todo, Professor Sokolnikoff’s book can be highly recommended. 


PETER G. BERGMANN 
Syracuse University 
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Technical Optics, Vol. II 


By L. C. Martin. Pp. 344+x, Figs. 262. Pitman Publishing 
Corporation, New York, 1950. Price $7.50. 


L. C. Martin, Professor of Technical Optics, Imperial College 
of Science and Technology, London, has considerably revised 
and enlarged An Introduction to Applied Optics and reissued it, 
again in two volumes, as Technical Optics. Fundamentals having 
been developed in the first volume, the second, under review, is 
given over to four chapters on classic optical devices (the simple 
magnifier, telescope, microscope, and camera lens) and to four 
chapters on the photometry and testing of optical systems, the 
projection of images, binocular vision and instruments, and 
aspheric surfaces of revolution. 

In keeping with the title, the theoretical side of Technical Optics 
is harnessed to the practical. The second volume is written at a 
graduate engineering level, and its three hundred and fifty or so 
pages are gratifyingly and extensively detailed and illustrated. 
Frequent small disclosures throughout the text transmit the 
author’s intimate acquaintance with his subject. Approximately 
half of its many figures are schematics of instruments or compo- 
ments well chosen to elucidate optical techniques. Greatly enhanc- 
ing its usefulness, over one hundred references to current period- 
icals and books key this volume to contemporary optical develop- 
ments. In addition to considerations of geometrical optics, 
considerations of physical and physiological optics are carefully 
developed where they influence or call for compromise in instru- 
ment design. 

Professor Martin’s book is in the elegant tradition established 
at his school by the late A. E. Conrady. Together with other 
publications of that school, Technical Optics is a valuable addition 
to the library of the student, optical engineer, or physicist. 

H. J. ECKWEILER 
Kollsman Instrument Cor poration 


Initiation and Growth of Explosions in Liquids and Solids 
By F. P. BowpeEN ANp A. D. Yorre. Pp. 104+-xii, Figs. 68, 
III Plates. Cambridge University Press, New York, 1952. 
Price $4.50. 


Although explosions have been initiated mechanically for 
many years, by percussion and by friction, there seems to have 
been little scientific study of the basic physics involved, prior to 
the work of the Cambridge group (and their predecessors in 
Australia), reported in the present monograph. 

In general, mechanical initiation seems to require the formation 
of local “hot spots,” having temperatures (of the order of 500°C) 
exceeding the reaction temperature, and diameters of 0.1-0.01 
mm. Given the proper chemicals, such “hot spots” initiate local 
exothermic chemical reactions, which may grow into full-scale 
explosions. However, in order to apply this concept systematically, 
four types of “hot spot” formation must be distinguished. 

In mercury fulminate, lead azide, and other “primary” explo- 
sives used in initiation, the melting point exceeds the temperature 
of chemical decomposition. It is therefore plausible that inter- 
crystalline friction provides the hot spots responsible for initiation 
in primary explosives. 

In liquid “secondary” explosives under percussion, the activat- 
ing hot spots are shown to be due to the adiabatic compression of 
small cavities. Thus, if the cavities are absent, or if the compression 
ratio is reduced by keeping such explosives under 5-100 atmos- 
pheres of pressure, the mechanical energy required for initiation 
is greatly increased. 

In initiation by rubbing of “secondary” explosives (which melt 
before they burn), the presence of grit particles having a melting 
point above the critical temperature for chemical decomposition, 
is shown to be of decisive importance. Such grit particles also 
stimulate the initiation of “primary” explosives by percussion. 

Finally, in special cases where the preceding mechanisms are 
not operative, viscous friction can cause initiation. However, 
like direct tribochemical action, this is rare. 
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The first two-thirds of the book by Mr. Bowden and Mr. 
Yoffe is devoted to amplifying the ideas indicated above by a 
wealth of experimental evidence. It seems likely that their 
discussion will be considered definitive for some years to come. 

The last 30 pages deal with the transition from an initiating 
hot spot to a large-scale detonation. This part is much less 
definitive; the original contributions largely concern experimental 
techniques currently being exploited by the author and associates, 
It is to be hoped that, in a few years, a second volume by the 
authors will present their final conclusions on the later phases of 
initiation in systematic form. In the meantime, they are to be 
congratulated on their basic contributions to a fascinating and 
little-understood subject. 

GARRETT BIRKHOFF 
Harvard University 
Ultrasonic Physics 
By E. G. RicHarpson. Pp. 285+x, Figs. 99. Elsevier Publish- 
ing Company, Amsterdam, Houston, London, New York, 
1952. Price $5.00. 


A notion of the large scope of this work may be got from the 
chapter headings: I. ‘Sources of Ultrasonics”; II. “Methods of 
Detection and Properties of Ultrasonic Radiation”; III. ““Measure- 
ments of Propagation Constants;” IV. “Propagation in Gases”; 
V. “Propagation in Liquids”; VI. “Propagation in Solids”; VII. 
“Theories of Anomalous Propagation”; VIII. “Ultrasonics in 
Disperse Systems.” Such wide coverage in a small book requires 
that some subjects be treated lightly; the author has chosen to 
emphasize the single-crystal interferometer and the hot-wire 
technique while other methods of measurement together with 
relevant theory are described briefly. No systematic development 
of the general theory is attempted; in most cases the necessary 
formulas are given as required in the discussion. 

The more specialized techniques are given not in chapter III, 
but in chapters IV, V, and VI together with the theory and results 
of measurements. It is, or course, a difficult matter to summarize 
and systematize the vast body of data that has been accumulated, 
and the author has only touched briefly on the various attempts 
to correlate sound velocity and on the classification of liquids 
according to excess attenuation. It is interesting that, although 
the recent book by P. Vigoureux nominally covers the same 
subject matter as the present volume, the emphasis is very 
different so that these two books out of England in successive 
years complement each other and together provide a simple, 
clear, and authoritative treatment of ultrasonics as a branch of 
physics. 

The author’s style is pleasantly classical, and the reader will 
not regret the occasional flights of rhetoric. It is not in every 
book that a jet of air “debouches” from a slit and is set in “pendu- 
lation.” Large, clear type, ample spacing of lines, wide margins, 
and carefully set equations are a welcome feature. The 99 illustra- 
tions are well drawn. Over 300 references are given, but only about 
fifteen are dated 1950 and two, 1951. The index is nominal. 


MARTIN GREENSPAN 
National Bureau of Standards 


Combustion, Flames and Explosions of Gases 
By BERNARD LEWIs AND GUENTHER VON ELBE. Pp. 795+-xix, 
Figs. 355. Academic Press, Inc., New York, 1951. Price 
$13.50. 


The authors’ 1938 monograph has been almost entirely re- 
written, and in the process has expanded to nearly double its 
original size. The nurpose of the volume remains the same— 
in the authors’ words, “to provide the chemist, physicist and 
engineer with the scientific basis for understanding combustion 
phenomena.” 

The work is divided into four parts entitled: I. Chemistry and 
Kinetics of the Reactions of Fuel Gases and Oxygen; II. Flame 
Propagation; III. State of the Burned Gas; and IV. Problems in 
Technical Combustion Processes. Each section will be found to 
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BOOKS REVIEWED 


include much new material. Of particular interest are the discus- 
sions of the hydrogen-oxygen and hydrocarbon-oxygen reactions: 
the long chapter entitled “(Combustion Waves in Nonturbulent 
Explosive Gases,” which includes treatments of minimum spark 
ignition energies and of flame speeds; the chapter on ‘Detonation 
Waves in Gases’’; and the sections on “Gas Turbine and Turbo- 
Jet Cycles.” 

The authors are acknowledged leaders in this field, and in many 
instances write from first-hand information. Nevertheless, the 
views of others are fairly presented, as evidenced by the inclusion 
of something of over 800 literature references. This is a book 
which may be read with profit by all who are interested in any 
way in the combustion problem. 

ROBERT N. PEASE 
Princeton University 


X-Ray Analysis of Crystals 


By J. M. Biyvorert, N. H. Ko_kMeEyEr, AND C. H. Mac- 
GILLAvVRY. Pp. 304+-xii, Figs. 226. Interscience Publishers, 
Inc., New York, 1951. Price $6.50. 


This book is a translation which makes the excellent Dutch 
text available to the English-reading public. It is based on a 
translation by Mrs. H. Littman Furth which has been done very 
well. In a sense the title does not cover the content of the book, 
in that the first half is an introduction to the x-ray analysis of 
crystal structures, and the second half is an excellent survey 
of crystal chemistry. Throughout the first half of the book, the 
attempt is made to minimize the mathematical theory; vector 
notation is avoided, and the complex exponential is used in only 
a few parts. Some of the derivations are handled in the appendix. 
This scheme will make the book particularly welcome to those 
workers who are primarily interested in finding out what to do 
and how to do it. There is an excellent presentation of the various 
diffraction methods, the important factors in intensity work, and 
actual examples of a complete structure determination. The book 
is well illustrated by a large number of figures and excellent repro- 
ductions of diffraction patterns. Thoroughly adequate references 
are given for each chapter, and there is a good index. Numerical 
tables such as atomic-scattering factors and absorption coefficients 
are not given, probably in line with the trend toward making the 
International Tables the reference source for such material. 

The second half of the book gives an excellent survey of crystal 
chemistry, a discussion of structure types, and correlations between 
structures and physical properties. The material covers elements, 
alloys, general inorganics, silicates, organics, and high polymers. 
The appendix includes sections on the 32 crystal classes, the 230 
space groups, derivations of formulas, the evaluation of diffraction 
patterns, the reciprocal lattice, Fourier and Patterson analysis, 
and electron and neutron diffraction. 

The book is a welcome addition to the English-language text 
books in this field, and it can be highly recommended as an 
authoritative treatment of x-ray diffraction in crystals and a 
survey of crystal chemistry which lives up to the high professional 
reputation of its authors. It will be particularly useful to those 
who desire an easily readable survey of the whole field which is 
not complicated by more than the bare minimum of mathematical 
theory; and to the beginner for whom the actual detailed examples 
of structure determinations should be a great help in smoothing 
the difficulties of the first attempt at structure analysis. 


B. E. WARREN 
Massachusetts Institute of Technology 


Quantum Theory 


By Davip Boum. Pp. 646+ ix. Prentice Hall, Inc., New York, 
1951. Price $7.50. 


Bohm’s book on quantum theory is without doubt a distin- 
guished production. The argument is careful, lucid, and precise, 
the over-all plan well thought out with special emphasis on the 
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physical interpretation of the quantum-mechanical formalism 
and on an extensive discussion of the theory of idealized micro- 
physical measurement. The book, above all, is one on the theoret- 
ical physics of quantum phenomena and not on the applied 
mathematics of the associated analytical techniques. The latter, 
however, are by no means neglected but merely kept in proper 
perspective by the strong qualitative and physically imaginative 
trend of the exposition. 

The book opens with four chapters on the “Origin of the 
Quantum Theory,” on “Further Developments of the Early 
Quantum Theory,” on ‘Wave Packets and DeBroglie Waves,” 
and on “The Definition of Probabilities.” Here the essential 
physical concepts associated with the wave-corpuscular duality 
of the elementary particles of matter and radiation, with the 
discreteness of microphysical dynamical variables, and with the 
notion of transition probabilities, are treated in an inductive and 
semihistorical manner. The discussion culminates with the 
Schrédinger equation and the elucidation of the physical meaning 
of wave functions both in coordinate and in momentum space. 
Chapters follow on the “Uncertainty Principle,” on the “Wave 
vs Particle Properties of Matter,” and on the “Physical Picture 
of the Quantum Nature of Matter”; the book concludes with two 
chapters on the “Quantum Theory of the Measuring Process” 
and on the “Relationship of Quantum and Classical Concepts.” 
All these involve subtle and instructive discussions of the inter- 
action during measurement of system and instrument and of the 
effect of measurement on the wave function of the system (intro- 
duction of random phases accompanied by destruction of inter- 
ference potentialities; consistent conciliation of the objective and 
subjective aspects of quantum states; resolution of associated 
paradoxes, ultimately classical character of the measuring 
instrument). Treatment is given to the possible interpretation of 
acausal quantal features in terms of “hidden”? casual variables 
and to the basic conceptual attitudes dictated by the quantum 
analysis of microphysics—the general conclusion is drawn that 
“the system of quantum concepts involves the assumptions of 
incomplete continuity, incomplete determinism and the indivisible 
unity of the entire universe. These may be summarized by saying 
that the properties of matter are to be expressed in terms of 
opposing but complementary pairs of potentialities, either of 
which can be realized in a more definite form in an appropriate 
environment but only at the expense of a corresponding loss in 
the degree of definition of the other.” 

The remainder of the book deals with the “Mathematical 
Formulation of the Quantum Theory” including a chapter on the 
matrix method which also contains a discussion of transformation 
theory; with “Applications to Simple Systems” (wells and 
barriers, harmonic oscillator, angular mementum—orbital and 
spin; hydrogen atom including effect of external fields); with 
“Methods of Approximate Solution of Schrédinger’s Equation” 
(WKB approximation, perturbation theory—time-dependent and 
time-independent, degenerate perturbations, sudden and adiabatic 
perturbations); and with the “Theory of Scattering.” The discus- 
sion of all these matters is clear and convincing, and many 
examples of physical interest are given, but the reviewer would 
have enjoyed in addition a more systematic development of a 
suitable variety of topics in the fields of atomic, nuclear, and solid 
state physics. The number of misprints, mistakes in sign in the 
equations, etc., in these chapters while not negligible is nowhere 
sufficient to interrupt the smooth trend of the argument. 

A major omission in the book, however, is the absence of 
chapters dealing with the elements of quantum-statistical me- 
chanics, with relativistic quantum mechanics (Dirac and Kemmer 
equations) and with the description of systems in which the total 
numbers of the various types of particles are not constant in time 
(second quantization). It is the hope of the reviewer that Bohm 
will find it possible to remedy this lack in a second edition. 


H. PRIMAKOFF 
Washington University 
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BOOKS 


Thermodynamics of Fluid Flow 


By Newman A. HALL. Pp. 278. Prentice-Hall, Inc., New 
York, 1951. Price $5.75. 

This text deals with the thermodynamics and fluid mechanics 
of flow in pipes and ducts. There are 12 chapters, the first four 
dealing with fundamentals. In five more chapters the theories are 
applied to cases of flow with varying area, friction, and heat 
addition. Further chapters deal with compressibility shocks, 
flow measurement, and propulsion. A noteworthy feature of the 
book is the care with which the theoretical basis of the treatment 
is developed. Empirical factors are introduced gradually with the 
liberal use of figures. This makes the text self-sufficient and agree- 
able to read. A good feature is the treatment of incompressible 
fluids which is covered from the point of view of both thermody- 
namics and mechanics. The text is provided with interesting 
illustrated problems and contains a number of useful tables and 
approximate formulas. 

The author derives a general “Bernoulli” equation from the 
steady flow energy equation and the Second Law. Without raising 
the question as to whether Bernoulli’s equation is an energy or 
momentum relation, it is, perhaps, clearer to differentiate sharply 
between the energy equation, the momentum equation, and the 
author’s “Bernoulli” equation, which relates part of the change 
of entropy to the changes in other properties of the fluid. There is a 
good discussion relating loss coefficients with entropy changes, 
but the enthalpy loss coefficient commonly used in turbine and 
compressor theory is not included. Purists might object to the 
somewhat oversimplified definition of internal energy, but the 
author’s presentation of the fundamentals is a great improvement 
over that of some earlier texts. 


W. R. HAWTHORNE 
University Engineering Laboratory 
Cambridge, England 


Aircraft Jet Power Plants 


By FRANKLIN P. Duruam. Pp. 326+ illustrations. Prentice- 
Hall, Inc., New York, 1951. Price $5.00. 


In the words of the author’s preface, “this book has been 
written primarily as a text for junior and senior undergraduate 
courses in aircraft jet powerplants, with special emphasis on the 
gas turbine.” Of a total of 312 pages of text, 32 are given to the 
ramjet engine, 26 to the rocket, 208 to the turbojet and turboprop, 
and the remainder to fundamentals and general considerations. 
The main concern of the book is with the thermodynamics and 
fluid mechanics of the individual processes occurring within each 
type of engine, with little or no discussion of such factors as stress 
and vibration limitations, temperature and creep limitations, 
mechanical design limitations, and the nature of the compromises 
necessary in the synthesis of a complete engine. 

The subject matter comprises principally simple analyses of 
the thermodynamics and fluid mechanics of such processes as 
those occurring in compressors, turbines, diffusers, ducts, burners, 
and nozzles, together with a comparatively small amount of 
discussion of the integration of these processes into engine designs. 
In this respect, the book covers material very much like that 
often offered in the second term of a one-year course in thermo- 
dynamics for undergraduate engineering students. Used as a 
text for this purpose, the book would have the advantage of 
supplying a strong motivation, the present interest in jet propul- 
sion being what it is. As a text which uses the subject of jet 
propulsion as a vehicle for illustrating applications of thermo- 
dynamics and fluid mechanics, however, the book suffers from 
two faults: (1) the introduction and treatment of fundamental 
principles, which should be impeccably accurate and clear, are 
not so, and (2) the treatment might have been invigorated by a 
greater attention to the interrelating factors involved in the 
design and performance of complete engines. 

The format and typography are attractive, and the illustrations 
are clear and simple. A number of photographs of typical engine 
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structures are included, as well as several charts representing in 
convenient form important formulas. A great many worked-out 
numerical examples are given in the text. At the end of each 
chapter there are a number of problems, most of them requiring 
the student to work out numerical values for the formulas in the 
text. 

ASCHER H. SHAPIRO 

Massachusetts Institute of Technology 


Principles of Electrical Engineering 
By W. H. Timsiz, VANNEVAR Busu, AND GEORGE B. Hoap- 
LEY. Pp. 626+-ix, revised fourth edition. John Wiley & Sons, 
Inc., New York, 1951. Price $6.50. 


The book, Principles of Electrical Engineering, by W. H. 
Timbie and V. Bush, assisted by G. B. Hoadley, belongs to the 
classical books on this subject, and it would seem that little could 
have done to improve the third edition. However, the authors 
have succeeded in making the fourth edition of the book still more 
useful for the student and easier for the teacher to apply. 

Many of the junior and senior students suffer because of the 
fact that they are not sufficiently familiar with the fundamentals 
and so do not have the basis for advanced study and application. 
Also, they are not sufficiently familiar with Faraday’s law, 
Kirchhoff’s law, and the magnetic circuit, and do not have the 
right conception of the electric and magnetic fields. This is due 
partially to the text used in the course and partially to the 
inability of the teacher to stress the importance of the fundamental 
laws. 

The authors have done their part to explain and demonstrate 
the fundamentals in such a manner that it must leave a permanent 
impression upon the student. The logical arrangement of the 
material introduces the student step-by-step into the understand- 
ing of the electric and magnetic fields. The changes made in the 
new edition are all planned in this direction. The treatment of 
Thevenin’s theorem, which is usually difficult for the student, is 
excellent, and the demonstration of its application is very helpful. 
The early introduction of a new chapter on transients is useful for 
conception of the properties of inductance and capacitance. 
With the correct understanding of Z and C, the following new 
chapter on alternating-current circuits permits a simple instructive 
treatment of these circuits. 

In addition to giving the student a solid understanding of the 
fundamental laws governing the electric and magnetic fields, the 
book is also of great practical value to the student. It teaches 
him to apply the fundamentals to the solution of practical prob- 
lems by means of completed examples and numerous other 
examples to be worked out by the student himself. 

The book uses the cgs, the RMKS, and the English unit 
systems. This will be helpful to the student in reading periodicals 
in physics and electronics where the cgs system is mostly used 
and also for work in the power field where the English unit system 
is used. 

M. Liwscuitz-Garik 
Polytechnic Institute of Brooklyn 


Other Books Received 


Thermodynamics and Statistical Mechanics. WILLIAM P. 
ALLIs AND Metvin A. HEerwIN. Pp. 239+viii. McGraw-Hill 
Book Company, Inc., New York, 1952. Price $6.00. 

Primer of Electronics and Radiant Energy. Don CAVERLY. 
Second edition. Pp. 343+ix. McGraw-Hill Book Company, 
Inc., New York, 1952. Price $5.50. 

Corrosion Testing Procedures. F. A. Cuampion. Pp. 369. 
Figs. 76. John Wiley & Sons, Inc., New York, 1952. Price 
$6.25. 

Harmonics, Sidebands, and Transients in Communication 
Engineering. C. Louis Cuccta. Pp. 465+ ix, Figs. 22. Me- 
Graw-Hill Book Company, Inc., New York, 1952. Price $9.00. 
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Electrical Engineering—Theory and Practice. W. H.ERICK- 
sON AND N. H. Bryant. Pp. 523+-xii, Figs. 392. John Wiley 
& Sons, Inc., New York, 1952. Price. $6.00. 

Radioisotopes. G. H. Guest. Pp. 185, Figs. 65. Pitman 
Publishing Corporation, New York, 1951. Price $4.50. 

Mechanics of Vibration. H. M. HANSEN AND Paut F. 
CHENEA. Pp. 417+-xiii. John Wiley & Sons, Inc., New York, 
1952. Price $8.00. 

The Non-Destructive Testing of Metals. R. F. HANsTOCK. 
Pp. 163+ viii, Figs. 71. The Institute of Metals, London, 1951. 
Price $3.50. 

General College Physics. ErtLE L. HARRINGTON. Pp. 787 
+vi. D. Van Nostrand Company, New York, 1952. Price 


' $6.75. 


Nomography and Empirical Equations. Ler H. Jounson. 
Pp. 150+ ix, Figs. 92. John Wiley & Sons, Inc., New York, 
1952. Price $3.75. 

Color in Business, Science, and Industry. DEANE B. Jupp. 
Pp. 401+ 1x, Figs. 106. John Wiley & Sons, Inc., New York, 
1952. Price $6.50. 

Strain Gauges, Theory and Application. J. J. Kocu and 
others. Pp. 95. Philips’ Technische Bibliotheek, Eindhoven, 
Nederland, 1952. Distributors U.S.A., Elsevier Press, Hous- 
ton, Texas. Price $2.75. 

Ultraviolet Radiation. Lewis R. Ko._ier. Pp. 270+ ix, Figs. 
138. John Wiley & Sons, Inc., New York, 1952. Price $6.50. 

Radio Antenna Engineering. EpmMuNp A. Laport. Pp. 563 
+xii. McGraw-Hill Book Company, Inc., New York, 1952. 
Price $9.00. 

The Magnetron. R. Latuam, A. H. KING, AND L. Rusu- 
FORD. Pp. 142+ ix, Figs. 82. Chapman and Hall, London, 1952. 

Analysis of Alternating-Current Circuits. W. R. LEPAGE. 
Pp. 444+-xiii. McGraw-Hill Book Company, Inc., New York, 
1952. $6.50. 

UHF Practices and Principles. ALLAN LyTEL. Pp. 390+ -viii, 
Figs. 285. John F. Rider Publisher, New York, 1952. Price 
$6.60. 

Introduction to Number Theory. TRyYGVE NAGELL. Pp. 309. 
John Wiley & Sons, Inc., New York, 1951. Price $5.00. 

Proceedings of the Second Berkeley Symposium on Mathe- 
matical Statistics and Probability. Epirep py Jerzy NEYMAN. 
Pp. 666+xi. University of California Press, Berkeley, Cali- 
fornia, 1952. Price $11.00. 

Introduction to Servomechanisms. A. PorTER. Pp. 154+ vi, 
Figs. 70. John Wiley & Sons, Inc., New York, 1951. 
$1.75. 

Proceedings of the London Conference on Optical Instru- 
ments, 1950. Pp. 264+ xv, Figs. numerous. John Wiley & 
Sons, Inc., New York, 1952. Price $7.00. 

Analytical Mechanics for Engineers. Frep B. SkEELY AND 
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NEwrTON E. Ensicn. Pp. 443+xiv, Figs. 569, fourth edition. 
John Wiley & Sons, Inc., New York, 1952. Price $5.50. 

Quantum Theory of Matter. Joun C. SLATER. Pp. 528. 
McGraw-Hill Book Company, Inc., New York, 1951. Price 
$7.50. 

Elementary Heat Power. Harry L. SoLBERG, ORVILLE C. 
CROMER, AND ALBERT R. SPALDING. Pp. 624+xvi, second 
edition. John Wiley & Sons, Inc., New York, 1952. Price $6.50. 

Progress in Photography, Vol. 1 of an International Record. 
D. A. SPENCER, Editor-in- Chief. Pp. 463. Pitman Publishing 
Corporation, New York, 1951. Price $10.00. 

Mechanics and Properties of Matter. REGINALD J. STEPHEN- 
son. Pp. 371+x. John Wiley & Sons, Inc., New York, 1952. 
Price $6.00. 

Tables of Coulomb Wave Functions. National Bureau of 
Standards. Pp. 141, Vol. I. 1952. Price $2.00. 

Electronic Measurements. FREDERICK EMMONS TERMAN 
AND JosEPpH Mayo Pettit. Pp. 707+xiii, second edition. 
McGraw-Hill Book Company, Inc., New York, 1952. Price 
$10.00. 

Modern Thermodynamical Principles. A. R. UBBELOHDE. 
Pp. 182+viii, second edition. Oxford University Press, New 
York, 1952. Price $4.25. 

Technical Reporting. JoserpH N. ULMAN, JR. Pp. 289+-xiv. 
Henry Holt and Company, New York, 1952. Price $3.50. 

Statistical Design and Analysis of Experiments for De- 
velopment Research. DonaLp S. VILLARS. Pp. 455+xvii. 
William C. Brown Company, Dubuque, Iowa, 1952. Price 
$6.50. 

An Introduction to Scientific Research. E. BriGHT WILSON, 
Jr. Pp. 375+xiii. McGraw-Hill Book Company, Inc., New 
York, 1952. Price $6.00. 

The Principles of Cloud-Chamber Technique. J. G. WILson. 
Pp. 131, Figs. 33. Cambridge University Press, New York, 
1951. Price $2.75. 

History of the Theories of Aether and Electricity. Sir 
EDMUND WHITTAKER. Pp. 434+xiv. The Philosophical Li- 
brary, New York, 1952. Price $12.00. 

The Story of Watches. T. P. CAMERER Cuss. Pp. 176, 
diagrams VII, illustrations 94. The Philosophical Library, 
New York, 1952. Price $7.50. 

Bertrand Russell’s Dictionary of Mind, Matter and Morals. 
EDITED BY LESTER E. DENONN. Pp. 290+xiv. The Philo- 
sophical Library, New York, 1952. Price $5.00. 

Metallurgy for Engineers. JoHN Wutrr, Howarp F. 
TAYLOUR, AND Amos J. SHALER. Pp. 624+viii. John Wiley & 
Sons, Inc., New York, 1952. Price $6.75. 

Annual Review of Nuclear Science. Committee on Nuclear 
Science National Research Council. Pp. 645+ix, Vol. I. 
Annual Reviews, Inc., Stanford, California, 1952. Price $6.00. 
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Photography helps time 


a split-second reaction 


This picture shows the speed of the reaction of lithium borohydride with an aqueous 
acid solution. 

With a special constant volume reactor, the speed of rapid chemical reactions in 
which gas is evolved is studied by measuring the pressure increment on a strain 
gauge and recording photographically its output shown as a function of time on a 
cathode ray oscilloscope. The speed of photography permits the recording of the 
fastest traces, its simplicity and accuracy make analysis easier, and its permanence 
provides records of experiments for reference whenever needed. 

Capturing fleeting oscillograph traces is but one of the photorecording functions 
of photography. Kodak makes the photographic films and papers for this and hun- 
dreds of other applications. To help you select the photographic materials that can 


best solve your instrument-recording problems, we have prepared a new booklet 
giving the detailed information you need. For your copy, write to Eastman Kodak 
Company, Industrial Photographic Division, Rochester 4, N. Y. 


PHOTORECORDING 
»..an important function of photography 


This photograph courtesy of the Department of Chem- 
istry, Wlinois Institute of Technology, Chicago, Illinois. 
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‘The CRC 105 Decimal Digital Differential Analyzer 


‘ 
\ 


ant high-speel 
electronic COMpUUEr Wanted 


\. for solving ordinary differential equations! 





Graduate engineer to head 


Fast, automatic computations! The CRC 105 computes 
60 increments of the independent variable every sec- , 
ond, enabling complex ordinary differential equations Quality Control Department for - 
to be solved in a fraction of the time required by man- ne 
ual methods. Engineers are freed from slow, manual ; 
computations for more important development work! large company making small Pr 


Easier to code and operate! Special features have been a 


built into the CRC 105 that make it extremely easy to ee ” ll 
code and operate. For example, a constant multiplier precision instruments. Ability 

with 6-digit accuracy, varying between + 1, is pro- ow 
vided for each integrator. Any integrator may be used sca 
to make basic decisions affecting the machine’s opera- to deal with and analyze r 
tion. Any integrator may be coded to limit the mini- Th 
mum and maximum of a variable to given values. In- spe 


formation pertaining to any one integrator may be coat : : : 
; statistics required. Engineerin 
filled with one setting of the integrator switch. q g s 


Fast filling, large capacity! The CRC 105 has a larger Co 
capacity than any other differential analyzer. It has 60 and manufacturing experience wi 
integrators with a maximum accuracy of 6 digits and 
sign in each integrator. Use of the decimal number sys- ue 
tem and initial condition storage cuts filling time 75% Visiti b h 
over binary differential analyzers. Input-output media hecessary. siting branc RC 
include automatic typewriter, punched paper tape for : oe 
function storage and graph plotter and follower. = 


plants in U. S. A. and abroad 
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TYPICAL AIRCRAFT USES “| f] would be part of duties. ~ 


DESIGN 4 th 
* Flutter design “4 iz2 
* Aerodynamic design os 
* Landing gear problems 
* Turbine design 
ANALYSIS 
© Flutter analysis 
* Wind tunnel data 
reduction fi, 
* Acceleration testing Re p | —_— 
analysis .% 
CONTROL AND GUIDANCE ‘ . 
* Missiles Journal of Applied Physics 
* Drones 5 
* Aircraft auto-pilots Bor 1252B 
* Flight Simulation 


dine 
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57 East 55 St., New York 22, N.Y. 


2 ie bh ta ok 5 7p Bh 
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For additional information 
or complete specifications, please write 
to the Director of Applications: 


Computer Research 
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3348 West El Segundo Bivd., Hawthorne, California A 
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Thee IS A DEPENDABLE vacuum 
equipment—offering the flexibility 
you must have for research applications as 
well as the speed and convenience you 
need for production work. 


MEETS VARIED REQUIREMENTS OF RESEARCH 
Providing a ready means of performing any 
studies at reduced pressures or in special atmos- 
pheres, the RCA Vacuum Unit gives the research 
scientist a truly flexible tool to meet a variety of 
vacuum problems. It may also be used for “shad- 
owing” specimens for light and electron micro- 
scopy. 

APPLIES COATING WITH PRODUCTION SPEED 
The RCA Vacuum Unit combines operating 
speed (only 7 minutes to 0.1 micron Hg) with 
electro-magnetic valving which eliminates heat- 
ing and cooling delays of thermal pumps -— per- 
mits immediate reopening, fast recycling. 
Completely interlocked for safety and equipped 
with 3 pairs of filament supports and an eight- 
een-inch bell-jar, the RCA Vacuum Unit is widely 
used for coating lenses, crystals, and plastics. 


AVAILABLE FROM STOCK 
RCA Vacuum Units are quantity produced for 
stock, eliminating the delays normally associated 
with custom-built equipment. 


NATION-WIDE SERVICE 
Complete maintenance contracts for RCA 
Vacuum Equipment—covering installation, regu- 
larly scheduled check-ups, emergency service, 
and parts replacement—are available through 
the RCA Service Company, a nation-wide organ- 
ization of highly skilled electronic specialists. 
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} | Micro-Second 
j CL — Timer 
_ Diffraction Unit Vacuum System 
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for Research and Production 
—RCA VACUUM UNIT 
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For INFORMATION on RCA vacuum systems—or any member of the 
RCA Scientific Instrument family—write today to Scientific Instru- 
ments, Dept. 65L, Radio Corporation of America, Camden, N. J. 
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Vacuum Gage 


SCIENTIFIC INSTRUMENTS 


RADIO CORPORATION of AMERICA 


ENGINEERING PRODUCTS DEPARTMENT, CAMDEN, N. J. 


In Canada: RCA VICTOR Company Limited, Montreal 
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New Low-Cost 


Electron Microscope 





Shadow Caster 





Vacuum Leak 
Detector 





Electron Microscope 
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115 to 12 





ously a divstable 


5 volts 


watts , 
5 ck mounting 


g-inch rac 

standard. nt: 12% inches 
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Pon a 


Weight: 


Write Dept. K 


Centigrade! signal oscillator 
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ME-SAVER 


FOR PHYSICISTS 











End drudgery of longhand-copy- 
ing and proofreading notes? 
Contoura-copied manuscripts, 
bound abstracts, and articles 
are letter-perfect, need no 
checking. 





Copy (1) parts of large drawing 
without removing from drawing 
board; (2) small diagrams, sig- 
natures and sketches, or (3) 
full-page graphs, charts, prints, 
specifications ? 





Make record copies of research 
notes right from test-finding lab 
notebook, longhand memos, 
sketches, projected ratings and 
verified readings? Accurate! 











Copy excerpts, or entire pages 
up to 814” x 14”, from non-cir- 
culating books without lugging 
heavy volumes to photo copy 
company ? 











TRULY PORTABLE! 
it anywhere. 


Only 4 lbs.; fits in briefcase. 
COPIES ANYTHING written, printed, or 


Use 











AMPEX 


drawn up to 8!.’’x 14” whether ink, pencil or crayon 

... even if on both sides, including tightly bound, curved 

pages! NEEDS NO DARK-ROOM; make exposure 

| under normal incandescent lighting. ELIMINATES 

| ERRORS of longhand-copying, typing and proofreading! 
Saves time, money, effort, errors. Guaranteed. Write 
for free folder now. 

| 

| 
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TWO MODELS: $39 & $59 * 








ELECTRIC CORPORATION 





today for further 








information 


934 CHARTER STREET * REDWOOD CITY, CALIF. 
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MODEL 213 
“0-250 KV 


as 





Cockcroft Walton Generators for Nuclear Physics 
studies. Beta Electric Corp. builds Cockcroft Walton 
generators capable of delivering up to 400 kv dc at 
10 ma. A motor generator set operating at 400 cycles 
permits the use of capacitors considerably smaller than 
60 cycle operation would allow; however, the operat- 
ing frequency is low enough to eliminate the problem 
of stray capacitance prevalent at rf operating frequen- 
cies. Thus, an extremely compact design is achieved. 
The 250 kv unit illustrated has a high voltage oil filled 
tank only 48” wide x 48” deep x 36” high. 

High voltage dc power supplies including Cockcroft Walton 
generators are a specialty of Beta Electric Corp. Beta will build 
high voltage power supplies to fit any requirements for voltage, 
current, regulation, size, etc. within the limits of 400 kv 
and 50 kw. Beta also makes a standard line of rugged, com- 
pact, dc power supplies rated up to 150 kv. 

Beta products include the useful portable projection oscillo- 
scope, electronic microammeters and kilovoltmeters. “Beta built” 
means excellence of design and construction, and low price. 
Beta field engineers throughout the country are ready to discuss 
with you your high voltage problems and equipment néeds. 


PESIGNED 
& BUILT BY 






BETA Electric Corporation 


333 East 103rd St. © New York, 29 
ENright 9-8520 
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1,000 3.3 feet 4:8 a: 
63 1,000 3.3 feet 1:8 1: 120 
57 2,000 6.6 feet 8:15 1: 200 
56 2,000 6.6 feet :15 1: 200 
53 2,000 6.6 feet 1:15 1: 200 














We are specially organized to handle direct 
enquiries from U.S.A. 

Billed in dollars. Settlement by your check. 
CABLE OR AIRMAIL TODAY 
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MASTER- SLAVE 
MANIPULATORS 


to meet a wide variety of 
remote-handling problems 
are now available from 
Central Research Laboratories 


aul 


The Model 4 Manipulator shown above 
and other models, all developed from basic 
Argonne National Laboratory designs, are 
in current production. Manipulators with 
altered dimensions and special features can 
be supplied to meet individual problems. 


Write for further information, 
stating your special requirements. 


CENTRAL RESEARCH LABORATORIES, INC. 


DEPT. A, RED WING, MINNESOTA 
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PYRHELIOMETER 


For the Measurement of 
SOLAR RADIATION 





Eppley Pyrheliometers are used 
for solar radiation measure- 
ments at ninety-eight weather 
stations in the continental 
United States, Canada, Alaska, 
Greenland, Iceland, Caribbean 
Sea, and the Pacific Ocean. 
Sixty-two of these stations are 
under the- direction of the 
United States Weather Bureau. 
The Eppley Pyrheliometer was 
adopted as standard equipment 
by the Weather Bureau after 
considerable experimentation. 
It was found to be the best in- 
strument so far tested by the 
Bureau. 

Used in conjunction with a 
suitable recorder, the Eppley 
Pyrheliometer will provide an 
accurate and reliable record of 
total solar and sky radiation on 
a horizontal surface. 


Bulletin No. 2 On Request 
THE EPPLEY LABORATORY, INC. 


Scientific Instruments 
Newpert, Rhede istand, U.S.A. 
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RADIOELEMENTS 


For Research 


high specific activity 
PILE-PRODUCED ISOTOPES 


naturally radioactive materials 


RADIUM — RADIUM D — POLONIUM 





ALPHA — BETA — GAMMA 
AND NEUTRON SOURCES 


\OELEM, 
2 oe - 


* ATOMIC ENERGY OF CANADA LIMITED 


COMMERCIAL PRODUCTS DIVISION formerly 
ELDORADO 
P.O. BOX 93 — OTTAWA, CANADA Mining and Refining (1944) Limited 






























' se ce 
The New LISTON-BECKER 
General Motors 
j é ? 
i se Breaker-type | 
Ve 3 ae a ene 
 _— Ultra-sensitive | | 
D-C AMPLIFIER) 
Lowest noise level APIEZON 
.* ege | e 
Highest zero stability @ Oil @ Greases @ Waxes 
of any commercially-built instrument of its type available today. oye * ° 
Coupled with its high gain stability and low price, these features for Dependability um High Vacuum Work 
make it an invaluable adjunct to the most critical laboratory instru- * tut . . ; 
mentation wherever low-level phenomena are to be observed or | mre in the ee mor 7 7 wig hx noes G. Biddle 
recorded—as in precision calorimetry and temperature measure- ompany, a comp ete range 0 these peeson products 
ments—optical pyrometry— spectroscopy— physiological studies for igh vacuum work is regularly available in our 
—geophysics — meteorology — oceanography— differential ther- Philadelphia stock. Because of exceptionally low vapor 
mometry. pressure of all Apiezon materials at usual room tempera- 
We also make Infrared Gas Analyzers and tures, they are highly desirable for all low pressure proc- 
Radiation Thermocouples. esses in laboratory and industry. You can get the 
detailed characteristics of each item in the line and list 
/ LISTON-BECKER Dept. J-2 prices by writing today for Bulletin 43-JP. B-804-n-2 
Instrument Co., Inc. Stamford, Conn. SAmMES GCG. BIBBLE CO. 
Electrical & Scientific Instruments 


1316 ARCH STREET, PHILADELPHIA 7, PA 
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PLACEMENT SERVICE REGISTER 


OF THE 


AMERICAN INSTITUTE OF PHYSICS 


to be held in connection with the 


American Physical Society Meeting 
Harvard University, Cambridge, Mass., January 22-24, 1953 
LOOKING FOR PHYSICISTS? 


Universities, institutions, government laboratories, and companies wishing to post notices of positions 
may send descriptions of the openings on 84% x 11 paper in multiple copies (15 required) to the Institute 
office, or post them on arrival at the meeting. 

SEEKING A NEW POSITION? 


Applicants may obtain registration forms and further information from the Institute office. Pre- 
registration is essential. Complete registration forms must be received at the Institute office by 
January 12, 1953 to insure their inclusion at. this register. 


INTERVIEWS. 
It is to the advantage of registrants to be present. Interviews will be arranged between employers’ 
representatives and applicants attending the meeting. 


PLEASE REPORT TO THE PLACEMENT OFFICE UPON ARRIVAL AT THE MEETING 
AMERICAN INSTITUTE OF PHYSICS, 57 East 55th Street, New York 22, N.Y. 














WORLD'S FINEST IN-STOCK 


INDUSTRIAL ELECTRONICS rs CHRON 


PARTS CATALOG 
































a © 
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NEW 200-PAGE Sees 

JUST PUBLISHED! = 
SENT FREE | 

| 

Write on your com- At our a e! 

senw iettemecs. a ¥v s ” 

dio ack’s catalog 

AMPEX to ZEPHE If you are over 21 (or under 
YR. Over 15,000 list- 101) it’s none too soon for you 
ings of components t fol w the example of ne 
and equipment, plus he ° Ed P: , Pp ( bove) 
details, pictures, ero, armalee (a 
lowest net prices. 7 . 

Separate indexing of and face the life-saving facts 
roducts and manu- about cancer, as presented in 
——). our new film “Man Alive!”. 

e ° 

an on Eetpoonee You and Ed will learn that 
outs Lng > > cancer, like serious engine 
<hedin.” aan ae trouble, usually gives you a 
pose ie gg warning and can usually be 
your FREE copy. cured if treated early. 

write TODAY to For information on where 


Department J. 


RADIO SHACK 


you can see this film, call us 
or write to “Cancer” in care of 
your local Post Office. 








American Cancer Society 


oe) 320) o Belel. 
167 Washington St., Boston 8, Mass. 
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KEEP LOW-TEMP LIQUIDS 
ON THE LEVEL f 


WITH THE hofmen “ovcalic LIQUID LEVEL CONTROL 


If you’re working in the ultra-low temperature 
field, Hofman is your logical control. This device 
automatically limits the amount of low boiling 
point liquids that can enter the controlled flask. 
Precision engineered, it maintains the desired 
level to within %'’ depending on set-up. Write 
for information today, outlining your specific 
requirements. 


Another Scientific Achievement for Industry by 


hoffman 
LABORATORIES, INC. 


Application Engineers 
Designers and Builders of Special Equipment 


212-218 —* St., Newark 5, N. J. 





CREEP TEST INSTRUMENTS © TELESCO! 


METERS ¢ MICROMETER SLIDES © INTERFEROMETERS + SPECTROPHOTOMETERS © LABDRATOR Tony surre 
TOOLMAKER MICROSCOPES + COMPARATORS * ° aer re. CATRETOMETERS © CHRONOGRAPES * OPTICAL BENCHES * SPHEROMETERS * SPECTROSCOPES © DIVIDING 
@PTICAL INSTRUMENTS ¢ SPECTROMETERS PHOTOELASTICITY POLARISCOPES ¢ MICROSCOPES © SPECTROCRAPHS © POLARIMETERS + monocunomate 


PRECISION SPECTROMETER 

















For highly accurate determinations of refactive indices and dispersion, measurement of prisms and wedge 
angles, and similar applications. Direct reading to | second. Polarizing and other attachments are available. 


A completely new instrument incorporating many adjustments contributing to the attainment of high 
precision and operating convenience. Cat. No. Li24. 


Request Bulletin 165-50 
THE GAERTNER SCIENTIFIC CORPORATION 
1212 WRIGHTWOOD AVE. . CHICAGO 14 + U.S.A. 
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DIRECTOR OF 
RESEARCH LABORATORY 


Internationally known eighty-year company 
desires a Director for its central 


research laboratory. 


qr 


POSITION REQUIRES: 
© A Ph.D. in Physics or Electrical 


Engineering. 


® A minimum of 10 years experience 
in research and administration. 


® Thorough knowledge of the current 
techniques of research and develop- 
ment in applied physics. 


® A record that can stand a rigid in- 
vestigation. 


THE POSITION OFFERS: 


® An opportunity to direct and admin- 
ister a program that will investigate 
a wide and extremely challenging 
area of applied research. 


@ Co-ordination of work in affiliated 
European laboratories. 


© Resources equal to the job required. 


Associates who are leaders in their 
respective fields. 


Excellent remuneration. 
a) 


All qualified applicants are assured of a personal interview. 


Please send complete resume to 


Box 1I9IC, 221 W. 41 St., New York 36, N.Y. 


RESEARCH ENGINEER 


To assume responsible charge of a pro- 
gram investigating the problem of com- 
bustion stability as applied to large scale 
liquid rocket vehicles. Background in 
fluid mechanics, vibration and combus- 
tion essential. Working knowledge of 
instrumentation and servo-mechanics de- 
sirable. 
M. E. or Ch. E. or Physics required. 
Apply giving details pertaining to aca- 


Minimum training of M. S. in 


demic background and work experience 
to: 


CALIFORNIA INSTITUTE 


OF TECHNOLOGY 
JET PROPULSION LABORATORY 
4800 OAK GROVE DRIVE 
PASADENA 3, CALIFORNIA 

















—CML 


Senior and junior Electronic Engineers, Physi- 
cists, and Physical Chemists are needed to work 
on a long-range research and development pro- 
gram for the Air Force. Both basic and ap- 
plied work are conducted in the fields of Solid 
State Physics, Infrared, Computers, Servos, 
Electronic Components, and Systems. 


Complete modern laboratory and shop facilities 
have been made available through the University 
of Chicago and many interesting problems are 
currently in progress. This is a new and ex- 
panding program with continuing positions and 
excellent opportunity for advancement. 


We offer salaries generally prevailing in in- 
dustry, as well as liberal vacations and other 
benefits. Applicants must be U. S. citizens. 


For information write or call: 


Director of Scientific Personnel 
Chicago Midway Laboratories 
6040 South Greenwood Avenue 
Chicago 37, Illinois 
BUtterfield 8-6611 
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RESEARCH ENGINEERS 
and PHYSICISTS 


With Several Years’ Experience or 
Advanced Degrees 


For PERMANENT POSITIONS with 


TRADE MARK 


Challenging opportunities in the fields of: 


Endicott, 


Poughkeepsie, 
New York 


New York 


Mechanics Semi-conductors 
Optics Storage Devices 
Electronics Magnetic Materials 


Printed Circuits Photo-electricity 


Good salaries, unusual opportunities for pro- 
fessional development, exceptional employee 
benefits, excellent working and living condi- 
tions, moving expenses paid. 


Write, giving full details including experience 
and education, to: Mr. E. H. Getkin, Coor- 
dinator of Engineering Recruitment, Inter- 
national Business Machines, Dept. 686 (6), 
590 Madison Avenue, New York 22, N. Y. 


y, 











ENGINEERS 
AND 


PHYSICISTS 
BS-MS-Ph.D: 


Responsible positions in mechanical, electrical or 
electronic engineering, physics or engineering 
physics for advanced development and design of 
special equipment and instruments. Prefer men 
with minimum of two years experience in experi- 
mental research design and development of 
equipment, instruments, intricate mechanisms, 
electronic apparatus, optical equipment, servo- 
mechanisms, control devices and allied subjects. 
Positions are immediate and permanent impor- 
tance to our operations. Southwestern location 
in medium sized community. Excellent employee 
benefits. Reply by letter giving age, experience 
and other qualifications. All applications care- 
fully considered and kept strictly confidential. 


Ind. Rel. Manager, Research & Development Dept. 


PHILLIPS 
PETROLEUM COMPANY 


Bartlesville, Oklahoma 
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Aerophysicists , 
Designers 
Engineers 





North American encourages advanced thinking, because 
they know looking ahead is the only way to maintain lead- 
ership in the aviation industry. That’s why North American 
needs men of vision If you like hard thinking and would 
like to work for a company that will make the most of your 
ideas, you'll find real career opportunities at North Ameri- 
can. North American offers you many extra benefits, too. 


North American Extras—Salaries commensurate with 
ability and experience * Paid vacations * A growing organ- 
ization * Complete employee service program ¢ Cost of 
living bonuses ¢ Six paid holidays a year ¢ Finest facilities 
and equipment * Excellent opportunities for advancement 
¢ Group insurance including family plan ¢ Paid sick leave 
¢ Transportation and moving allowances * Educational re- 
fund program * Low-cost group health (including family) 
and accident and life insurance * A company 24 years 
young. 


Write Today— Please write us for complete information 
on careeer opportunities at North American. Include a 
summary of your education, background and experience. 





Airborne Electronic Equipment 
Equipment Flight Tests 
Precision Instruments 
Automatic Controls 
Propulsion Systems 
Servo-Mechanisms 
Airframe Studies 

Radar Devices 
Instrumentation 

Micro Wave Techniques 
Metallurgical 
Electroplating 
Engineering Planning 





























NORTH AMERICAN AVIATION, INC. 


Aerophysics, Electro-Mechanical Research Division 
Dept. 5, Personnel Section, 
12214 Lakewood Boulevard, Downey, California 


North American Has Built More Airplanes 
Than Any Other Company In The World 
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GUIDED MISSILES 
TELEVISION 


ELECTRONIC PHYSICISTS 
ELECTRONIC ENGINEERS 


OUR STEADILY EXPANDING LABORATORY OPERATIONS 
ASSURE PERMANENT POSITIONS AND UNEXCELLED 
OPPORTUNITY FOR PROFESSIONAL GROWTH IN 


RESEARCH & DEVELOPMENT 


ELECTRONIC NAVIGATION 
SOLID STATE PHYSICS 


VACUUM TUBES 
RADAR 


THE EMPLOYMENT DEPT. 


ADDRESS INQUIRIES TO CAPEHART FARNSWORTH CORP. 
FORT WAYNE, IND. 








PHYSICISTS 


For Research in Industrial 
Physics Laboratory 


Excellent opportunities for 
qualified physicists with 
Ph.D. or equivalent experi- 
ence in the following fields: 


THEORETICAL PHYSICS 
SOLID STATE PHYSICS 


Openings requiring less ad- 
vanced training are also 
available in x-ray and elec- 
tron diffraction, optics, 
physical metallurgy. 


Send complete resume directly to: 


MIDWEST RESEARCH INSTITUTE 
4049 Pennsylvania 
Kansas City 2, Mo. 











Challenging 
Opportunity 


in the Research Department of a 
growing concern for 


PHYSICISTS 
with creative experience in the 
field of NUCLEAR IN- 
STRUMENTATION to 


work on applications of isotopes 
in industry, medicine, and re- 
search. 


Apply to: 


Wm. C. Davidon, Director of Research 


NUCLEAR INSTRUMENT & 
CHEMICAL CORPORATION 
223 West Erie St., Chicago 10, Illinois 








t Either 
we deca 
ble an % 
sbinets 


t High b 
0.05% 
pt el 
yeade, 

ohm de 


t Excell 
“ica car 
 shap 
ying ef 
sistane 
‘ room 
]-ohm 


t Low re 
er deca 
nce per 
ipacita 


pendin 
t Excell 
veral h 
t Excell 
' welde 
‘TYP, 


ith res 











THE JOURNAL OF APPLIED PHYSICS 


DECEMBER, 1952 


beps, to 
56 to $ 


aundh 


, go a of. ot ae £4! ie WCU 

















































Precision 
Decade Resistors 


FOR USE ATDC 
AUDIO and RADIO 
FREQUENCIES 


t Either three, four or 
yw decades are avail- 
ile in welded aluminum 
sbinets 


t High basic accuracy — 
0.05% for all decades ex- 
pt +0.5%, for the O.1-ohm 
cade, and +0.15% for the 
ohm decade 


tExcellent stability of calibration — 
sica cards and special phenolic forms 
Shaped and heat treated to minimize 
sing effects — temperature coefficient of 
sistance is less than 0.002% per degree C.. 
‘room temperature; slightly higher for the 
l-ohm decade 


For use as variable laboratory 
resistance standards, in arms of a-c 
and d-c bridges, as dummy loads and 
almost anywhere electrical measurements are 
made, a variety of G-R precision decade resistors 
are available. 











'Low residual impedance — less than 0.003 ohm 
w decade at dc; 0.04 ohm at 1 Mc. Zero induct- 


nce per decade is 0.10 microhenry. Effective shunt These boxes have very high accuracy, low 
ipacitance varies from 10 to 45 micromicrofarads residual impedance, excellent stability and good frequency 
pending on combinations of decades in use characteristics from zero to several hundred kilocycles. 


rExcellent frequency characteristic permits use up to 
veral hundred kilocycles 





t Excellent mechanical and electrical shielding provided The individual decades of the Type 1432 
‘welded aluminum cases boxes are ideal for assembly into production 
| —— 7 — ee or ; test instruments, laboratory apparatus and 
‘TYPE 1432 DECADE RESISTORS in ten sizes custom-built equipment. These Type 510-D 


bith resistance ranges from O to 111 ohms in O.1-ohm Resistance Units are available in ranges 
beps, to 1,111,100 ohms in steps of 10 ohms. PRICES: from 1 ohm to 1,000,000 ohms, maximum, 
6 to $133 at prices from $7.50 to $40.00, each. 





Type 670-F Compensated Decade Resistor . . . 
$74.00 


This unit is used when even the very 
low inductance of .the Type 1432 
Decade Resistors is too large. This 
decade resistor is valuable wher- 
ever non-reactive increments in 
resistance are required, as 
tuned-circuit substitution 
measurements and variable re- 
sistance elements in antenna 


| GENERAL RADIO Company 


~ 
M4 275 Massachusetts Avenue, Cambridge 39, Massachusetts 


Jar 
G } 
NS 






* Inductance remains constant within 0.1 
microhenry at any resistance setting 









7 * Resistance increments are correct within +0.1% 
for 10-ohm steps; +0.25% for 1-ohm steps, and 
+1% for 0.1-ohm steps 









* Temperature coefficient is less than 002% per 
degree C. at room temperatures 










* Resistance range is 0 to 111 ohms in steps of 0.1 ohm 






® 





90 West St., new vork 6 ~ 920 S. Michigan Aie., chicaco s » 1000 N. Seward St., tos anceies 38 
























=Ze=l— Gelective 


CALIBRATION OF A THERMOCOUPLE 


RATT Fe ety the ghenemenen of (her morterir ity on ram copper ermaregte The Geis tor he Rg@wre ome 
SELECTIVE EXPERIMENTS #*h PHYSICS xX Z \ ' y ) O | C 
‘ 
“ ¢ 











oh pilates RODE Ie AO OR epee 








to 
Pte eee 











THE tee Of POTENTIAL DIFFERENCE WITH A 1 | } 
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FOR INSTRUCTORS AND STUDENTS 
mea Sat aan IN COLLEGE PHYSICS 
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These helpful, time saving direction sheets compris 
PESESSNSR CErEaeMEsTS 1S SHeees 145 experiments in physics at the college level. The 
are written by four exceptionally able teachers: Pro 
V. E. Eaton, Wesleyan University; Prof. C. J. Overbecki 
Northwestern University; Prof. R. J. Stephensonji 

SHAEERED GP CNRS COTES , College of Wooster; and Prof. Marsh W. White, Penn 
ee sylvania State College. It is little wonder that thes 
manuscripts are considered the best experimental trea 
ments of laboratory problems available. 
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They are supplied in loose leaf form, assuring 
up-to-date manual for every situation. This flexibility) 
eliminates the task of preparing direction sheets 
permits the teacher to assemble his own manual to sui 
his course and to select experiments that fit the equip 
ment at hand. Students are also able to accumulate i 
a single binder all laboratory work and directions. 











Selective Experiments in Physics are sold on a nor 4 
profit basis so the average cost to a student for a whol@ 
year’s experiments is less than two dollars. 
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Write today for a sample copy and list of titles shows) 
ing major apparatus required. There is no charge of 
obligation. 
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Single sheet experiments 
3 cents each. 


Double sheet, 5 cents each. 
Quadruple sheet, 10 cents each. 
ae 
Write for free sample. 
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CHICAGO NEWARK BOSTON WASHINGTON DETROIT SAN FRANCISCG 

SANTA CLARA LOS ANGELES TORONTO MONTREAL VANCOUVER OTTAW. 
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624 EAST FOURTH STREET © TULSA 3,O0KLAHOM 
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+ one dependable source of supply for 
everything you need in scientific instruments 
and laboratory supplies. Over 15,000 items 
. 14 branch offices and warehouses. 









